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1 Introduction

In this article we look at various index terms for infinite dimensional differential-algebraic systems (DAE)
of the form

%Ex(t) — Ax(t)+ (1), 120, M

where E: X — Z is a bounded linear operator (denoted by E € .2 (X,Z)), (A,dom(A)) is a closed and
densely defined linear operator from X to Z and f: [0,e0) — Z. Throughout this article, X and Z are
complex Banach spaces and the DAE (1) is assumed to be regular. That is,

p(E,A)={A€eC|(AE-A)"" € £(Z,X) } #0.

By a solution of (1) we mean a classical solution, that is, a function x: [0,00) — dom(A) such that Ex(-)
is continuously differentiable as a function with values in Z, and (1) is satisfied for every ¢ > 0.

The index of a DAE can be defined in a number of various ways. Examples include the differentiation

index [6, 7, 13, 17, 19], the perturbation index [7, 22], the strangeness index [7, 22], the nilpotency index
[17], the geometric index [22, 17, 27, 26], the resolvent index [10, 11, 32, 33] and the radiality index
[15, 31]. Not all of these indices are defined in the infinite dimensional case. For instance, the nilpotency

index of a DAE demands a Weierstral3 form (defined formally below), which is not always available.

Our aim in writing this paper is to “collect” all the index terms that are applicable in the infinite di-
mensional case, and to characterize and compare them to each other. In particular, we investigate the
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(E.A)

, (E.A) (E.A)
res

, the chain index pg .-, the radiality index p_ 4

differentiation index p((jlff’fA) and the perturbation index pf)ﬁ;{”. Several of these indices have not previously

been defined for infinite dimensional systems.

(E,A)

resolvent index p nilp > the

, the nilpotency index p

One of our main results is that if all the indices mentioned in the previous paragraph exist then

(E.A) (E.A) (EA) _ (EA)
Prad +12pres anilp = Pchain *

If in addition A|y: generates a Co-semigroup, where X! denotes the biggest subspace of X on which E is
invertible, then

(EA) (EA) (EA) _ (EA) _ (EA) _ (EA)
Prag +12pres anilp = Pgist ~ = Pchain — Ppert -
Note, that the generation of a Cp-semigroup guarantees the existence and uniqueness of mild solutions of
the corresponding Cauchy problem, see [8] for further information. Furthermore, Proposition 6.9 implies
that in the finite dimensional case, equality holds in all these bounds.

2 Weierstrall form

Consider a differential-algebraic system of the form (1), denoted by (E,A). Throughout the article we
will assume that (E,A) is regular, that is

p(EA)={A€C|(AE-A)"' € ZL(X,Z) } #0.

Let X,Z be Banach spaces, E € Z(X,Z) and A: dom(A) C X — Z closed and densely defined.

Definition 2.1. Two differential-algebraic systems %Ex = Ax and %Ex = Ax are equivalent, denoted by
(E,A) ~ (E,A), if there are two bounded isomorphisms P: X — X, Q: Z — Z, such that E = Q"'EP
and A = Q 'AP.

Remark 2.2. The equivalence of two differential-algebraic systems is an equivalence relation. This
follows from the fact that the concatenation of two bounded isomorphisms is a bounded isomorphism.

Definition 2.3. A bounded operator N € £ (X) is nilpotent, if there exist a p € N, such that N* # 0 for
alll < p and NP = 0. The integer p is called the degree of nilpotency.

This definition may be slightly different in other references. For example, in [31] the degree of nilpotency
is p — 1 and not p.

Definition 2.4. The DAE (1) has a Weierstraf3 form, if there exist a Banach space Y =Y' ®Y?, such that

co-(5 815 2D

where N: Y?> — Y? is a bounded linear nilpotent operator; Ay : dom(A;) CY' — Y is a linear operator
and ly: indicates the identity operator on the associated subspace Y', i = 1,2.

This form is also known variously as the quasi-Weierstrafs form [2] or Weierstraf3 canonical form [17].
In finite dimensions with complex arithmetic the operator A; can be chosen to be a matrix in Jordan
canonical form J. In this case, the Weierstral form, and hence the degree of nilpotency of N, always
exist. Furthermore the Weierstrafl form is unique up to isomorphisms and therefore the nilpotency degree
of N is uniquely determined. To be more precise, assume that (E,A) has two different Weierstra3 forms

( [(’) ,8i] , [{)’ (1)] ), i =1,2. Then the sizes of the matrices in Jordan canonical form J,J> and of the nilpotent
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operators Ni,N; coincide, as well as the degree of nilpotency of these nilpotent operators [ 17, Lem. 2.10].
Certainly, this only holds for the finite dimensional case and under the assumption, that (E,A) is regular
(as assumed in the introduction). Further studies regarding the regularity can be found in [20, 23, 21].

In the next sections we will define a variety of different index terms and generalise/adapt them for the
infinite dimensional case. Most of the terms are already known in the finite dimensional case.

3 Resolvent index

The resolvent index has already been defined in [10, p. 5], [32, p. 8] and [1 ], ch. 6.1]. It has the advantage
that it does not require a Weierstrall form. Thus, this definition can be easily extended to the infinite
dimensional case. The only difficulty encountered in calculating this index is the calculation of the
resolvent and its growth rate, which is a greater hurdle in the infinite dimensional case. In this context,
we call (AE —A)~! the resolvent of (E,A) for A € p(E,A).

Definition 3.1 (resolvent index).

The resolvent index of (E,A) is the smallest integer p
(©,%) C p(E,A) and

(EA)

¥
res

€ Ny, such that there exista ® € R, C > 0 with

|(AE—A)" | < clape""! 3

for all A € (w,). The resolvent index is called a complex resolvent index, denoted by pgé‘:) € Ny, if
Cresw ={A €C | Red >w } C p(E,A) and (3) holds for p{o22).

Note that the resolvent index can also defined in a weaker form as seen in [11, ch. 5& 6]. Clearly,

pffs’A) < pﬁﬁ’e’é ). The next proposition shows that this index is uniquely defined.

Proposition 3.2. The resolvent index, given that it exists, is uniquely defined. To be more precise, let

(E,A) ~ (E,A). Then p&® = pl&) and pl&) = p&d).

Proof. Since (E,A) ~ (E,A) there exist two isomorphisms P: X — X, Q: Z — Z with

E=Q 'EP and A=0Q'AP.

(E.A)
res

Assume that (E,A) has resolvent index p
p(E,A) and

. Then, there exist a C > 0, @ € R, such that (®,o) C

-1 p(E_‘A)—l
IAE—-A)" || <C|A|P=s 77, A > .

Since P and Q are bounded isomorphisms and

(AE—-A)'=PAE-A)'Q0"', 1>0

it follows that (@,%) C p(E,A) C p(E,A) and

S | -1 —1 g Pt -1
|AE=A) | < IPI|RE—-A) ||l | <€lAP=""", 2>,
for C:=C||P|| |0~ H Thus, the resolvent index of (E,A) is at most pffs’A). The other estimate follows
from an equivalent argument and switching (E,A) and (E,A). The statement concerning the complex
resolvent index follows similarly. O

Next, we will show the existence of the (complex) resolvent index for a special class of systems, namely
X = Z a Hilbert space, E is non-negative and A is dissipative. Note that we call E non-negative, denoted
by E > 0, if (Ex,x) > 0 for all x € X and we call A dissipative, if Re(Ax,x) < 0 for all x € dom(A).
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These conditions are met by port-Hamiltonian DAEs or abstract dissipative DAEs, among others (see
[11, Sec. 7] and [23]).

Theorem 3.3. Let X = Z be a Hilbert space, E € £ (X) be non-negative self-adjoint and A: dom(A) C

X — X be dissipative. If there exist a @ > 0, such that (®,o) C p(E,A), then pSfS’A) <2. If also

Cre>o0 C p(E,A), then pgﬁgy < 3.

Proof. For any x € X\{0} and A € p(E,A) NCre=o define z = (AE — A)~'x. By using the dissipativity
of A and the non-negativity of E we deduce

Re((AE —A)"'x,x) = Re(z, (AE —A)z) = (z,Ez) Re A —Re(z,Az) >0
forall A € p(E,A) NCre>0. Thus, for every x € X the function
fer A (AE—A) L, x) + )
is positive real on Cres g, i.e. Re fy(A) > 0 for all A € Cg~¢. Let 4 > . Using [12, Thm. 3] we obtain

AL+ |1 +3Au
UReA

S AP
UReA’

)] < 1 fx(w)] < |fe(n)

forall A € Cre>y NpP(E,A). Hence, together with the Riesz representation theorem we derive

IRE—A) = sup [(AE—A) )] < sup 20| 2L < AL
x,yeX 7 T oxex * u ReA = Rel’
IxlI=lyll=1 [lx[|=1

forall A € Cre>p With K = (H (LE —A)~! H + 1)1#—0. Thus, the complex resolvent index is at most 3 and

2
if A > o is real, then % = A and the resolvent index is at most 2. O

Example 3.4. ( pgi’A) =2 and pgé) = 3.) We formally define the infinite block diagonal matrices A, =

diag(A(),Al,Az, .. .), E,= diag(E(),El,Ez, .. ) with

0 -1 0 Vkr+1
AO = ) Ak = y
1 0 —Vk*+1 -2
1 0 1 0
sl 9. ]
and the infinite matrix with one column
By
B, = B )
whereby
0 0
B()—|:1:|, Bk_|:k451:|’ ke N.

Consider the space
P ={ (%)l XC |Aux1+Byxy €0* },

which is a Hilbert space endowed with the norm

IGIIZ = Il + b2 + [Aox1 + Bz 2.



Mehmet Erbay et al. | Index Concepts for Linear DAEs QDAE

For (3)) € 9, by grouping successive sequence elements, we express x| as a sequence of vectors in C?,
ie.,
2
x1 = (x1k), xreC 4)

Then z = () := AoX1 + Boxa € 0% implies that
xu=A o —A B, keN. Q)

Since,

1 s+2 Vi +1

L—Ay) ' =
(s —Ar) 2425 kA1 | —ViA+1 s ’

ke N, s € Cre>o, (6)

we obtain that (for any norm in C**2), for all s € Cre>0, there exists some c(s) > 0 with
_ c(s
o= < 55, ke )

Combining (7) with 62T Ak_]Bk = 0 (where e> € R? is the second canonical unit vector); (5) then yields
that

Gz > 1@ lle > c(0) | (Ke; xi) -

In particular, the formal adjoint
C,:=B) =(By,B|,...)

defines a bounded linear operator from 9 to C via
(E ) — ngl .

For later use, we record that (7) further implies that

((sh = Ax) ™' Bi) ooy € £ ®)
Now consider the operators
E, 00 A, B, 0
E=]0 0 0, A=|-C, 0 1
0 00 0 -1 0

defined by (infinite) block matrices introduced above. Then, for X = > x R x R, we have that E is
bounded, self-adjoint and non-negative. Further, by completeness of 9 and the above shown bounded-
ness property of C,, we have that A : dom(A) — X with dom(A) = 2 x C is closed. Since C, is the formal
adjoint of B,, and the matrix Ay is dissipative for all k € N, A is a dissipative operator.

Next we analyse the resolvent of (E,A). First, by invertibilty of (sEy — Ag) for all s € C, we obtain from
(7) that sE, — A, has a bounded inverse for all s € Cre>o, with

(SEO —A{,)_l = diag((sEo —Ao)_] R (S12 —Al)_l,(slg —Az)_l , (SIZ —A3)_1 ) .), N (CRQZQ.

Moreover; (7) implies that for all s € Creso, (SE, —A,)~'B, and C,(sE, — A,) ™" define bounded opera-
tors from C to ¢* and from ¢? to C, respectively.

We now show that C,(sE, —A(,)*lB[, is well-defined for all s € Cre>o: First, since
Ao(sEy—Ay) " 'By+B, = (SE, — (SEy — Ay)(SEy — A,) " 'By + B, = sE,(sE, —A,) " 'B, € 12,
it follows that

((sEo—flxo)—‘Bo> c9
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Then the previously proven property of C, yields that C,(sE, —A,) "' B, € C is well-defined.

So far, we have proven that the operators (SE, —A,) ™' : 02 = 02, (sE, —A,)"'B, : C — £, C,(sE, —
A,) 1 02 = C are bounded and well-defined for all s € Cre>o. Combining this with C,(sE, —A,) " 'B, €
C, these results imply that

(SE,—Ay)™' 0  (sE,—A,)"'B,
H(s) = 0 0 1
C,(sE,—A,)"' —1 C,(sE,—A,)"'B

is a bounded linear operator from X = (> x Cx C to X for all s € Cge>o. A straightforward calculation
moreover shows that H(s)(sE —A)x = x and (sE —A)H (s)z = z for all x € X and z € dom(A), which
implies that H(s) = (sE —A)~". Thus, (E,A) satisfies the conditions of Theorem 3.3.

(EA)

(EA) =2 and pc,rés

res

It will now be shown that p
of E, and A,,

= 3. First we note that, by using the diagonal structure

CO(SEO —Ao)ilBo = C()(SEO —A())ilBO + Z Ck(slz —Ak)ilBk.
k=1

Since Co(sEg —Ao) ! = s and, by (6),

5
k2s

Culsh~ A0 'Be= G

it follows that

5
= k2s

C,(sE,—A,)"'B, = -—

O(SO 0) o s+1§152+2s+k4+1

of (E,A). Since Cy(sE, —A,) "' B, > s for real and non-negative s, the resolvent H(s)(sE —A)~! grows

(E,A) — 2.]

at least linearly along the real axis and together with Theorem 3.3 this implies p,

Now we consider growth in the entire right-half-plane. Letting 6 > 0 and s, := ¢ +in® forn € N,

iy e kK (o(1+0)+k) + (24 o))
Re (Colsuo =A0)™80) = 0 Y (1 g (k8 =) P 401+ 0

ni(o((146)2+n*)+ (2 +0)n*)
(14 0)*+4(1+0)*n?

S 23 nt _ 3 5n*

“(1+0)*(1+4n*) 5(14+0)*1+4n*

S 23

~5(1+0)

>0+

neN.

5
2n2
5(1+0)*

By choosing an ¢ := 3(62 + 1)3(1+ 0)* we obtain |s,|3 < ¢ for every n > 1, and thus

_ _ 1 5
|Co(snEo —Ap) ™' By| = Re (C,(s0Eo — Ao) 1B0)22|sn]4, n>1.

Hence, the growth of C,(s,E, —A,) ™' B, (and thus also that of the resolvent (sE —A)™') is more than

quadratic along lines Res = ¢ parallel to the imaginary axis for every ¢ > 0. Therefore, using Theorem

3.3 it follows that p{az) = 3.

(E.4) < 2) Let A, with dom(A,) C W generate a

res

Example 3.5. (A class of well-posed systems with p

IThis is a function that George Weiss (Tel Aviv) scribbled on paper for one of the authors. Thanks for that!
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Co-semigroup on W, where W is a Hilbert space. For b € W and ¢ € dom(A}) with (b,c) # 0 define the
operators Bu = bu where u € C and Cz = (z,c) for any z € W. We define the DAE on Z =W x C by

d
dt[(’) 8} x(z):[fg g]x(t), £>0. ©)
——
=F =A

Defining for s € p(A,),
G(S) = <(SI*A0)_1bac>

we obtain

1 [(sI—=Ag) T = (sT = Ap)T'BG(s) "' C(sT = Ap) ! (s —A,)'BG(s)”

(sE=A) G(s) ' C(sT—A,) ™! —G(s)"!

Note that the condition (b,c) # 0 implies G(s) # 0 for s € p(A,). Thus, p(E,A) is non-empty and the
system is regular. Since
lim sG(s) = (c,b),

s—ro0

for large s, G(s)~! < Mis and so the resolvent index is at most 2.

4 Chain index

The concept of Wong sequences [34] is needed to define the chain index. For a set V C X and operator
A :dom(A) C X — X let A~!(V) indicate the pre-image of V; that is, the set of all elements of dom(A)
that map to V. For X = Z = C" (n € N) we define

Vo :=C", Vier1 = Ail(E(Vk))a keN,
Wo == {0}, Wiyr i=E"! (A(Wy)), keN.

Thus, there exist p1,p> € N such that Vi C Vi, 0 <k < p1, We S Wi, 0< k< prand V,, =V, 4,
Wy, =Wy, forallk e N[2, p. 3]. Letx,, € W),. Then, there exista x,, | € W), | with Ex,, = Axp, 1.
Inductively, one obtains

Ex| = 0,

EXQ :Axl,
(10)

Exp, = Axp, -1,

X € W, 0 <k < po, which is called a chain of length p,. The concept of such a chain is not new and can
be found in [2, p. 15] for the finite dimensional case or [31, p. 18] for arbitrary Banach spaces. It should
be mentioned that the latter reference does not call (10) a chain.

Definition 4.1 (chain index).
We call (x1,...,x,) € dom(A)P~! x X, p €N, a chain of (E,A) of length p, ifx; € ker E\ {0}, xy ¢ ker A,
k=1,....,p—1, and

Expor =Axe, k=1,....p—1. (11)

(E.A)
chain

The chain index p € No of (E,A) is the supremum over all chain lengths of (E,A).

With this definition we exclude the case where the chain index can be infinite. Such an example is
obtained when (E,A) has a form as in (2), whereby N is quasi-nilpotent, i.e. 6(N) = {0}. For such
systems the chain index is not defined.
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Proposition 4.2. The chain index is, given that it exists, uniquely defined. To be more specific, let
= EA EA
(E,A) ~ (E,A). Then ply) = Py

Proof. Since (E,A) ~ (E,A) there exist two isomorphisms P: X — X, Q: Z — Z, such that

E=Q 'EP and A=0Q'AP.

(E.A)
chain

Let p € N. Thus, there exist a chain (xj,...,x (4)), such that

chain

Ex1 =0, Ex;=Ax;, ..., Ex @i =Ax ga

chain chain —

.
Since E = Q" 'EP, A = Q" 'AP and Q is an isomorphism,

EPX] = 0, EPXZ = APX] g ey EPX (E.A) = APX (EA)_q+

chain Pchain

Because P is an isomorphism, Px; # 0 and thus Px; € ker £\ {0}. If we assume that Px; € ker A for any
1<k< p(E 4) _ 1, then 0 = O~ "APx; = Ax, which would be a contradiction to x; € X \ ker A. Therefore,

cha;in

Px; ¢ ker A forall 1 <k < pgﬁfn) —1. Hence, (Px,... ,Pxp(E,A)) denotes a chain of (E,A) of length pgﬁa’:‘n)
chain

(E.A)

Therefore, the chain index of (E,A) is bounded from below by pcﬁ;in and, equivalently, the chain index
of (E,A) is bounded from below by p_, " /. O

(EA)

chai

5 Radiality index

In this section we introduce a less well-known index, namely, the radiality index, and show that this index
does not always exist. This index was originally known as weak (E, p)-radiality [31, p. 21]. Although
not as widely known as some of the other indices, it is useful for infinite dimensions. For instance, with a
few additional assumptions, it provides a means to decompose the DAE into a Weierstral3 form; see [31,
15].

Definition 5.1 (radiality index).

The radiality index of (E,A) is the smallest number p
with (@,%0) C p(E,A) and

(EA)
rad

€ Ny, such that there exista @ € R, C >0

(E.A)
Prad l
— 71 . . —_— 71 S —
H(?LOE A)'E (e E—4) EHSC,QIM—@I’
PﬁaEdA) 1

HE(}LOE—A)*1 o E(enE —A)*IH <c k]l el

(12)

for all A, ... ’/ll’f(i a > @. The radiality index is called a complex radiality index, denoted by pgﬁi), if

Cre>0 C p(E,A) and (12) holds for pfi{A)

Clearly, pEaEd’A) < ngi)- To get a better understanding for this definition one can start by looking at the

radiality index with pEi{A) =0,X =Zand E = Ix. Then, (12) translates into the well known Hille-Yosida
type estimate. This suggests that the radiality index implies further well-posedness results. In fact, as
soon as slightly stronger assumptions are made, namely strong (E, p)-radiality [3 1, Sec. 2.5], one obtains

the well-posedness of the system [31, Sec. 2.5 & 2.6].
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Proposition 5.2. The radiality index is unique. That is, if (E,A) ~ (E,A) then p.;") = p
(EA) _ (EA)
P, qad — Feyrad *

Proof. Since (E,A) ~ (E,A) there exist two isomorphisms P: X — X, Q: Z — Z, such that
E=Q 'EP and A=0Q 'AP.
(E.A)

c,rad

Assume, that (E,A) has complex radiality index p
such that Cre~ C p(E,A) and

. Thus, there exist positive constants C > 0, @ > 0,

|G ~4) B (e E - A)E| < |<ao_w)....c.<;tp£§m — o)’
HE(%E—A)*I._..-E(kpifde—A)’lH < |(M_w).m(.?(l o)

Prad

for all Ay,..., A EA) € p(E,A). Since

Prad
PAE-A) ' ' =(AE-A)!
forall A € p(E,A) we derive Cre~e C p(E,A) C p(E,A) and therefore

G~ &) B e B A)

<[Pl H(/loE ~A)E-.L (;LPEQA)E_A)AEH 1P
< o)
T —0)-...- (A ga)—@)|

rad

HE(AOE—A)” B (E,ME—A)*IH

rad

<10l |[EGoE=A)" . EQenE-4)7 - [l07!
- C
“ ho=0) - R e —0)

Prad

for all A,...,A HEA) € CRe>g, for C := 2Cmax{||P| - HP 1” 10| - HQ ]H} Consequently, (E,A) has

nd
at most radiality index p£ rad)

equality pﬁad ) = pﬁdd Y follows analogously by restricting elements of the resolvent to (®, ). O

By an identical argument, (E,A) has at most radiality index pg /:‘1) The

Example 5.3. (A system with radiality index 0.) We consider the dynamics of a piezoelectric beam on
an interval [a, D] fixed at one end and free at the other end, modelled by the partial differential equations

pazv(g,)_ d (1) B2 d dp(&,1)
o1 “9E oE 9 9& 7

p(E.1) 50 dp(.1) d 9Iv(&,1)

(13a)

(13b)

where v(& 1) is the longitudinal displacement and p(& ,t) the electric charge for & € [a,b[ and t > 0. In
this context p > 0 stands for the material density, L > 0 the magnetic permeability, ®; > 0 the elastic
stiffness, B > 0 the impermittivity and 'y > 0 the piezoelectric coefficients. Defining

o =0y +7p
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the boundary conditions are

v(a,t) =0, (14a)
pla,r) =0, (14b)
dp(b,t) dv(b,t)
dv(b,t) dp(b,r) B
o 2E — B 2E =0. (14d)

This model was shown to be a well-posed port-Hamiltonian system associated with a contraction semi-
group [24]. However, there are quite a few choices for the state variables. We use here a different choice
of state variable’

adv(E 1)
z1(&,1) i
&) = |2ED| | VP e
D7 |aEn| 7| ol
1 P)
Z4(€ ) \/ﬁ ng’)
Defining
a 0 —yB O N/ 0 0 O 71 0O
Q:01007E::0\/[30 O,Pl::IOOO,
-3 0 B 0 0 0 u O 0 0 0 I
0 0 0 1 0 0 0 vu 0O 01 O
the PDAE can be written as d
$E2(57t):AZ(<§,l),

where A = P aiQ. This choice of state variables yields equations in the port-Hamiltonian formulation
usedin [16].

Generally, 1 is very small and it is often taken to be zero, which yields the quasi-static piezo-electric
beam. If U = 0 the operator E becomes singular and the fourth state variable becomes identically zero.
The PDAE becomes

vt Iv(E.t)

vee o oo %.5(5 ) ?95(5 )

v(G,t V(G !

g 0 vp 00 P=ac :PliQ VP or
de| O 0O 00 Bpsé,t) & 3,35,1)
0 0 00 (f 65

Removing the fourth column of E and Q, since the 4th variable is zero, we obtain

JP 0 0 W(E 1) 0100 a 0 —yB ME s
dlo p 0 p?;i(gﬁ,) _|rooo0jalo 1 o0 p%i(év,)
de 00O Yo 000 I1og|-vh 0 P op(Ed)

0 0 0 00 1 0 0 0 0 2%

This PDAE fits into the class of systems described in [15, Sec. IV]. Consequently, it has radiality index
0.

Next, we compare the radiality index with the resolvent index.

2This was suggested by Hans Zwart.

10
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Proposition 5.4. If the (complex) radiality index p(EdA) exists, then the (complex) resolvent index also

(E )+1 > pres (pcrdd) +1 > p(EA)

exists. Furthermore, p_ 4 eres -

Proof. We have to show that there exist a C > 0, @ > 0, such that (@,~) C p(E,A) (Creso C
p(E,A)) and (3) holds for all A € (®,0) (A € Cre>e) and @ p < prag+1 (p < perada +1). The
first part of this statement is implied by existence of the radiality index. Hence, we only have to
prove (3). An operator A is (E, p)-sectorial [31, sec. 3.1] if the inequalities (12) hold on a sector
{ueC|larg(u—w)| < 6,u# o }, for some w € R and 6 € (7,x). Following he proof of [31,
Lem. 3.1.1] for positive A > @ (for A € Cgre=), completes the proof of this proposition.

O]

The following example shows that in general existence of the resolvent index does not imply the existence
of the radiality index.

Example 5.5. (A system where the resolvent index exists, but the radiality index does not.) Let X =
L?(0,0) x R and define
I 0 85 0
e=lo o) -3 ]

with dom(A) := H'(0,c0) x R, where 8: L2(0,00) — R, x  x(0). Let & > 0 and (g ) € X. Then

we-n(3)= )
() (e tid)

aa ()= (e )

and ||(AE —A)~Y| < M = MA® for a M > 0 for all & > 0. Thus, (E,A) has resolvent index pseEs’A) =1
Furthermore, we have

if and only if

Hence,

((}vE'—A)ﬂE)Wrl <f> N 3 <fsj+1 (- (f;; M) f(s1)dsy )--) dsl’) dsp+1
8 —f(;m(fsp+l (.. (f°° MO=s) f(sy)dst)...) dsp) dspi1

1

Let f(t) = te 7. Then, 3 and
2

(@&-2 2772 |@z-a 5 (R

LU (L)oo
0 Sp+1 52

o ptl 1
T ooptl )Lp+17%

> (15)

11
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for every p € N. Consequently, the radiality index does not exist. Because if it exists, then there would
exist C >0, o > 0, such that

i artey ™| <

for all A > ®, which would contradict (15).

6 Nilpotency index

Next, we are going to look at what is probably the best known index, the nilpotency index (also known
as the Weierstrafi-index). As the alternative term suggests, the most important part of the definition is
the existence of the Weierstrall form. For the sake of simplicity we exclude the case that X and Z are
0-dimensional.

Definition 6.1 (nilpotency index).
Assume, that the DAE (1) has a Weierstrafy form given by (2). Then, the nilpotency index of (E,A),

denoted by pr(fll’)A ) e No, is the nilpotency degree of N if it is present and 0 if N is absent. In the latter

case one has (E,A) ~ (Iy1,Ay) in (2).

Here, one should keep in mind that we are only dealing with regular (E,A) (as mentioned in the intro-
duction) and stick to the Definition of a Weierstrall form as seen in Section 2. It is possible to extend
the definition to non-regular (E,A) using the Kronecker form [17, Thm. 2.3]. Further studies about the
existence of a Weierstral form or the regularity of (E,A) can be found [9, 11, 15, 20, 23, 31].

Proposition 6.2. Assume that the DAE (1) has a Weierstraf3 form. Let A € C such that AE — A is
bijective (which exists due to our regularity assumption on (1)). Then the nilpotency index of (E,A) is is
the smallest number k € N, such that

ker (AE —A)'E)* =ker (AE —A)"'E)*".

In particular, the nilpotency index is well-defined.

Proof. Assume that P: X — Y x Y2, 0:7Z— Y! x Y2, such that

_ -1 Iy 0 | A 0
E=0 [O N:|P, A=0 [0 IY2:|P. (16)

Then the result follows, since for all k € N,

=1k ped (Aly —Al)_k 0

(AE—-A)'E)" =P [ 0 (AN — L) N P. O
According to this definition, the nilpotency index is always a natural number (including 0). This means
that the nilpotency index can never be oo, since we require a nilpotent operator N in (2). To handle this

more general situation, one would have to replace the nilpotency of N with quasi-nilpotency, namely

with 6(N) = {0}. For example, N: £ — (%, (x1,x2,,x3,...) — (0,5, %, 53,...).

A disadvantage of the nilpotency index is that it requires the Weierstral3 form. In finite dimensions
one only needs the system to be regular to obtain such a form, see, for instance, [17, Def. 2.9] for
a constructive procedure. There is no standard procedure to obtain the Weierstral form for infinite
dimensional systems, and, in fact, it has not been proven that such a form always exists.

The following Proposition compares the nilpotency index with the index terms introduced so far. First
comparisions of the resolvent index and the nilpotency index, can be found in [4, Chapter 7].

12
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(EA) _ (EA)

Proposition 6.3. (i) Ifthe nilpotency index exists, then the chain index also exists with Prilp” = Pchain-

(EA) 5 (EA)

(ii) If the nilpotency index and resolvent index exist, then p .. > nilp -

(iii) If the nilpotency index and radiality index exist, then pgii’ ) +12> pl(lﬁ; ),
Proof. We start with the proof of Part (i). Since (E,A) ~ (E,A) == ([116‘ 2} , ﬁ)' 132 D for a Hilbert space

Y =Y! x Y2, where N has nilpotency degree pr(ﬁl’)A ), there exist two isomorphisms P: X — Y! x Y2,
x = (Prx, sz) Q Z = Y'xY?, 7+ (Q1z,022), such that (16) holds. For simplicity we will show,
that pr(ﬁl’) ) = pcham (because then the rest follows from Proposition 4.2 and 6.2). Let p = pr(n] A) and let
x. = (¥1), k=1,...,q denote an arbitrary chain of length ¢ — 1. Then x;; =0 forallk=1,...,q and

Ex; =0, Ex :Axl, ey Exq :qu_l.
Hence Nx;j» = x;_1» forall 2 <[ and x1, = N1x272 =...= N‘le%z . Since x15 # 0, ¢ > p is not
possible. Thus, the existence of a Weierstrall form implies that the chain index also exists and that it is

at most p = pr(lﬁpA )

In order to prove that these two index-terms are equal, we need to show that there
does exist a chain of length p. This follows directly by choosing x; := (;:;) = ( N,,O_kz), k=1,...,p, for
az € Y? such that N’z = 0 and NP~ 'z # 0.
We now prove Part (ii). From the definition of the resolvent index, there exist C > 0, @ > 0, such that
(@,0) € p(E,A) and
1 plEA 1

|(AE—-A)"!| < ClAfPe 7.

By Proposition 3.2, for some C > 0

I3 ]

~ (E,A)
< CIA|Pes ! (17)

for all A > ®. Since N is nilpotent with nilpotency degree p we have (AN —I2) ! = — Zip:_()l (AN)' and,
together with (17), we derive

1 1
1 _ 1 2 ~1
(AN = Iy2) || = A7~ Lo # N T AN NP
< éan
for all A > ® and therefore pr(fli)A ) = p< pECESA).
Finally, in order to prove Part (iii) we assume that the radiality index pEaEd’A) exists. That is, there are

C > 0 and @ > 0 such that

(EA)

(A = o)ty < (8 Ay~ By

<[lP' [ (rE-a)- By 1P
C

(E,A)

< - @
(A a))prad +1

(E.A)

Prag T :
forall A > . Now, (AN —I2)~ IN)prad Jaa g — (—Zf;ll(lN)k) " isa polynomial of degree

lprad +1

13
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1 <deg < (p—1). Thus,
(E.A)
prad +1 A,piziA)+l

Z <C————- (18)

(A a))prad +1

The left-hand-side contains terms of the form (AN)" where n > p(,E’A) + 1. Since it is bounded by the

rad

(EA) (E,A)

right-hand-side of (18) which is bounded as A — oo, Puiip =P < Prd ~ t+ 1, as was to be proven. ]

Remark 6.4. For non-negative and self-adjoint E € £ (X) and dissipative A: dom(A) C X — X with
(w,00) Cp(E,A) (for a ® > 0) the nilpotency index and the chain index is at most 2. This follows directly
from Theorem 3.3 and Proposition 6.3.

(E,A)

Example 6.5. (A system with p.,;" = 1 and p(E’A)

nilp = 2) Let us recall Example 3.5. Defining

Riy=(sI—A,) "(I-BG(s)~"'C(s - A,) "),
Roy=G(s)'C(sT - A,) !
LZ,S = (SI—AU)ilBG(S)il

one has

Ry, O

E(SE—A)"! = [R(l)’s L(Z)’S} )

(sSE—A)"'E = [R‘vs 0} ,

For the rest of this example we will focus on a particular choice of A,, b and c: Let W = L*(0, 1),
Aiz=7", dom(A,)={weH*0,1)|{(0)=Z(1)=0}, b=c=1, (19)

where 1 is the constant 1-function. With these definitions of A,, B and C,
1 1
(s —A,)  Bu= —1u,
s

1
Clst—=A,) 2= <(z.1),

G(s)=C(s—A,) 'B= !

S

and so Ry sz = (sI —A,) 7z 1(z, 1>% Ry sz = (z,1), Losu = 1u. Since Ry is independent of s, the
radiality degree must be larger than 0.

Define the projection onto Wy :=ker C C W,

z.0)
(c,c)

Then, with Wy = spanc, Q. splits W into W1 @ Ws. It is easy to see that Ry ;o1 = 0 for a1 € spanc and

Q7 =z7—

14
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Risz= (sI—A,) 'z € ker C for z € ker C. Thus, for w= azl € W; ®W,

a1 a1 z+ ol B RlaSRlJi 0| ([z4+al B Rl,sRl,[,LZ
(sE —A)'E(UE —A) E( ) ){RZVSRW o (FTEE) = Rty

E(sE —A)'E(UE — A)~! <z+uoc]l> _ [RLS(I)QW R27soLz7u] <z+ua]1> _ <R17S§17uz>.

Since A, is the generator of a contraction semigroup,
|R1sR1u|| < Lo
BT, st

Hence, the radiality index of (E,A) is 1.

Furthermore, it is possible to rewrite (E,A) into a Weierstraf$ form with p(E’A) = 2. For more concise

nilp
notation, define Cu = ﬁcu. We can define the isomorphisms U: W x C — Wy x Wy x C and V : Wy x
WoxC—WxC

O 0
- I I 0
u=1|0 C|, V= [O 0 I]
Cc 0]
which have inverses
I A, B] O 0
U= , vi=1|I1-0. 0
0 C 0] 0 I

These mappings will be applied to (9) to obtain a splitting of the system into equations on Wy x W, x C.
Noting that

s ifzeW, Az e Wy,
« CC=1-Q., =0onkerC, I on spanc,
* CB=1,

the isomorphisms U and V lead to

~ I 0 ~ A, B
E.—U[0 O}V A.—U{C O]V
-QC Qc 0 -QcAo - QcAoéC QcAo - QCADCC 0
=10 0 0f, = cc cc
¢ C 0 | C(A) CA, 1
(1 0 0 (A, 0 0
0 C 0 0 01

Define

100 N

N = |:C 0:| ) Apz=1
with domain dom(A,) Nker C, which is dense in ker C [25]. The operator A, will generate a Cy-
semigroup on Wi = ker C. Via the isomorphisms U and V the system (9) is equivalent to the Weierstraf}

form )
alo M]G0 =[5 ane (G0) o

A simple calculation shows that N> = 0, and thus, the nilpotency index of the system is 2.

15



Mehmet Erbay et al. | Index Concepts for Linear DAEs QDAE

Finding a Weierstraf3 form for the system (9) is identical to the question of establishing the zero dynamics
of a system with state-space realization (A,,B,C). That is, finding the largest space Wy on which for
initial conditions in Wy, the dynamics remain in Wi. Clearly Wi C ker C. In this case, the largest space is
Wy =ker C. A more general situation with ¢ € dom(A}) and b # c is described in [35]. The case where
¢ ¢ dom(A%) is treated in [25]. A similar type of construction was shown to hold for a class of boundary
control systems with collocated observation; that is, the unbounded generalization of (b,c) # 0 in [28],
and for diffusion problems on an interval in [3].

Example 6.6. (A system where the nilpotency index exists, but resolvent index does not.) Let Ag =
—0?2 + ix be the complex Airy operator on X' = L*(R) with

dom(Ap) = {u€H2 ){xueLz(R)}.

By [14, 1] we have 6(Ag) = 0 and there exist a constant C > 0, such that

|(Ag1 —Ag)7'|| = C(Re )~ b o4 (Red)?

(Alyi —Ag) ! H — oo for ReA — oo, Let N: X — X? be a nilpotent operator of

g IX1 0 X1\ Ag O X1
d|0 N|{\x) |0 I | \x2
—— ——

=E =A

(E.A)
nilp

degree p € N. Then

defines a DAE with nilpotency index p = p but since H(/llxl —AO)*IH grows exponentially the

resolvent index does not exist.

Example 6.7. (A system where the nilpotency index exists, but radiality index does not.) Example 6.6
shows that in general the existence of the nilpotency index does not imply the existence of the radiality
index.

Example 6.8. (A system where the resolvent index exists, but nilpotency index does not.) Consider the

system
x1(t,8) =— a§x1<t &), (21
0= —x(z,0), (22)
0=—x(t,1)+x(1), (23)
S0 () =x3(1), (24)

which corresponds to a differential-algebraic equation $Ex(t) = Ax(t) with

X =L1%(0,1)xC? dom(A)=H"'(0,1) x C?,

25
Z=1%*0,1)xC?, =
and
I 0 0 % 00
0 00 —8&% 0 0
E = A= 26
0 10 0 01

where ¢ € H'(0,1)* is the evaluation operator at & € [0,1]. The resolvent fulfills, for all x{,x2,x; € C,

16
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xy € L%(0,1),
; e txt fye 9 f(E)dg
AE-A)" |72 | = [ sexa+sfle 9 f(E)AE —x, |
3 s Ces(—8)
X4 e a3+ Joe f(&)dé
which gives pffs"A) = 2. It has however been shown in [30] that the system has no nilpotency index.

As we have already seen through Example 5.5 and 6.6 the nilpotency index, the resolvent index and the
radiality index do not have to coincide. This is different in finite dimensions as we will see next.

(EA) _ (EA) || _ (EA)

Proposition 6.9. Let X and Z be finite dimensional. Then Prilp . = Prad res
Proof. In [10, Lem. 2.1] it is shown that pl(ﬁ;“ ) = pffs’A). Thus it remains to show pr(fl;) Ead ) + 1.

By Proposition 6.3 (iii) we already have p( ad 4) +1> pr(ulp ) Let ([(I) 1(\)/} [6 ]) be the Weierstrall form of
(E,A). For A € p(E,A) we have

S I A A R B
pEA)

and since N commutes with (AN — 1)~ Zk‘"l" (AN )¥ this is the same as

NEITET

Let Ay,...,A =4, € p(E,A). Using the nilpotency of N we get

nilp
(E,A)
(AN—-I)"'N-.... (AP(E,ALIN—I)_lN =(MN-=D"" (A g N—I)"'NPi~ =0. (28)
nilp nilp
Thus,
P -1
-1
Rk, = | 1 G=0 0
Pri -1 =
" 0 0
Since J is in Jordan form there exist a C > 0, such that for all A, ..., A4 (EA)_ > O We have
nilp
1
I-N' e I—J—1H<K . 29
H(){J ) ( r(flpALl ) = (A()_w)'“-'(lp(ﬁlv/*)_]_w) (29)
nilp
Thus, (E,A) has at most radiality index pl(qﬁl’)A )~ 1 and therefore Pr(flif ) > pﬁfC{A) + 1 ]

7 Differentiation index
The differentiation index is based on taking formal derivatives up to a certain order which leads to an

ordinary differential equation. For details, see, for instance, [18, Sec. 3.10] and [17, Sec. 3.3]. Here we
present a generalization of this concept to abstract differential-algebraic equations of the form (1) with

17
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the restriction that only the case where f = 0 is considered. Using the fact that the operators E and A do
not depend on time, the k-th formal derivative of (1) with f =0 is
d ik dk

CES ) =AaS 0.
i E gt = Aqex®)

The collection of the first u formal derivatives of (1) is

A —FE d
A —-E
: =0 (30)
A || @
X

L+
iuﬂ (t)

=My

which will be referred to as a derivative array of order ji. The operator M, maps from dom(A)* ™! x X
to ZH+1,

Definition 7.1 (Differentiation index).
Let X,Z be Banach spaces, and let a linear differential-algebraic equation %Ex(t) = Ax(t) be given,
where E € £ (X,Z), (A,dom(A)) is a closed and densely defined linear operator from X to Z. The DAE

%Ex(t) = Ax(t) has differentiation index p((j]ff’fA ) e No, if the following holds:
(i) There exist a Banach space X, such that X is densely embedded into X, an operator (S,dom(S))

which is the generator of a strongly continuous semigroup on X, and the operator MP(E,A> as defined
diff
in (30) satisfies

X0
X1
€ ker MP(E,A) = xo € dom(S) with x; = Sxo.
diff
Xpaitr+1
(ii) The number p((ff’fA) is minimal with the properties in (a).
We call d

—x(t) = Sx(t 31
g <) = 5x(r) G

an abstract completion ODE of (1).

Before establishing a connection between the solutions of the abstract completion ODE and the DAE
itself, we introduce a lemma that characterizes solutions. This result is a direct consequence of the
integration by parts formula. The proof is therefore omitted.

Lemma 7.2. Let X,Z be Banach spaces, and let a linear differential-algebraic equation $Ex(t) = Ax(t)
be given, where E € £ (X,Z), (A,dom(A)) is a closed and densely defined linear operator from X to Z.

(i) Ifx: [0,0) = X solves S Ex(t) = Ax(t), then for all test functions @: [0,00) — R (i.e., those which
are smooth and have compact support in (0,0)),

_ /R oExyd = [ o)A@ dr. (32)

~odt R0

(ii) Conversely, if x: [0,00) — R fulfills (32) for all test functions @: [0,00) — R, and it is continuously
differentiable with x(t) € dom(A) for all t > 0, then it is a solution of S-Ex(t) = Ax(t).

18
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Theorem 7.3. Let X,Z be Banach spaces, and let E € £ (X,Z), and (A,dom(A)) be a closed and
densely defined linear operator from X to Z. Assume that the linear differential-algebraic equation
SEx(t) = Ax(t) has differentiation index p((ff’fA ) If x solves SEx(t) = Ax(t), then it fulfills the abstract

completion ODE (31).

Proof. Assume that x solves £ Ex(t) = Ax(). Lemma 7.2 implies that for all test functions @: [0,00) — R

one has (32). Now testing with (—1)* g—gw(t), k=0,..., péﬁc;f\) + 1, we obtain that the vectors

dk
xk:(—l)k/R (Ox(t)dr, k=0,...,p5N +1,

>0 dik 4
satisfy
X0
A —E x|
A —-FE
g —0’
K X (EA)
A —E Py
o+
and the definition of the differentiation index yields
x1 = Sxp.
Thus, for all test functions ¢@: [0,0) — R
- / do@x()d = [ @r)Sx(r)dr.
R>0 R>0

Another application of Lemma 7.2 now shows that x is a solution of the abstract completion ODE of
(1). O

Remark 7.4. Let X,Z be Banach spaces, and let E € £(X,Z), and (A,dom(A)) be a closed and densely
defined linear operator from X to Z. Assume that the linear differential-algebraic equation %Ex(t) =
Ax(t) has differentiation index p((iﬁy’;‘), and let (31) be an abstract completion ODE. Let xy € X, such that
the differential-algebraic initial value problem $Ex(t) = Ax(t), Exo = Ex(0) has a solution x. Since
the solution of the abstract completion boundary control system (31) with initial value x(0) = xo € X is
unique, we can conclude that x is the unique solution of the differential-algebraic initial value problem

%Ex(t) = Ax(t).

Example 7.5. (A system with péﬁ’fA) = 2) Once again, consider the system (21)—(24), which corresponds
toa DAE %Ex(t) = Ax(t) with spaces (25) and operators as in (26). Before we determine the differentia-
tion index, we analyse the solution behavior and we particularly determine the set of xo = (xo1,X02,%03),
with xo1 € L*([0,1]) and xo2,x03 € C, such that %Ex(t) = Ax(t) has a solution with initial value x(0) = xo.
To this end we first note that the solution of the boundary value problem (21), (22) with x1(0) = x1o reads
x1: [0,00) — L2(0,1) with

<x1<r>><é>_x1<t,é>_{’“0@—0: =

0: E<it.

By then substituting this into (22) and (23), we obtain that

x(t) = {xlo(l —1): t<1,

0: t>1,

19



Mehmet Erbay et al. | Index Concepts for Linear DAEs QDAE

and (24) yields that x3(t) = %xZ(t). This requires continuous differentiability of x, which is fulfilled, if
xg € H3([0,1]) with xo(0) = x{,(0) = x{j(0) = 0. In this case,

J
9 x0(l—1): <1,
0: t>1.

Hence, a classical solution of (21)—(24) exists, if

x10 € H*([0,1])  with  x10(0) = x}(0) = x7,(0) = 0.

. T EA) . .
Next we analyse the differentiation index p((nf’f ), First, by noticing that E has a nontrivial nullspace, we

must have that p((ff’fA) > 0.
0 0
0=(§) - ()
0
(Xl) € ker M,

On the other hand, since, for
x

it holds that

one has p((ff’f) > 1. It will now be shown that p((ff’f) =2. To this end, let x; € X, k=0,1,2,3, partitioned

as
Xkl 2
e = (fﬁ%) ;X €L7(0,1), xig, xis € C,

and
X0
(E) € ker M. (33)
X3
Then
%xll = —X21, %XZI = —X21,
and

0=06ox11, 0=x2 = —50%3611,

which implies that
xi1 €X={xe€H*(0,1) | x(0)=x'(0)=0 }.

Analogously, we see that

xo1 € V1 :={xe€H(0,1) | x(0) =x'(0) =x"(0) =0 }.

Further, by
X1 = —%Xlo,
X12 = X03,
13 =X22 1X21 19g*11 1582X10;
we have that (33) implies that, for
X =X, xC?
and (S,dom(S)) with
N X01 —%Xm
dom(S) =¥, xC?, S|xpn| = X03
X03 xo(1)
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The operator S is indeed the generator of a strongly continuous semigroup on X, namely T (-) with

X01 Sixo1
T(l‘) X02 | = | X02 +1x03+ fé fOT (Ssxl()) (1) dsdt |,
X03 X03 + fé (Sfxlo) (1) dt

where S, denotes the right shift of length t on functions defined on the interval [0, 1].
In the case where the initial condition x(0) = xo = (xo1,X02,%03) for the DAE %Ex(t) = Ax(t) fulfills

xo1 € X1, xo2=x01(1), x03 =—x0;(1),

it can be seen that

is indeed a solution of (21)-(24).

Proposition 7.6. (i) If the differentiation index pfff? ) exists, then the chain index exists and pﬁf;:‘n) <
(E.A)
Paifr -

(E

(ii) If the nilpotency index pnﬂ]’DA )

exists and the operator Ay in the Weierstraf3 form generates a

. . T . EA EA
Co—semigroup, then the differentiation index exists and pr(lﬂp ) — péiff ),

Proof. (i) Assume that the differentiation index pé?f}A)

chain of (E,A). Then

exists. Further, let (xl,...,xp), pEN,bea

0
X1
My, | . ]|=0.
This implies that there does not exist a mapping S: dom(S) — X such that every z € ker M),_;

satisfies
X0

Sxo
X2

Xp

for some xp € X, x2,...,x, € dom(A). Consequently, p < péﬁ’fA), that is, the chain index of (E,A)

does not exceed the differentiation index of (E,A).
(ii) Assume that (E,A) is in WeierstraB form (2) with v = Pr(fli,A) and NV =0,NV"1 £0. Letx, € X =
Y'x Y2, keN,be partitioned as
X,

1 2
xk:(xké), xk71€Y ,xk’2€Y .

Using the Weierstral} form, it follows that

Xo
( : > € ker M, (34)
X+1

if, and only if, for some x; o € dom(A%™!), x, 9 € Y2,
X17,':A§X170, NiXQ’i:nyo, i=1,....,k+1. (35

Let k < v. Then by choosing some z € Y2 with NY~!z # 0, we obtain (34) with

0 0
0= @0= ()= ()
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Since xp = 0 and x; # 0, an operator S with the properties as described in Definition 7.1 cannot
exist.

On the other hand, the equivalence between (34) and (35) implies that if k = v

Apx
xl:( 100(1>‘

Consequently, we can choose X = X and S: dom(S) C X — X with dom(S) = dom(A;) x Y2 and

A0
=[5 3]

which is the generator of the strongly continuous semigroup

T(-) = [Tlé') O] :

Iy2
where 77 (-) is the semigroup generated by A;. This shows that the differentiation index coincides

with the nilpotency index of N. O

8 Perturbation index

Finally, we define the perturbation index for DAEs on possibly infinite dimensional spaces. As the name
indicates, the perturbation index is a measure of sensitivity of solutions with respect to perturbations of
the problem.

Definition 8.1 (perturbation index).
Consider the DAE (1) on [0,T] with input § € CP([0,T],Z) and solution x:

d
EEx(t) =Ax(t)+9(t), t>0. (36)
The perturbation index pl(,fr’?) is the smallest number p € N such that there exist a constant ¢ > 0 satisfying
the following for all &
p—1 di
< — )
dmax [lx(n)lx < ¢ | Ix(0)llx + i:ZOOIganT 279(0) ) if p>0, 37)
T
max (1) < ¢ (IO + [ 1300t ). fp=0. (9
0<t<T 0

Notice that this definition differs from the definition of the perturbation index for infinite dimensional
systems given in [5]. Here, we measure the influence of perturbations with respect to time only. In case
of constrained PDE systems, also derivatives with respect to space can be involved but they are hidden
in the norm || - ||z and are not counted.

First we show that the perturbation index is identical for equivalent systems.

Proposition 8.2. The perturbation index, if it exists, is uniquely defined. To be more precise, let (E,A) ~

~ EA EA
(EvA)' Then pl(aert ) = péert )

Proof. LetP: X — X, Q: Z— Z, be bounded isomorphisms as in Definition 2.1 .~Then~the result follows,
since x is a solution of (36), if, and only if, ¥ = Px is a solution of $E% = A%+ 6 for 6 = Q5. O
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Proposition 8.3. The following holds:
(E.A)
nilp

(ii) If the nilpotency index pr(lﬁ; ) exists and Ay in (2) generates a Cy-semigroup, then the perturbation

(EA) _ (EA)
nilp = Ppert "

(EA)

and the perturbation index ppe; * exist, then p(E A) < HEA)

(i) If the nilpotency index p nilp = Ppert "

index also exists and p

Proof. By Proposition 8.2, it is no loss of generality to assume that the system is in Weierstraf} form, that

wo-(f 3103 1))

First, we show Part (i). If p@l’;‘ ) — 0, then nothing has to be shown. If p(E’A) =1, then N = 0 and thus,

nil nilp
for the second part of a solution x of (36) holds x, () = —,(¢). Consequently, the maximum of x cannot
be estimated by the integral of |0, |, and thus also an estimate of the form (38) is not possible. Thus, we

have p]()gr’f‘) < 1 in this case.

Finally, we assume that p := pflﬁi)A) > 2. Seeking for a contradiction, we assume that p

there exist some ¢ > 0, such that for all solutions x of (36), it holds

(EA)

pert

) . (39)
Y

Let vy € Y» with N7~1v; £ 0. We choose §; = 0x(0) =0 and &,,: [0,T] — Y? with

< p. Then

i

d
& (1)

0<t<T 0< <T

max ||x(7)[[y <c (llx )y + Z max

Re (17 e™)
np—1

62.(1) =

V).

Then, by using that Re(z” e ) is a trigonometric function, we have

T 1 1
Vnz o Jmax, [ 52n Ylly2 > IN"vally2 >0, (40)
and, further
Vk=1,...,p—2: r}l_r)r(}oogltax H52n||Yz:0, (41)
824(0) = Re (1")],_yv2=0. @)

Let 5, = (52n). Since if x1,, = 0 the solution x, = (%17 ) of $Ex,(t) = Ax,(t) + 8,(t) has x1 ,(0) = 0
and also

p—1 -di
X2n = — Z Nl@&,n(t%
b

we obtain from (40) and (41) that

liminf max [|%2(2)|ly > O.
n—eo 0<t<

On the other hand, by (40) and (42), we obtain

lim ||x,(0)||y + Z max
S 0 0<t<T

—8,(1)

=0
dr ’

which contradicts (39).
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Next, we will show Part (ii). Let x be a solution of DAE (36), and partition

0-(3). 0-()

according to the structure of the Weierstral form. Then

%xl(t)):Al)C](t)—i-S](t), t >0, (43)
N%xz(t):xz(t)—l-&(t), t>0. (44)

Let S be the semigroup generated by A;. Then (43) yields

(1) = S(t)x1 (0) + /0 'St — 7)81(7) dr.

Since S is bounded on [0,T], we have cq = sup;¢(o 7| [|S(?)|| < o0, ¢1 = max{cop,coT'}, and we can con-
clude

ma 161(0) s < colle (0)y +Teo max. 18,(0) @5)
<Oy + max [18(0)l). (46)

In the case where p = 0, we have X =Y, x = x; and § = §;, and we obtain from (45) that pfjf;(‘ ) 0. If

this is not the case, we find from (44) that

x(t) ZN%)QU) — & (1) ZN% <N§tx2(t) - 52(0) —&(1)
2 2
N lt) ~N G (0~ 80 =N g (V) ~8:0)) NG 8:0) - 50
43 d2 d p—1 idi
:N3dt3XQ(l‘)—Nzﬁaz(l)—]vg&(t)_&(t):"':_i;oN@az(t)'

Boundedness of E yields that N is bounded, and thus ¢; := maxf’;ol |N|| < oo. Consequently,

) . 47)
Y2

Collecting the bounds (45) and (47) implies that, setting ¢ := max{c;,Tcy,c2},

)

EA EA
Thus, p(ert ) <p= p1(1ilp ) [

L)

p—1
max |[x2(t)]|y2 < 2 ( &

max
0<r<T = o<t

i

p—1 d
8()

max
0<1<T = o<t

max ||x()|ly <c¢ (HX(O)HY +

p

Remark 8.4. In [29], a class of linear infinite dimensional differential-algebraic systems was examined,
which do not necessarily have a nilpotency index. It was revealed that a perturbation analysis necessi-
tates the consideration of stronger norms for the initial value. These norms may correspond to a type of
spatial perturbation index for systems governed by partial differential-algebraic equations.
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9 Conclusions

The purpose of this paper was, as explained in the introduction, to review the common indices for DAEs
and to extend them to infinite dimensional DAEs where this has not already been done. Rigorous defi-
nitions were given for the nilpotency, resolvent, radiality, chain, differentiation and perturbation indices.
The definitions of the differentiation and perturbation indices are as far as we know, new in the Banach
space setting. Unlike finite dimensional DAEs, the existence of an index is not guaranteed, and further-
more the various indices are not equivalent for general DAEs. Each index reveals different information
about the system. This is illustrated by providing at least one example for each index, and highlighting
situations where one index exists but not another.

We showed that in some cases existence of a particular index will imply existence of some other other
indices. One result is that the chain index is the least restrictive index since existence of any of the other
indices implies existence of the chain index, as well as a bound on the chain index. Propositions 5.4 and
6.3 imply that if the radiality and nilpotent indices exist, then the resolvent and chain indices exist and

(EA) _ (EA)

(E.A)
d > pnilp = Pchain -

EA
PN 41> e

re

If in addition, A in the Weierstral form generates a Cy-semigroup, then all the other indices exist (Prop.
7.6 and 8.3) and

(EA) (EA) (EA) (E,A)

(E.A) (E.A) _ _ _
s = Puilp = Pditt = Pehain = Ppert -

Prad +1= Dre
If the underlying spaces are finite dimensional, then all the indices exist and are equivalent (Prop. 6.9).

This work has revealed a number of open questions for DAEs on Banach spaces. Under what conditions
does a particular index exist? If two indices exist, when are they equal? Which indices are more useful
for the study of DAEs? How does the index change under discretizations? It is hoped that this paper will
inspire research on these and related questions.
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