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1 Introduction

There has been significant recent interest in infinite-dimensional differential algebraic equations (DAEs)

[6, 10, 8, 12] and particularly in linear quadratic optimal control and (differential or algebraic) Riccati
equations for infinite-dimensional DAEs [9, 1]. In this article we show how results and methods from
[2, 13, 14] can be utilized to obtain an algebraic Riccati equation for an infinite-horizon linear quadratic

optimal control problem for a very general class of infinite-dimensional DAEs.

This article is structured as follows. In Section 2 we review relevant notions from [2]. In Section 3 we
precisely formulate the linear quadratic optimal control problem for the class of DAEs considered. We
will utilize the (internal) Cayley transform to solve this problem. Therefore, in Section 4 we study the
Cayley transform, in Section 5 we recall the solution of the discrete-time linear quadratic optimal control
problem and reformulate this in a suitable form, and in Section 6 we relate the Cayley transform and
linear quadratic optimal control as in [13, 14]. In Section 7 we present our main result: the solution to the
linear quadratic optimal control problem for the considered class of DAEs through an algebraic Riccati
equation. In Section 8 we illustrate this with a simple, but interesting, finite-dimensional example. The
result in Section 7 assumes that every initial state has finite cost. In [14] we actually considered a more
general case and as already noted in [17] for DAEs the case where not every initial state has finite cost
is especially relevant. Therefore in Section 9 we consider this more general case; for that we introduce
some further concepts from [2], we formulate a more general version of the result from Section 7, we
compare that results to [17] and we consider a finite-dimensional example for which not every initial
state has finite cost.
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2 Preliminaries

In this section we discuss some general notions from [2] on the input/state/output (i/s/0) node approach
to DAEs which are relevant for our later results on infinite-horizon linear quadratic optimal control and
algebraic Riccati equations.

Definition 2.1. Let U, X and ) be Hilbert spaces. An i/s/o node is a multi-valued operator S : dom(S) C
[5 ] — [ﬁ,( ] . The graph of the i/s/o node S is (note that the components are the different way around than
usual, this is to conform to the convention used in [2]):

gph(S) = { u . g € dom(S), re Sq} .

The i/s/o node is called closed if S is a closed multi-valued operator (i.e. when gph(S) is a closed
subspace) and bounded if S is a bounded single-valued operator with domain [5 ]

The definition of i/s/o node is adapted from [2, Definition 4.1.5]. Time-domain trajectories of various
kinds (classical, generalized and mild) are defined in [2, Definitions 4.1.5 and 4.1.7]. These notions
capture that in some suitable sense time-domain trajectories should satisfy

gl

Since we won’t need time-domain trajectories in the sense of [2], we will not elaborate further.

€ gph(S). (D

N A .

Remark 2.2. The connection between i/s/o nodes and the “conventional” approach to DAEs becomes
most clear from the notion of a kernel representation from [2, Definition 4.1.16] (see also [2, Lemma
4.1.15]): for a closed i/s/o node there exist a Hilbert space Z and bounded single-valued everywhere-
defined operators E - X — Z, M : X — Z, Nin : U — Z and Ny : Y — Z such that

X
y
€lx

gph(S) = tEz+ Nowy = Mx+ Niqu ¢ ,

T =x =2 N

U

and conversely, the above defines the graph of a closed i/s/o node. The notion of time-domain trajectory
then means that in some suitable sense it should satisfy

Ex+ Nouwy = Mx + Njyu.

Note that compared to the usual form of a DAE, there are no separate equations for Ex and y, but these
instead are generally coupled. This makes i/s/o nodes more general than “conventional” DAEs (an
example of an i/s/o node which is not a conventional DAE is given in Example 8.4).

Example 2.3. Let U, X, Z and ) be Hilbert spaces and let A : X — Z, B: U — Z, C: X — ),
D:U— Y and E : X — Z be bounded single-valued everywhere-defined operators. The conventional
DAE

Ex = Ax+Bu, y = Cx+Du,
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is described by the closed i/s/o node

gph(S) = :Ez=Ax+Bu, y=Cx+Du

N A
R

Definition 2.4. For A € C, the formal i/s/o resolvent of the i/s/o node S is the multi-valued operator
&(A) from [ ] to [5] whose graph is given by

0 010
- 0 100

gph(&(A)=| | o ; ofeph(S):
0 00 1

The i/slo resolvent set p(S) of S consists of those A € C for which @5(/1) is a bounded single-valued
operator with domain [5 ] The i/s/o node is called resolvable if p(S) is non-empty and future-resolvable
ifp(S)NCL #0. For A € p(S) we have

AL) B(A)
) D

W =1%0) s)

)

where 2 is called the state/state resolvent, B is called the input/state resolvent, ¢ is called the state/output
resolvent and ® is called the input/output resolvent.

The notions in Definition 2.4 are taken from [2, Definition 5.5.8]. For the connection with linear quadratic
optimal control, we need the notion of future-resolvable (i.e. p(S) contains an element in the open right-
half plane) rather than the weaker notion of resolvable.

‘We have

—_—

gph(B(A)).

A
0
gph(8) = ||
0

oo —o
coc o |
—_— o oo

Remark 2.5. Related to Remark 2.2, by [2, Lemma 5.5.5] we have for a closed i/s/o node

X

X
Ph(B(A) = | %] € | : E = M)x+Nowy = Ex*+ N

Yy
X
u U

Example 2.6. The i/s/o resolvent set of the conventional DAE from Example 2.3 consists of those A € C
for which AE — A has a (bounded single-valued everywhere-defined) inverse and the various resolvent
operators are given by

AX)=(AE—A)'E, B(1)=(AE—A)"'B,
¢(A)=C(AE—A)"'E, D(A)=C(AE—A)"'B+D.

Remark 2.7. By [2, Theorems 10.2.9 and 10.2.14], the (formal) i/s/o resolvent of a resolvable i/s/o node
is an i/s/o pseudoresolvent and conversely. Under the name resolvent linear system, i/s/o pseudoresol-
vents were studied in [ 3] in connection with linear quadratic optimal control. The representation results
of [2] now allow us to connect the results from [ 13 ] more clearly to DAEsS.



Mark R. Opmeer and Olof J. Staffans | Linear Quadratic Optimal Control QDAE A

Definition 2.8. Let Q be a non-empty open subset of C. A frequency domain Q trajectory of an i/s/o
node is a quadruple (%,9,x°,it) where %, § and i are holomorphic functions defined on Q with values in
X, Y and U respectively and x° € X such that for all . € Q

Remark 2.9. The above is [2, Definition 11.1.1]. By [2, Lemma 11.1.6], for a resolvable i/s/o node with
Q C p(S), for every x° € X and every holomorphic U-valued i, there exist unique % and § such that the
quadruple forms an Q trajectory; namely

] =8 o

The following definition allows us to add an output to an i/s/o node. This is relevant in linear quadratic op-
timal control since the optimal control can be characterized by adding a certain output and subsequently
putting that additional output equal to zero.

Definition 2.10. Let S be an i/s/o node, let Yy be a Hilbert space and let C = [C 1 Co] : [%] — Yo and
D= [Dl Do] : [2{] ] — Vo be (bounded single-valued everywhere-defined) operators. The nonstandard
output extension S of S with observation extension C and feedthrough extension D is defined by

z X
Clz—i-Cox—i—Dly-i-Dou] P}o] N
gph(8™) = y ey fc € gph(S)
X X
u Uu “

A standard output extension is a nonstandard output extension where C; =0 and D| = 0.

We equivalently have by [2, (5.1.12b)]

1 0 0 0

gph(8™) = [COI} [Dll} [COO} [DOO] gph(S),

0 0 1 0
0 0 0 1

and we can recover S from S*' by [2, (5.1.13b)] through

1 0 00
001 00 \

gph(S) = | | 0 ] | ol &ph(s™)
0o 0 01

Definition 2.10 is from [2, Definition 5.1.23 (ii)] and [2, Definition 5.1.33 (ii)]. If S is bounded, then a
nonstandard output extension is equivalent to a standard output extension [2, Lemma 6.2.1 (vii)].

Lemma 2.11. For any nonstandard output extension S of a resolvable i/s/o node S we have that

p(S™) = p ().

Proof. This follows from [2, Lemma 5.5.15]. O]
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3 Linear quadratic optimal control

For the purposes of linear quadratic optimal control, we restrict the set € in Definition 2.8 to be a subset
of p(S)NC, (as was done in [14]). In that case, for certain Q trajectories we can give a time-domain
interpretation.

Definition 3.1. Let S be a future-resolvable i/s/o node and let Q be a non-empty open subset of p(S)NC.
For X’ € X the set of ilo stable Q trajectories is defined as follows. Let u € L*>(R*;U) and let it be the
restriction to Q of the Laplace transform of u. Let ¥ be the output component of the corresponding
trajectory. If there exists a (necessarily unique) y € L*(R™;)) whose Laplace transform restricted to Q.

equals $, then we call (y,u) an i/o stable Q trajectory with initial condition x°.

We say that S satisfies the Q finite cost condition if for all x° € X the corresponding set of i/o stable Q
trajectories is non-empty.

Remark 3.2. The above essentially coincides with the notion of stable input/output pairs from [13]. The
difference is that in [ ]3] an additional assumption is made on the resolvent linear system (i.e. resolvable
i/s/o node) which allows for frequency domain trajectories for Q an exponential region to always be
interpreted as Laplace transforms of distributions. By using the ideas in [14], we can circumvent this
additional assumption (and can allow for more general Q).

Remark 3.3. The definition of trajectories and therefore of the optimal control problem considered
depends on the choice of Q. In most applications, p(S) N C. is connected and then the choice of Q
is immaterial (see [14]). More generally, p(S)NC. usually contains a subset of the form [r,eo) for some
r > 0 and the natural choice of Q is then as (a subset of) this connected component of p(S) NC. (this is
the choice which is made in [15]).

Definition 3.4. The linear quadratic optimal control problem for a future-resolvable i/s/o node is: for
given x° € X find the i/o stable Q trajectory with initial condition x° of minimal norm, i.e. minimize

||M||i2(IR{+;Z/I) + ||y||%2(R+;y)-

4 The internal Cayley transform

As in [14] and [13], the easiest way to approach the linear quadratic optimal control problem at this
high level of generality is through utilizing the internal Cayley transform to translate the problem to a
discrete-time linear quadratic optimal control problem.

Definition 4.1. For a € C with Re(a) > 0, the Cayley transform of the i/s/o node S is the multi-valued
operator S, from [5] to B,(] whose graph is given by

1 a
V/2Re() 0 V/2Re(a) 0
0 1 0 0
gph(Sa)=1|_ 1 o _a  ,|eph(S)
V/2Re() V/2Re(a)
0 0 0 1
Definition 4.1 is from [2, Definition 14.9.7].
We have [2, (14.9.6(b)]
o —a
V/2Re() 0 V/2Re(a) 0
0 1 0 0
gph($) = 1 0 1 0| &Ph(Sa).
V/2Re() V/2Re(a)
0 0 0 1
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and
L 1 0
v/ 2Re() 2Re(or)
= 0 1 0 0
gph(&6(a)) = gph(Sa),
0 0 +/2Re(ax) O
0 0 0 1
and (see [2, proof of Lemma 14.9.8])
V2Re(a) 0 —=L— 0
2Re(ar)
0 1 0 0 -~
v/ 2Re(a)
0 0 0 1

If S is future-resolvable and o € p(S) N C., then the Cayley transform with parameter o is a single-
valued bounded operator with domain [5 } and in particular it therefore can be written as

S, — Aq By

for (single-valued bounded everywhere-defined) operators Ay : X — X, By : U — X, Cy: X — ) and
D, :U — Y. Explicitly we have

Ag=—I+2Re(@)A(at), By=+/2Re(a)B(a), Cs=+/2Re(a)¢(a), D;=D(a). (2)

The formal i/s/o resolvent of S; (in accordance with Definition 2.4, but using w for the resolvent variable)
is given by

1
0 01 0 0 0 2Re(a) 0
-~ 0 1 0 O 0 1 0 0 ~
gph(&4(w)) = | gph(Sq) = 1w gph(&(a)).
01 8 v(;z (1) —+/2Re(a) 0 Re(o) 0
0 0 0 1
Using [2, (10.2.1c)] (which is basically the resolvent identity)
1 0 0O
~ 0 1 00 -~
gh(&(a))=| 5 5 | o &h(®4)), 3)
0 0 01
we obtain the following relation between the formal i/s/o resolvents
a—»A 0 1 0
2Re(or) 2Re(or)
gph(@d(W)) = _ ZRC((X) _|_O 14w ((X—)u) é 18w 0 gph(@(k))
2Re(0r) 2Re(or)
0 0 0 1

With the following correspondence between the resolvent variables

aw — o a+A

A= _atA
wil ' " T a—a
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the above relation becomes

V/2Re(a) 0 V/2Re(ar) 0
-~ 0 1 0 0 -~
gph(Bq(w)) = e | EPh(B(2))
0 0 ) 0
0 0 0 1

From this we can deduce the following relation between the various resolvent operators

~ (=AY o—A ~ _a—-A 4
Qld(w) = m%l(?t) + Tt OCI, %d(w) = 7\/m% A
=2 ). Buw)=BO),

v/2Re(@)

and we obtain that A € p(S) if and only if w € p(Sy).

Lemma 4.2. The inverse Cayley transform of a nonstandard output extension of the Cayley trans-
form S of S is a nonstandard output extension of S; more particularly, the observation extensions and
feedthrough extensions are related by

1 1
- C _C 5 D = D 5 C = —
2Re(at) (Car = Cao) Pl *” /2Re(a)

If the output extension of the Cayley transform is standard (i.e. C41 =0 and Dy = 0), then the output
extension of S need not be standard since then C; = ——=- Ca,0, which is generally nonzero.

G = (0Cy 1+ aCyy), Do =Dyy.

2Re(or)
Proof. This follows from
& 0 ——=%_ 0 1 0 0 0 L 0 2 0
V/2Re(a) V/2Re() Cyi Dy Cro Dyo V/2Re() V/2Re()
0 1 0 0 ’ ' 0 1 0 0
1 0 1 0 0 1 0 0 1 0 o 0
V/2Re(a) V/2Re() 0 0 1 0 V/2Re() V/2Re()
0 0 0 1 0 0 0 1 0 0 0 1
1 0 0 0

S Discrete-time linear quadratic optimal control

For a bounded i/s/o node

g, — Aq By

(which in our application will come from the Cayley transform) we consider the discrete-time dynamics

(Xa)n+1 = Ad(x0)n + Ba(xa)n, (va)n = Ca(xa)n +Da(ug)n, “4)
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- (xd)n+1
8;’; € gph(Sa). 5)

(ud>n

(this should be compared to the continuous-time case (1), noting that in discrete-time the sense in which
the equation should be understood is completely obvious). We call (x,y,u) a discrete-time trajectory if
(5) is satisfied for all n € Ny.

For a discrete-time system we define for a given initial condition x° € X the set of i/o stable discrete-time
trajectories as consisting of those uy € ¢>(No;U )and y, € ¢*(No; Y) for which there exists ax; : Ngo — X
such that (x;)o = x° and (4) (or equivalently (5)) is satisfied. If for all x” € X’ this set is non-empty,
then it is said that the discrete-time finite cost condition holds. The discrete-time linear quadratic optimal
control problem is: for a given x € X’ find the i/o stable discrete-time trajectory with initial condition x°

of minimal norm, i.e. minimize Hud”?Z(No;u) + Hde(%Z(NO;y)'

By standard discrete-time theory (see e.g. [15]), if the discrete-time finite cost condition is satisfied, then
there exist K;, Ly and X which satisfy the (Lur’e form of the) discrete-time Riccati equation:

AZXAd —X —i—C;;Cd = K;Kd, (6a)
BZXBd + DZDd +1= LZLd, (6b)
BZXAd + DZCd = LZKd, (6¢)

the optimal cost is given by (Xx°,x°) and the optimal control is given by
0 = Ki(xXa)n + La(ua)n,

which noting that by the middle Lur’e equation (6b), L, has the left-inverse (B)XB; + DDy +1 )*IL:},
can be explicitly written as

(tg)n = —(B5XBy + DDy +1) "' LiKy(x4)n = —(BiXBy+ DDy + 1)~ (BiXAy +D5Cy) (x4)n.

Similarly, L; and K,; can be eliminated from the Lur’e equations to obtain the standard form of the Riccati
equation

A'XAq—X +CCy— (CiDg+ASXBy) (B5XBy+ DDy +1) " (BiXAq+ DiCy) = 0.

For our purposes it will be convenient to write the Lur’e form of the Riccati equation as

Zd
o
(za,Xza) — (%, Xxa) + |[yal* + [lug||* = [wal|* for all va] | € gph(S3Y), (7
X4
uq
where
Zd z
)
eph(S5) = { | Lval | = || € 2ph(Sa), wa = Kaxa+Lata
Xd d
uq
Uq

Using Definition 2.10, S5 is the standard output extension of S; with observation extension [0 Kd] and
feedthrough extension [O Ld] (note that by [2, Lemma 6.2.1 (vii)] since S, is bounded, any nonstandard
output extension is equivalent to a standard output extension).
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Theorem 5.1. If S, satisfies the discrete-time finite cost condition, then for all x° € X a unique opti-
mal control exists, the optimal cost is given by (Xx°,x°), S has a standard output extension S with a
feedthrough extension which has left-invertible standard part such that (7) holds and the optimal control
is characterized by putting the additional output in S5 equal to zero.

Proof. This simply summarizes the material in this section. O

6 The internal Cayley transform in linear quadratic optimal control

The crucial observation (utilized in [13] and in [14]) is that stable i/o trajectories in continuous- and
discrete-time correspond to each other. Let £ denote the Laplace transform and note that by the Paley—
Wiener theorem for a Hilbert space K this is an isometric isomorphism between L?(R,;K) and the
Hardy space H*(C,;K). The Z-transform Z maps a sequence (hn)nen, to the corresponding formal
power series Yo 4,2" and gives an isometric isomorphism between ¢%(Np; ) and the Hardy space of
the disc H>(ID; K). Finally, for o € C with Re(a) > 0, the linear fractional transformation

Re(2a) [(a—A
a+A f<a+l)’

(Fug)(2) = Re(2a) (a—az

1+z 1+z

), (Fy )(2) =

gives an isometric isomorphism between the Hardy spaces H*(C;K) and H>(ID;K). For this latter
statement, see for example [ 18, Theorem 12.3.1].

Remark 6.1. In the above we use the discrete-time frequency domain variable z which in the stable case
belongs to the unit disc. The discrete-time resolvent parameter w relates to this z though w = % We
could have written the above in terms of w by utilizing the Hardy space of the exterior of the unit disc as
in done in for example [ 15, Theorem 12.3.1].

Lemma 6.2. Let S be a future-resolvable i/s/o node. Let Q be a non-empty connected open subset of
p(S)NCy and let o € Q. Let Sy be the Cayley transform of S with parameter . Let x° € X. The set
of i/o stable Q trajectories of S and the set of i/o stable discrete-time trajectories of Sy, both with initial
condition x°, are isometrically isomorphic through the map Z~'FyL.

Proof. This is essentially contained in [14, Section 4.1] and also in [13, Theorem 6.5]. Neither of these
references use the notion of a future-resolvable i/s/0 node (this notion didn’t exist at the time that those
references were written), but the arguments in these references remain valid for future-resolvable i/s/o
nodes. [

Proposition 6.3. Let X : X — X be a bounded single-valued everywhere-defined self-adjoint operator.
Let S be a closed i/s/o node with state space X, input space U and output space [ ] and let Sd be its

Cayley transform with parameter a € C with Re(a) > 0. The following are equivalent: (here & is the
formal i/s/o resolvent of S and A € C)
(i)
Z
]| <o
(z.Xx) + (X, 2) + >+ [lul® = lw|*  forall | [y]]| €gph(S);
X
u
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(1)

(Az—2,X2)+ (X(A2—2),%) + DI + |al|* = |w|* forall H € gph(B(1));

S = S Mo

(iii)
Zd
-
(za,Xza) — (¥a, Xxa) + |[yall* + uall* = |wal*  for all va| | € gph(Sa).
X4
Uq

Proof. This follows easily from the relations between the graphs. As an example we show how the first
equation implies the third in detail. Let

Zd

[Vyvﬂ € gph(Sy).

Xd
Ug
Then there exists
Z Zd L 0 X o] [ z
W Wy V/2Re() \/2Re(at) W
~ 0 1 0 0

y|| €gph(S), such that yall| = _1 0 o 0 y
X Xq 2Re() 2Re(ar) X
u Uy 0 0 0 1 u

With this the third equation then is

: z+ a x, X : z+ a X
V2Re(a) y/2Re(a)  \ /2Re(ar)  +/2Re()

-1 Q —1 a
- < JaRe(a@) \/ZRe(a)x’X <\/2Re(a)z+ \/2Re(a)x> >

+ I+ flull? = w]?.
Simplifying this gives the first equation, which by assumption is satisfied, so that the third equation is
satisfied. O
7 The algebraic Riccati equation for future-resolvable i/s/o nodes

The following theorem is our main result: it gives the solution of the linear quadratic optimal control
problem through an algebraic Riccati equation. In Section 9 the assumption that the € finite cost condi-
tion must be satisfied will be relaxed.

Theorem 7.1. Let S be a future-resolvable i/s/o node and let Q be a non-empty connected open subset of
p(S)NC. If the Q finite cost condition is satisfied, then for every x° € X there exists a unique optimal
control, there exists a bounded single-valued everywhere-defined self-adjoint operator X : X — X such

10
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that the optimal cost is given by (Xx°,x°), S has a nonstandard output extension S™* with a feedthrough
extension which is standard and has left-invertible standard part and is such that

Z
w
(z.Xx) + (Xx,2) + |y [I* + ||l = | w]|*  for all [y] € gph($™); ®)
X
u

holds and the optimal control is characterized by putting the additional output in S equal to zero.

Proof. Let o € Q and let S; be the Cayley transform of S with parameter . Since the Q finite cost
condition is satisfied for S, it follows from Lemma 6.2 that the discrete-time finite cost condition is
satisfied for S;. By Theorem 5.1, a unique discrete-time optimal control exists, which by Lemma 6.2
transforms to a unique continuous-time optimal control. By Theorem 5.1 the discrete-time optimal cost
is given by (Xx°,x%), which by Lemma 6.2 is also the continuous-time optimal cost. By Theorem 5.1, Sy
has a standard output extension S5 whose feedthrough extension has a left-invertible standard part such
that the discrete-time Riccati equation (7) holds. By Lemma 2.11 the resolvent set of S is the same as
that of S;. Define S*' as the inverse Cayley transform (with the same parameter o) of S5'. By Lemma
4.2, this is a nonstandard output extension of S, the feedthrough extension is standard (i.e. D; =0 in
Lemma 4.2 since Dy, = 0 as the discrete-time feedthrough extension is standard) and its standard part is
left-invertible (since Dy = D, ¢ and the discrete-time feedthrough Dy  is left-invertible). By Lemma 2.11
the resolvent set of S is the same as that of S. By Proposition 6.3 (applied with S = S and therefore
§d = Sfl“) we have that (8) holds (since (7) holds as we saw above). Since in discrete-time the optimal
control is characterized by putting the additional output in S5 equal to zero, the equivalent is true in
continuous-time because these output are Cayley transforms of each other. 0

The Riccati equation (8) is representation-independent in that we can substitute any representation of
S into it: for example a kernel representation from Remark 2.2 or (if such a representation exists) the
conventional DAE form from Example 2.3. A particularly attractive representation in this respect is an
image representation.

By [2, Lemma 4.1.15 and Definition 4.1.16], every closed i/s/o node S has an image representation,
i.e. there exist a Hilbert space V and bounded single-valued everywhere-defined operators F : )V — X,
Low:V—>YV,K:V— X, L, :V — U such that

X

S ﬁé 1z=Fv, y= Loy, x=Kv, u=Li,v

U

gph(S) =

T =% <= »

Applying this result with S = 5 from Theorem 7.1, the Riccati equation (8) can be written as

F*XK+K*'XF + L yLouy + LiyLin = Lzut,wLout,w )

out,y

and the optimal control is obtained from
Lout,wV =0.

Of course, it is not always easy to explictly find an image representation of a given DAE (e.g. in terms
of the coefficients A, B, C, D, E of the conventional DAE form considered in Example 2.3), but once
such a represenation is obtained, (9) immediately gives the appropriate Riccati equation very explicitly
in terms of the operators appearing in the image representation.

11
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8 An example

Example 8.1. We return to the example of a conventional DAE from Example 2.3. In that case we have
for a nonstandard output extension as in Theorem 7.1 with a feedthrough extension which is standard

<
w

gph(S§*') = [y] Ez=Ax+Bu, y=Cx+Du, w=K;z+Kox+Lou

u

Note that setting w = 0 gives
Kiz+Kox+Lou =0,

which since Ly is left-invertible in the context of Theorem 7.1 gives (here Ly Vis a left-inverse of Ly):
u=—Ly'Kiz— Ly 'Kox.

We note that this feedback depends both on x and z; for trajectories this means that the optimal control
will be a feedback of both the state and its derivative (rather than only the state as is known to be the
case in the purely differential equation situation).

Example 8.2. We again consider the situation in Example 8.1. We show that in the purely differential
equation situation, the conclusions of Theorem 7.1 reduce to the usual ones.

Assume that E is invertible (i.e. has a bounded single-valued everywhere-defined inverse). Then we
can easily eliminate 7 and re-write the Riccati equation (8) as (here K :== K{E~'A + K, and L :=
Lo+ K,E"'B)

(E7'Ax+E "By, Xx) + (Xx,E"'Ax+E " 'Bu) 4 || Cx + Du||* + [Ju||* = ||Kx + Loul|*.
Since u € U and x € X are arbitrary, this can be written as the Lur’e equations

A'E "X +XE'A+C*C =K'K,
D'D+7/=L"L,
B'E"'X +D*C =L*K,

which can in turn be written as the standard algebraic Riccati equation
A'E*X+XE'A+C*C— (XE "B+ CD)(D'D+1) ' (B'E"'X +D*C) = 0.
The optimal control is characterized by 0 = Kz + Kox + Lou, which is
0=Kx-+Lu.

From this we obtain
u=—(DD+I)"" (B*E"'X+D*C)x.

Hence we have that the conclusions of Theorem 7.1 become the usual ones.

We note that [14] considers a more general version of this “usual” Riccati equation which allows for
example for the solution X to be unbounded (this relates to not every initial condition having a finite
cost).

12
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Example 8.3. We consider an example from [5] (see also [3, 11, 7]). Although this is a seemingly simple
finite-dimensional example, it is interesting since the “naive” algebraic Riccati equation

A*ZE+E*ZA+C*C— (E*ZB+C*D)(I+D*D) ' (B*ZE+D*C) =0,

does not have a solution (see [3]). The example is of the conventional DAE form from Example 2.3 with
1 0 0 1 0 10 0
o i A TR S |

AE—A—VI _01}, (lE—A)l—[_Ol :ﬂ

Here

so that the i/s/o resolvent set equals C (which implies that the choice of Q is immaterial; we choose
equal to the open right half-plane C . since this works nicely with Laplace transforms). We further have

gph(S): :lexz,OZX1+M,y:X s

N AR

and ﬁ(k)=[_01 8] %(“:H]’ ’ém):[_o] 8] @m:[_ﬂ.

Therefore the equations for Q trajectories from Remark 2.9 are

s =2 =g "]

From this we see that the Q finite-cost condition is satisfied. We can choose u(t) = —x(l)e*’ (which is in
L*(RY)) so that
| ] A
u—= 5 y= ;
A+1 1 A+1

which is in L*(R™").

In this example it is easy to obtain an image representation (the idea is that 7o, xo and u can be chosen
as “free” variables which determine the others):

010 00 —1
F_[l 0 0}, Lout7y—K—[O | 0}, Ly=1[0 0 1].

Writing (using that X is symmetric):

X Xo
X= [Xo Xo

:| ) Lout,w = [Ll L, L3] )

the image representation form (9) of the Riccati equation is

0 X2 —X L} LiL, LiL;
Xy 2Xo+1 —-Xi|=|LLl 1} LlL;
X0 —Xi 2 LiLy L)Ly I3

13
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From the top-left entry we obtain Ly = 0, from which we deduce using the first row that Xy = X, = 0. The
bottom right 2-by-2 matrix then is
1 -Xxi] [} Ll
X, 2| |LLy L}

From the diagonal entries we then obtain Ly = +1 and L3 = ++/2. Since X; >0 (because X is positive
semi-definite) Ly and L3 must have opposite signs. We choose Ly = 1 and Ly = —+/2 (this sign choice is
immaterial) and obtain

X:[\? 8], L=[0 1 —v2].

Hence the optimal cost is (Xx°,x°) = \/2(x)? and the optimal control is determined by

22
0 1 —V2] [x]| =0,
u
ie.
1
U= X2,

as is also obtained in the above references using various different methods. Note that we can equivalently

write this as the output feedback
1

u=—7—=y.
\/iyl

Example 8.4. The computations in Example 8.3 can be simplified by choosing a smaller state space. To
write the relation between the input, the (relevant part of the) initial state and the output in conventional
DAE form, a two-dimensional state is needed. However, because i/s/o nodes are more general than
conventional DAEs, it is possible to described the same relation using a one-dimensional state space
using i/s/o nodes. Consider the i/s/o node with X and U one-dimensional and Y two-dimensional given

by

gph(S) = 2=y, VI =—U, X=—U

= <N

We have that the i/s/o resolvent set equals C and that

= -~ 0 ~ -1
R G N M R i
We in particular see that D is the same as in Example 8.3 and that /(’ixl = EE[}‘H where i is the
state/output resolvent from Example 8.3. Since E [} ] is the “relevant part” of the initial state [}1], we see
that the state/output resolvents therefore also essentially coincide. Hence the i/s/o node from this example
and the one from Example 8.3 are from the linear quadratic optimal control perspective equivalent.

A kernel representation (as in Remark 2.2) is (here the space Z is three-dimensional)

1 0 —1 0 0
E=|0], Nwm=[1 0|, M=]|0|, Nyo=|-1
0 0 0 1 1

14
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An image representation is (the idea is that y, and u are “free”)

0 -1

F=][1 0], MWZL 0

], K=1[0 -1}, Ls=1[0 1].

The image representation form (9) of the Riccati equation is

1 —X| [} LL
-X 2| |LL, L3 ]
From this we obtain that Ly and L, must have opposite signs (since their product equals —X ) and picking
an arbitrary sign convention gives L1 = —1, L, = V2, X = /2. Hence the optimal cost is \@(xo)2 and
the optimal control is determined by

—y2+V2u=0,

ie.

1
u= —=y.
\/E)’Z

This solution is consistent with what we obtained in Example 8.3 noting that x° here corresponds to x?
there.

Note that the above cannot be written as a state feedback. Equivalently, the optimal output extension is
necessarily nonstandard: we can re-write the equation determining the optimal control as

—Z+ﬁu=0.

Therefore the observation extension is [—1 O] (i.,e. Ci = —1 and Cy =0, so this is nonstandard) and
the feedthrough extension is [O 0 \ﬁ} (which is standard). Alternatively, from

_y2+\/§u:07

we have the standard observation extension [O 0] and the nonstandard feedthrough extension

[0 —1 \/ﬂ (i.e. D1 = [O —1] and Dy = \/2). We however cannot have both a standard observation
extension and a standard feedthrough extension at the same time.

The construction of the i/s/o node in Example 8.4 from that in Example 8.3 can be done generally based
on obtaining a minimal i/s/o node with the same input/output resolvent as a given i/s/o node, see [2].

Example 8.5. It is possible to further simplify Example 8.4 by considering y, as the input and y; and
u as the outputs (this is related to the notion of canonical input space from [2, Definition 2.1.23]). We

therefore define
i =[]
u=ys, Y= .

u

This change in perspective does not alter the cost function (or the state), but the dynamics instead become

.~ ~ F}

i.e. we have a standard state-space system with (E = 1 and)

1 0
S A ]

The usual Riccati equation is 2 —X* = 0 and gives X = \/2 and the state feedback F = —/2. The

15
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optimal control is therefore determined by

u=—v2x,
which noting that u =y, and x = —y, = —u gives

2 =V2u,

which is the same as what was obtained before.

9 Beyond the finite cost condition

To consider the case where not all initial conditions are required to have finite cost, we need some further
notions from [2].

Definition 9.1. Let S be an i/s/o node and let X C X be continuously embedded. Then the part Sy of
S in X is defined by
X

Y
gph(Spart) = gph($) 1 | 3,
u

Definition 9.1 is adapted from [2, Definition 5.1.10 (i)] where it was assumed that & is a closed subspace
of X.

Remark 9.2. It is easy to see that the Cayley transform of the part of S in X| equals the part in X of the
Cayley transform of S (i.e. taking the Cayley transform and taking the part commute).

9.1 The discrete-time case

We reconsider the situation of a bounded i/s/o node S; with discrete-time dynamics from Section 5.

Definition 9.3. The initial state x° € X is said to have discrete-time finite cost if the corresponding set
of i/o stable trajectories is non-empty. We denote the subspace of discrete-time finite cost initial states by

X4 finite-

By [15, Section 2], for every element X0 of X4 finite> @ unique minimal norm i/o stable trajectory
(u™,y7'™") exists. This defines a closed nonnegative sesquilinear symmetric form ¢ on X’ with domain

X4 finite given by ‘ ‘
min min
[ 0 0] /[ |H"a Ugo
q\xX1,%3]| - = min | min )
Va1 Yap2

which we call the discrete-time optimal cost sequilinear form. We will consider Xy finite With the inner-
product

<x(1)"xg>Xd.ﬁnite = <x(1)7xg>?( +Q[x(1)7xg]a

(this is called the graph inner product in [15, Section 4]). With this, Xy finice 1S a Hilbert space which is
continuously embedded in X'.

Definition 9.4. The bounded i/s/o node S; satisfies the discrete-time input finite future cost condition if
all initial states in im(By) have discrete-time finite cost, i.e. if im(Bg) C Xy finite-
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Remark 9.5. The above definition is adapted from [ 15, Definition 3.3 ] where the equivalent concept was
called the finite future incremental cost condition. See [/5, Lemma 3.4] for this equivalence and for the
fact that Ag X finiee C X finite-

Definition 9.6. Ler S and S| be two bounded i/s/o nodes with the same input and output spaces and
where X| C X. We call S| a restriction of S to X if the following two conditions hold

(i) Every discrete-time trajectory of S| is also a discrete-time trajectory of S;
(ii) If (x,y,u) is a discrete-time trajectory of S with x(0) € X}, then x, € X} for all n € N and (x,y,u)
is a discrete-time trajectory of Sy.

Definition 9.6 is adapted from [2, Definition 5.4.37] (which is in continuous-time) as indicated in [2,
Definition 6.5.7]. Moreover, we do not assume that X is a closed subspace of X’ as was done in [2,
Definition 5.4.37].

Lemma 9.7. Let S; be a bounded i/s/o node and let X1 C X be continuously embedded. The following
are equivalent:

(i) Sy has a discrete-time restriction to X} ;

(ii) Sy has a unique discrete-time restriction to Xy,
(iii) AgX) C Xy and im(B,) C X);
(iv) The part of Sy in X is bounded.

If these equivalent conditions hold, then the part of S, in X is the unique discrete-time restriction to X

from (ii).

Proof. Thisis part of [2, Theorem 6.3.19] (the discrete-time version of which holds by [2, Lemma 6.5.8]).
There it was assumed that X} C & is closed (rather than continuously embedded), but a continuous
embedding suffices for the proof. O

If the discrete-time input finite future cost condition holds for Sy, then with & := & ginite the condition
(iii) in Lemma 9.7 is satisfied by Remark 9.5. Therefore by Lemma 9.7 we can restrict S, to the space
of discrete-time finite cost states. Conversely, we see from Lemma 9.7 that the discrete-time input finite
future cost condition (which is implied by (iii)) is necessary for the restriction of S; to the space of
discrete-time finite cost states to make sense.

Definition 9.8. Let S; be a bounded i/s/o node. Let q be a closed nonnegative sesquilinear symmetric
form on X with domain X; and equip X\ with the inner-product qlx1,x;] + (x1,x2) x (so that X is a
Hilbert space which is continuously embedded in X ). We say that q satisfies the discrete-time Riccati
equation for Sy if

(i) the part Sy par of Sq in X is bounded;
(ii) Sqpart has a standard output extension SeXt  with a feedthrough extension which has left-invertible

d,part
standard part and is such that
d
b
qlza,zd) — qlxa,xa) + |yall* + llual* = |wall*  for all va] | € gph(Sgpar)-  (10)
X4
Uq

Sesquilinear symmetric forms can be ordered as follows: g; < g» means that dom(g;) D dom(gz) and
q1[x,x] < ga[x,x] for all x € dom(g»).

17
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Theorem 9.9. Let S; be a bounded i/s/o node for which the discrete-time input finite cost condition holds.
Then the discrete-time optimal cost sequilinear form is the smallest solution of the discrete-time Riccati
equation. The optimal control is characterized by putting the additional output in SZ’th)art equal to zero.

Proof. This is [15, Theorem 3.14] once translated to the current terminology. O

9.2 The continuous-time case

Definition 9.10. Ler S be a future-resolvable i/s/o node and let Q be a non-empty open subset of
p(S)NC,. The initial state xX° € X is said to have Q finite cost if the corresponding set of i/o stable
Q trajectories is non-empty. We denote the subspace of Q finite cost initial states by Xgpie-

By [14, Section 3.1], for every element 10 of Xpnite, @ unique minimal norm i/o stable Q trajectory
(u™n y™n) exists. This defines a closed nonnegative sesquilinear symmetric form ¢ on X’ with domain

XNfinice given by ‘ ‘
0 0 ) Mmlrl umln
Q[xlaXZ] = < |:yrinin ) yrzznin )

which we call the Q optimal cost sequilinear form. We will consider Xgpie With the inner-product

<x(1)’xg>Xﬁnite = <x(1)7x(2)>?( +Q[x(1)7xg]'

With this, Xfgpiee is @ Hilbert space which is continuously embedded in X.

Remark 9.11. If Q is connected, oo € Q and S, is the Cayley transform with parameter @ of S, then by
Lemma 6.2 we have that the Q finite cost initial states for S and the discrete-time finite cost initial states
of Sq are the same, i.e. that Xgnite = Xy finite-

Definition 9.12. Let S be a future-resolvable i/s/o node and let Q be a non-empty open subset of p (S)N
C.. Then S satisfies the Q input finite future cost condition if for all A € Q, all initial states in im(*B(1))
have Q finite cost.

Remark 9.13. The above definition is adapted from [ 14, Definition 5.7 ] where the corresponding concept
is defined with respect to a fixed o € Q (by [ 14, Theorem 5.9] this is equivalent to it holding for all A € Q
if Q is connected).

Lemma 9.14. Let S be a future-resolvable i/s/o node and let Q be a non-empty connected open subset of
p(S)NC.. Then A(A) Xfinite C Xinite for all A € Q.

Proof. Let a € Q and let S; be the Cayley transform of § with parameter . By Remark 9.11 we have
Xinite = X4 finite- By Remark 9.5 we have Ay Xy finie C X4 finite, Which by (2) is equivalent to 2 (0t) Xinie C
Nhnite- Since o € Q was arbitrary, we get the desired result. O

Definition 9.15. Let S| and S be two i/s/o nodes with the same input and output spaces and where
X1 C X and let Q be a non-empty open subset of C. We call S| an Q-restriction of S if the following two
conditions hold

(i) Every frequency domain Q trajectory of S is also a frequency domain Q trajectory of S;
(ii) If (£,9,x°,4) is a frequency domain Q trajectory of S with x° € X}, then (1) € X for all A € Q
and (%,9,x°,4) is a frequency domain Q trajectory of S.

Definition 9.15 is adapted from [2, Definition 11.1.44] where it was assumed that A is a closed subspace
of X.
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Lemma 9.16. Let S be a resolvable i/s/o node, let Q C p(S) and let X\ C X be continuously embedded.
Then the following are equivalent:

(i) S has an Q-restriction to X,

(ii) S has a unique resolvable Q-restriction to X| whose resolvent set includes €;
(iii) A(M)X) C X1 and BAYU C X, forall A € Q;
(iv) Spart is resolvable and Q C p(Spart).

If these equivalent conditions hold, then the part of S in X is the unique Q-restriction to X\ from (ii).

Proof. This is part of [2, Theorem 11.1.51]. There is was assumed that X; C X is closed (rather than
continuously embedded), but a continuous embedding suffices for the proof. O

If the Q input finite future cost condition holds for S and € is connected, then with X} := Ajpiee the
condition (iii) in Lemma 9.16 is satisfied by Lemma 9.14. Therefore by Lemma 9.16 we can restrict S to
the space of Q finite cost states. Conversely, we see from Lemma 9.16 that the Q input finite future cost
condition (which is implied by (iii)) is necessary.

Definition 9.17. Let S be a future-resolvable i/s/o node and let Q be a non-empty open subset of p(S) N
C.. Let g be a closed nonnegative sesquilinear symmetric form on X with domain X| and equip X with
the inner-product q[x1,x2] + (x1,x2) x (so that Xy is a Hilbert space which is continuously embedded in
X). We say that q satisfies the Q-Riccati equation for S if

(i) the part Spa of S in Xy is resolvable and satisfies Q C p(Spart);

(ii) Spart has a nonstandard output extension Sg’;}.t with a feedthrough extension which is standard and

has left-invertible standard part and is such that

Z
]
qlz,x] +qle. 2+ I+ [lul> = |wl* forall | [y]| € gph(Spin); (1D)
X
u

Theorem 9.18. Let S be a future-resolvable i/s/o node and let Q be a non-empty connected open subset
of p(S)NC for which the Q input finite future cost condition holds. Then the Q optimal cost sequilinear
form is the smallest solution of the Q-Riccati equation. The optimal control is characterized by putting

the additional output in SS’Q}T equal to zero.

Proof. This is proven similarly to Theorem 7.1 using Remark 9.2. O

9.3 Impulse controllability

To relate our results to available results on Riccati equations for DAEs, we briefly discuss the concept of
impulse controllability in the i/s/o node framework.

Definition 9.19. The classical state space Xy of the i/s/o node S equals

Xo := < x € X : z,y,u such that € gph(S) p = {x € X : Ju such that [z] € dom(S)} .

NI )

The above definition is adapted from [2, Definition 2.1.15].
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Remark 9.20. We have for A € C

; -

x
Xo =< x € X :3z,y,u such that —zy—k € gph(B(1))
| u
[x
= ¢ x € X :3Z,y,u such that % Egph(é\i(l))
u

\ L

~

—im [m(x) %(A)] .

Remark 9.21. From [4, Remark 4.1] for a finite-dimensional conventional DAE with det(sE — A) not the
zero polynomial (i.e. the corresponding i/s/o node is resolvable), the DAE being controllable at infinity

is equivalent to im [E B] = X. This in turn is equivalent to im [ﬁ(l) %(k)] = X. Combining this
with Remark 9.20 we see that the condition Xy = X coincides with controllability at infinity.

Definition 9.22. The multivalued part Z of the i/s/o node S equals

Zp:=(Qz€X: € gph(S)

S O O N

The above definition is adapted from [2, Definition 2.1.15].
We have for A € C

0
Zo={xex: || caph(®(1)) :N< %C‘((j))

0

From this we see that x’ € Z precisely when (0,0,x°,0) is a frequency domain Q trajectory of the i/s/o
node. In particular, every initial condition in Zj has zero optimal cost.

For a conventional DAE we have Zj, = N(E). Therefore for a conventional DAE we have Zy = N (ﬁ(l))
(which is not true for a general i/s/o node). From [4, Remark 4.6] for a finite-dimensional conventional
DAE with det(sE — A) not the zero polynomial (i.e. the corresponding i/s/o node is resolvable), the DAE
being impulse controllable is equivalent to im [5[(&) B(A)| +N (2(A)) = X. Using also Remark

9.21, this is Xy + Zp = X. Since for a general i/s/0 node this notion also involves the output (for example
though the state/output resolvent €(A) which appears in the characterization of Z), referring to this as a
controllability property would in general be a misnomer.

For an input/state system (i.e. with output space ) = {0}) we have that Xy + Zy = X is equivalent to
im [ﬁl(l) %(A)] +N (ﬁ(l)) = X, i.e. to impulse controllability of the input/state system.

9.4 Comparison with [17]

We compare Theorem 9.18 to the Riccati equation obtained in [17]. We first note that [17] is for
finite-dimensional conventional DAEs whereas our results hold more generally for (possibly infinite-
dimensional) i/s/o nodes. Another difference is that [17] considers the linear quadratic optimal control
problem “with state stability” whereas we do not consider stability of the state. Also [17] considers more
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general quadratic cost functionals than ””Hiz(ﬂv-u) + ||y||%2(R+,y) (our methods would allow for such
more general quadratic cost functionals if the corresponding discrete-time results had been available).

In [17] the Riccati equation is considered on the “system space” Vys. Using [16, Proposition 3.3] we
can describe this space inductively in i/s/o node terms. Let S1 = S and define S; ;| as the part of Sy in the
classical state space of S;. It follows from [ 16, Proposition 3.3] that (for a finite-dimensional conventional
DAE) there exists a ko such that Sy = Sy, for all k > ko and that dom(Sy,) = Vsys. The restriction of S to
Vsys has graph (here Z is the multi-valued part of S)

gph(Sk,) +

coc ol

In [17] it is this restriction which is considered rather than the part S;,. However, since elements in the
second component of the above sum contribute zero terms to the Riccati equation (11), this difference is
immaterial.

By [16, Proposition 2.9], without loss of generality, a conventional DAE can be considered in feedback
equivalence form. Focusing on the non-differential part only, and making the dimension the smallest
integer large enough so that the system is not impulse controllable (in the sense of [4, Definition 2.1]) we
arrive at the examples in Section 9.5 which further illustrate the connection with [17].

9.5 An example
Example 9.23. Consider the conventional DAE (with no output, i.e. Y = {0}) with X = R3andU =R
010 1 00 1
E=1[0 0 I|, A=|0 1 0|, B=|0
0 0O 0 0 1 0
This gives
gph(S) = x| :zo=x1+u, zz3=x,x3=0

Then p(S) = C (and we choose Q = C..) and

-1 -4 —=A? 01 -2 —1
AE-A)"'=|0 -1 -a|, AW)=1]0 0 —1|, BA)=|o0
0 0 -1 00 0 0
We have
X1 21
Xp = x| ix,x0€R 3, Zy = 0| :z1€R
0 0

Since Xy + Zo # X, this system is not impulse controllable. Since this system is in feedback equivalence
form, the system space from [16] can be calculated using [ 16, (3.2)] and equals

X1
X2
X3

u

Vsys = Xy =x3=0,x1 =—u
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However, it is instructive to calculate this inductively as in Section 9.4. The part of S in its classical state
space equals (compared to gph(S) we have zz = 0 since z must belong to the classical state space)

<
gph($y) = x| ip=x14+u, 0=z3=xp, x3=0
u
The classical state space of S» is
X1
X, = Ol :x1eR s
0

and the part of S in X equals (compared to gph(S,) we have z; = 0 since z € X3)

b4
gph(83) =1 |x| :0=2=x14+u, 0=z3=x2, x3=0
u

The classical state space X3 of S3 equals X, and therefore the induction stops. We have

dOIn(S3) = { |:z:| : Ole +Z/t, X2 = X3 :O}’
which is indeed Vsys as determined above.

Example 9.24. We continue Example 9.23. We now consider )) = R3 and the output y = x. With this
output, the cost being finite implies stability of the state, so there is no difference between the problem
“with state stability” and without this stability requirement. Let

1 00 0
C=1|0 1 0f, D= |0
0 0 1 0
Then R R R R
C(A)=2(1), D(A)=B(A).

Frequency domain trajectories satisfy
A=A —a(d),  F2(A)=-8,  H(4)=0. (12)

The condition that 1 and i are Laplace transforms of L*(0,) functions implies that xg — 7Lx(3) must be
as well; this implies xg = xg = 0. Therefore the space of finite cost states is

X1
Xfinite = Ol:x1eRr
0

~

Since im(B(A)) C Xhnie, the input finite future cost condition is satisfied (but the finite future cost con-
dition is not). The part of S in Xipite is

z
gph(Shinie) = ¢ |X| :0=22=x14+u, 0=23=x2, x13=0
u

We see that Senite equals Sz from Example 9.23 and that dom(Sipite) = Vsys (as expected since y = x).

For an initial condition in Xgyie we have from (12) that yy = —u, y, = y3 = 0 no matter what the initial

22



Mark R. Opmeer and Olof J. Staffans | Linear Quadratic Optimal Control QDAE A

condition in Xgpie is. Therefore clearly u = 0 is the optimal control and the optimal cost equals zero.
We indeed see that ¢ = 0 is a solution of the Riccati equation (11) with the standard output extension
w = \/2u. From Theorem 9.18 we then indeed conclude (since zero must be the smallest solution) that
the optimal cost is zero and the optimal control satisfies \/2u = 0 (i.e. is zero).

More generally than just verifying that the obvious candidate solution solves the Riccati equation, we
can write down the Riccati equation using an image representation of Sgnite. Since many components are
known to be zero, we only need to consider z, x1, y1 and u. We then obtain the image representation (the
idea being that 7; and u are “free” and uniquely determine the other variables)

F=[1 0], K=Lu=1[0 —1], Ly=][1 0].
This gives the Riccati equation (as in (9))
0 -X| [L7 LL
-X 2| |LiL, L3 ]’

which gives Ly =0, X =0and L, = /2, which is consistent with what we obtained above.

Using that
-1
0
Vsys—lm K
1
the Riccati equation in [17] is
—1 —1
A*PE+E*PA+C*C E*PB+C'D| | O KK K‘L| | 0O
-1 00 1] B*PE+D*C [+D*D } o | =7t 0 0] [L*K L*L} 0’
1 1

which gives

100 0][-1 -1
01 00[]|O KK K'L] |0
100 g o 1 oo _[_IOOI]L*K L*L] 01’
000 1]]1 1

which has as solution P € R3*3 an arbitrary symmetric matrix and
K=[0 0 0], L=v2.

The stability condition from [17] is also satisfied for this solution since for all A € C

1 =4 0 1
—-AE+A B _ 0O 1 -4 O _
ank[ K L] =rank 0 0 | 0 =4.
0 0 0 V2

According to [17, Theorem 5.7(a)] the optimal cost equals <PExO,ExO> for all 10 € Viigr. In this example
Vit = Xiinite and we therefore see that the optimal cost equals zero (independent of the initial condition
1% € Vyitr). According to [17, Theorem 5.7(a)] the optimal control and optimal state satisfy Kx+Lu = 0,

which gives u = 0. We conclude that (as should be the case) we have consistency between our results
and those of [17].

Example 9.25. We continue Example 9.23 with a different output than in Example 9.24. Consider now
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Y =Randy=x3. Then
c=[0 0 1], D=0,

and

¢A)=[0 0 0], D@A)=0.

We see that for all initial conditions and all inputs the output is zero. Therefore the space of finite cost
states equals the whole state space: Xgnite = X. It is also clear that the optimal cost is zero and the
optimal control is zero (independent of the initial condition). We indeed see that ¢ = 0 is a solution of
the Riccati equation (11) with the standard output extension w = u. From Theorem 9.18 we then indeed
conclude (since zero must be the smallest solution) that the optimal cost is zero and the optimal control
satisfies u = 0 (i.e. is zero). Note that the system space Vsys plays no role in this example and [17] is not
applicable.

10 Conclusion

We considered linear quadratic optimal control for infinite dimensional differential-algebraic equations
(more specifically, for future-resolvable input/state/output nodes) and obtained an algebraic Riccati equa-
tion for the quadratic form which gives the optimal cost and which characterizes the optimal control.

For simplicity of exposition, we only considered the most standard cost function for the linear quadratic
optimal control problem and the associated algebraic Riccati equation, however the method is applicable
to general quadratic cost functions.

Also for simplicity of exposition, we considered input/state/output nodes rather than state/signal nodes
(i.e. we assumed that the signal component is a priori split into an input and an output). However, the
cost in linear quadratic optimal control is an input/output invariant notion in the sense of [2, Section
5.6.1] and therefore does not depend on the decomposition of the signal component into an input and an
output. The objective of writing the input as a state feedback is however not an input/output invariant
notion and as illustrated in Example 8.5, it can be beneficial to take a state/signal perspective. With the
relevant input/state/output results from [2] replaced by the corresponding state/signal results from [2],
state/signal equivalents of our results can be obtained.
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