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Abstract: We analyze different approaches to differential-algebraic equations with attention to the
implemented rank conditions of various matrix functions. These conditions are apparently very different
and certain rank drops in some matrix functions actually indicate a critical solution behavior. We look
for common ground by considering various index and regularity notions from literature generalizing
the Kronecker index of regular matrix pencils. In detail, starting from the most transparent reduction
framework, we work out a comprehensive regularity concept with canonical characteristic values
applicable across all frameworks and prove the equivalence of thirteen distinct definitions of regularity.
This makes it possible to use the findings of all these concepts together. Additionally, we show why not
only the index but also these canonical characteristic values are crucial to describe the properties of the
DAE.

Keywords: Differential-Algebraic Equation, Higher Index, Regularity, Critical Points, Singularities,
Structural Analysis, Persistent Structure, Index Concepts, Canonical Characteristic Values

AMS Subject Classification (2020): 34A09, 34A12, 34A30, 34A34, 34-02

Contents

1 Introduction 3

2 Special arrangements for this paper 5

3 Comments on equivalence relations 6

4 Basic terms and beyond that 7
4.1 What serves as our basic regularity notion . . . . . . . ... ... ... L. 7
4.2 A specifically geometric view onthe matter . . . . . . . . .. ... ... L. 15

5 Further direct concepts without recourse to derivative arrays 16
5.1 Elimination of the unknowns procedure . . . . . .. ... ... ... ... ..., 17
5.2 Dissection CONCEPL . . . . . . v v v v e e e e e e e e e e e e 18

5.3 Regular strangenessindex . . . . . . .. ... Lo e 20


https://creativecommons.org/licenses/by/4.0/

Estévez Schwarz, Lamour, Miérz \ The Common Ground of DAE Approaches QDAE

54 Tractability index . . . . . . . . . L 22
5.5 Equivalence results and other commonalities . . . . . . . . . .. ... ... ....... 26
5.6 Standard canonical forms . . . . . ... Lo 28
6 Notions defined by means of derivative arrays 32
6.1 Preliminaries and general features . . . . . . . ... ... L oL 32
6.2 Array functions for DAEs being transformable into SCF and for regular DAEs . . . . . . 36
6.3 Differentiationindex . . . . . . . . . L. 39
6.4 Regular differentiation index by geometric approaches . . . . . . .. ... ... .... 43
6.5 Projector based differentiation index for initialization . . . . . .. .. ... ... .. .. 47
6.6 Strangeness index via derivative array . . . . . . . . . ... oL 52
6.7 Equivalence iSSues . . . . . . ... e e 53
7 A selection of simple examples to illustrate possible critical points 56
7.1 Serious singularities . . . . . . ... oL 56
7.2 Harmless critical points . . . . . . . . . . .. e e 61
73 Acasestudy . . . . ... e e e 67

8 Main equivalence theorem concerning regular DAEs and further comments on reg-
ularity and index notions 69
8.1 Main equivalence theorem concerning regular DAEs . . . . ... ... ... ... ... 69
8.2 What is regularity supposed tomean? . . . . . . . .. .. ... 73
8.3 Regularity, accurately stated initial condition, well-posedness, and ill-posedness . . . . . 74
8.4 Other views on regularity that wedonotadopt . . . . . . . .. ... ... ........ 77
9 About nonlinear DAEs 79
9.1 Approaches by means of derivative arrays . . . . . . . . . . ... ... ... 79
9.1.1 Differentiationindex . . . . . . . . . .. ... L 81
9.1.2 StrangenessindeX . . . . . . . . . ... e e 81
9.1.3 Regular differentiationindex . . . . . . ... ... L oL oL L. 82
9.1.4 Projector-based differentiationindex . . . . . . . . ... ... ... ... ..., 83
9.2 Geometric reduction . . . . . .. L. e e e e e e e 83
9.3 Direct approaches without using array functions . . . . . . .. . ... ... ....... 87
9.4 Regularity regions and perturbationindex . . . ... ... ... ... .. ... ... 91
9.5 Some furthercomments . . . . . . . . ... oL 92
9.6 Nonlinearexamples . . . . . . . . . . ... L 92
10 Conclusions 101
11 Appendix 101
11.1 1-full matrix functions and rank estimations . . . . . . . . . ... . ... ... ..... 101
11.2 Continuous matrix function with rank changes . . . . . . .. ... ... ... ...... 103
11.3 Strictly block upper triangular matrix functions and array functions of them . . . . . . . 103



Estévez Schwarz, Lamour, Médrz | The Common Ground of DAE Approaches QDAE

1 Introduction

WHAT PROVEN CONCEPTS DIFFER IS REMARKABLE,
BUT WHAT THEY HAVE IN COMMON IS ESSENTIAL.

Who coined the term DAEs? is asked in the engaging essay [57] and the answer is given there: Bill
Gear. The first occurrence of the term Differential-Algebraic Equation can be found in the title of
Gear’s paper from 1971 Simultaneous numerical solution of differential-algebraic equations[26] and
in his book [25] where he considers examples from electric circuit analysis. The German term Algebro-
Differentialgleichungssysteme comes from physicists and electronics engineers and it is first found as a
chapter title in the book Rechnergestiitzte Analyse in der Elektronik from 1977, [18], in which the above
two works are already cited. Obviously, electric circuit analysis accompanied by the diverse computer-
aided engineering that was emerging at the time gave the impetus for many developments in the following
50 years. Actually, there are several quite different approaches with a large body of literature, such as
the ten volumes of the DAE-Forum book series, but still too few commonalities have been revealed. We
would like to contribute to this, in particular by showing equivalences.

We are mainly focused on linear differential algebraic equations (DAEs) in standard form,
EX' +Fx=gq, (1)

in which E, F : .4 — R™ ™ are sufficiently smooth, at least continuous, matrix functions on the interval
# C R so that all the index concepts we look at apply'. The matrix E(¢) is singular for all t € ..

If E and F are constant matrices, the regularity of the DAE means the regularity of the matrix pair
{E,F}, ie., det(sE 4+ F) which is a polynomial in s must not be identical zero. However, it must be
conceded that, so far, for DAEs with variable coefficients, there are partially quite different definitions of
regularity bound to the technical concepts behind them. Surely, regular DAEs have no freely selectable
solution components and do not yield any consistency conditions for the inhomogeneities. But that’s
not all, certain qualitative characteristics of the flow and the input-output behavior are just as important,
the latter especially with regard to the applications. We are pursuing the question: To what extent are
the various rank conditions which support DAE-index notions appropriate, informative and comparable?
The answer results from an overview of diverse approaches to DAEs emphasizing their commonalities.
We hope that our analysis will also contribute to a harmonization of understanding in this matter. To our
understanding, our main equivalence theorem from Section 8.1 is a significant step toward this direction.

In the vast majority of papers about DAEs, continuously differentiable solutions x € ¢’!(.#,R™) are
assumed, and smoother if necessary. On the other hand, since E () is singular for every ¢ € .#, obviously
only a part of the first derivative of the unknown solution is actually involved” in the DAE (1). To
emphasize this fact, the DAE (1) can be reformulated by means of a suitable factorization E = AD as

A(Dx)'+Bx =g, )

in which B = F — AD’. This allows the admission of only continuous solutions x with continuously
differentiable parts Dx. However, we do not make use of this possibility here. Just as we focus on the
original coefficient pair {E, F'} and smooth solutions in the present paper, we underline the identity,

A(Dx) +Bx=EX +Fx, for xe€'(# R"),

'With regard to linearizations of nonlinear DAEs, we explicitly do not assume that E, F are real analytic or from C*.
ZFor instance, the Lagrange multipliers in DAE-formulations of mechanical systems do not belong to the differentiated un-
knowns.
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being valid equally for each special factorization. In addition, we will highlight, that the auxiliary co-
efficient triple {A,D, B} takes over the structural rank characteristics of {E,F'}, and vice versa. With
this we want to clear the frequently occurring misunderstanding that so-called DAEs with properly and
quasi-properly stated leading term are something completely different from standard form DAEs.’

Based on the realization that the Kronecker index is an adequate means to understand DAEs with constant
coefficients, we survey and compare different notions which generalize the Kronecker index for regular
matrix pairs. We shed light on the concerns behind the concepts, but emphasize common features to a
large extent as opposed to simply list them next to each other or to stress an otherness without further
arguments. We are convinced that especially the basic rank conditions within the various concepts prove
to be an essential, unifying characteristic and give the possibility of a better understanding and use.

This paper is organized as follows. After clarifying important notions like solvability and equivalence
transformations in Sections 2 and 3, we start introducing a reference basic concept with its associated
characteristic values, that depend on the rank of certain matrices in Section 4. This basic notion is our
starting point to prove many equivalences.

The structure of the paper reflects that, roughly speaking, there are two types of frameworks to analyze
DAEs:

* Approaches based on the direct construction of a matrix chain or a sequence of matrix pairs without
using the so-called derivative array. The basic concept and all concepts discussed in Section 5 are
of this type. They turn out to be equivalent and lead to a common notion of regularity. This is also
equivalent to tranformability into specifically structured standard canonical form.

* Approaches based on the derivative array are addressed in Section 6. In this case, it turns out that
some of these are equivalent to the basic concept, whereas others are different in the sense that
weaker regularity properties are used. The latter ones lead to our notion of almost regular DAEs.

Table 1. Overview of the discussed index notions. The different regularity properties are defined in

Section 6.7.
without derivative array with derivative array
Basic (Sec. 4.1)
*E’ Elimination (Sec. 5.1) Regular Differentiation (Sec. 6.4)
= Dissection (Sec. 5.2)
&;)“ Regular Strangeness (Sec. 5.3) | Projector Based Differentiation (Sec. 6.5)

Tractability (Sec. 5.4)

2
85 : _
=] Differentiation (Sec. 6.3)
B30
=8
502 Strangeness (Sec. 6.6)
=

<

3A DAE with properly involved derivative or properly stated leading term is a DAE of the form (2) with the properties
im A =im AD, ker D = kerAD. We refer to [41] for the general description and properties.
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An overview of the approaches we discuss for linear DAEs can be found in Table 1. Illustrative examples
for the different types of regularity are compiled in Section 7.

All approaches use own characteristic values that correspond to ranks of matrices or dimensions of
subspaces and in the end it turns out that, in case of regularity, they can be calculated with so-called
canonical characteristic values and vice versa.

Section 8 starts with a summary of all the obtained equivalence results in a quite extensive theorem with
hopefully enlightening and pleasant content. Based on this, a discussion of the meaning of regularity
completed by an inspection of related literature follows.

Finally, in Section 9 we briefly outline the generalization of the discussed approaches to nonlinear DAEs
with a view to linearizations. To facilitate reading, some technical details are provided in the appendix.

2 Special arrangements for this paper

Throughout this paper the coefficients of the DAE (1) are matrix functions E,F : . — R™* that are
sufficiently smooth to allow the application of all the approaches discussed here, by convention of class
¢, and G, if applicable, if an index pu < m is already known, but not from ¢ and the real-analytic
function space. Our aim is to uncover the common ground between the various concepts, in particular
the rank conditions. We will not go into the undoubted differences between the concepts in terms of
smoothness requirements here, which are very important, of course. Please refer to the relevant literature.

This is neither a historical treatise nor a comprehensive overview of approaches and results, but rather
an attempt to reveal what is common to the popular approaches. Wherever possible, we cite widely
used works such as monographs and refer to the references therein for the classification of corresponding
original works.

Our particular goal is the harmonizing comparison of the basic rank conditions behind the various con-
cepts combined with the characterization of the class of regular pairs {E,F} or DAEs (1). Details re-
garding solvability statements within the individual concepts would go beyond the scope of this paper.
Here we merely point out the considerable diversity of approaches.

While on the one hand, in many papers, from a rather functional analytical point of view, attention is
paid to the lowest possible smoothness, suitable function spaces, rigorous solvability assertions, and
precise statements about relevant operator properties such as surjectivity, continuity, e.g., [29, 41, 44,
34], we observe that, on the other hand, solvability in the sense of the Definition 2.1 below is assumed
and integrated into several developments from the very beginning, e.g., [7, 37, 3].

We quote [7, Definition 2.4.11%

Definition 2.1. The system (1) is solvable on the interval .7 if for every m-times differentiable q, there is
at least one continuously differentiable solution to (1). In addition, solutions are defined on all of % and
are uniquely determined by their value at any t € .#.

Here we examine and compare only those approaches whose characteristics do not change under equiv-
alence transformations and which generalize the Kronecker index for regular matrix pairs. This rules out
the so-called structural index, e.g. [46, 48, 52, 49].

4See also Remark 6.13 below.
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A widely used and popular means of investigating DAEs is the so-called perturbation index, which ac-
cording to [30] can be interpreted as a sensitivity measure in relation to perturbations of the given prob-
lem. For time-invariant coefficients {E, F }, the perturbation index coincides with the regular Kronecker
index. We adapt [30, Definition 5.3] to be valid for the linear DAE (1) on the interval . = [a, b]:

Definition 2.2. The system (1) has perturbation index u, € N if u, is the smallest integer such that for
all functions x : . — R™ having a defect & = Ex' + Fx there exists an estimate

(p—1)
!x(t)\Sc{!x<a)\+argg§,\5(f)!+ +an;g;\5’ (D}, tes.

The perturbation index does not contain any information about whether the DAE has a solution for an
arbitrarily given 8, but only records resulting defects. In the following, we do not devote an extra section
to the perturbation index, but combine it with the proof of corresponding solvability statements and
repeatedly involve it in the relevant discussions.

We close this section with a comment on the index names below, more precisely on the various additional
epithets used in the literature such as differentiation, dissection, elimination, geometric, strangeness,
tractability, etc. We try to organize them and stick to the original names as far as possible, if there
were any. In earlier works, simply the term index is used, likewise local index and global index, other
modifiers were usually only added in attempts at comparison, e.g., [28, 45, 55]. After it became clear
that the so-called local index (Kronecker index of the matrix pencil AE(f) + F(t) at fixed 7) is irrelevant
for the general characterization of time-varying linear DAEs, the term global index was used in contrast.
We are not using the extra label global here, as all the terms considered here could have this.

3 Comments on equivalence relations

Equivalence relations and special structured forms are an important matter of the DAE theory from the
beginning. Two pairs of matrix functions {E,F} and {E,F}, and also the associated DAEs, are called
equivalent®, if there exist pointwise nonsingular, sufficiently smooth® matrix functions L, K : .& — R"™*™,
such that

E=LEK, F=LFK~+LEK'. 3)

An equivalence transformation goes along with the premultiplication of (1) by L and the coordinate
change x = K& resulting in the further DAE EX' 4 F&% = Lg.

It is completely the same whether one refers the equivalence transformation to the standard DAE (1) or
to the version with properly involved derivative (2) owing to the following relations:

T\N
N

K,D=K 'DK, B=LBK+LAK'K"'DK,
A=AD=E,B=F—ED'.

The DAE (1) is in standard canonical form (SCF) [7, Definition 2.4.5], if

10 Qo
E—[O N], F—[O ,m_d], @)

and N is strictly upper triangular.’

SIn the context of the strangeness index globally equivalent, e.g. [39, Definition 2.1], and analytically equivalent in [7, Section
2.4.22]. We underline that (3) actually defines a reflexive, symmetric, and transitive equivalence relation {E,F} ~ {E,F}.

61 is at least continuous, K continuously differentiable. The further smoothness requirements in the individual concepts differ;
they are highest when derivative arrays play a role.

7 Analogously, N may also have strict lower triangular form.
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The matrix function N does not need to have constant rank or nilpotency index. Trivially, choosing
A=E, D=diag{l;,0,1,...,1}, B=F,

one obtains the form (2). Obviously, a DAE in SCF decomposes into two essentially different parts, on
the one hand a regular explicit ordinary differential equation (ODE) in R? and on the other some algebraic
relations which require certain differentiations of components of the right-hand side gq. More precisely,
if N# vanishes identically, but N*~! does not, then derivatives up to the order u — 1 are involved. The
dynamical degree of freedom of the DAE in SCF is determined by the first part and equals d.

In the particular case of constant N and Q, the matrix pair {E, F'} in (4) has Weierstra—Kronecker form
[41, Section 1.1] or Quasi-Kronecker form [5], and the nilpotency index of N is again called Kronecker
index of the pair {E,F} and the matrix pencil AE + F, respectively.®

The basic regularity notion from Definition 4.4 below generalizes regular matrix pairs (pencils) and their
Kronecker index. Thereby, the Jordan structure of the nilpotent matrix N, in particular the characteristic
values 6y > ---> 6, 2> 6, 1 =0,

6y number of Jordan blocks of order > 2,

6, number of Jordan blocks of order > 3,

6, > number of Jordan blocks of order u,

play their role and one has d = rank E — Z,H: _02 6;. Generalizations of these characteristic numbers play a
major role further on.

For readers who are familiar with at least one of the DAE concepts discussed in this article, for a better
understanding of the meaning of the characteristic values 6; we recommend taking a look at Theorem 8.1
already now.

4 Basic terms and beyond that
4.1 What serves as our basic regularity notion

In our view, the elimination-reduction approach to DAEs is the most immediately obvious and acces-
sible with the least technical effort, which is why we choose it as the basis here. We largely use the

representation from [50].

We turn to the ordered pair {E, F} of matrix functions E,F : .# — R™ " being sufficiently smooth, at
least continuous, and consider the associated DAE

E(t)x (t)+F(0)x(t) = q(1), t€.7, (5)
as well as the accompanying time-varying subspaces in R",
kerE(t), S(t)={zeR":F(t)z€imE(t)}, te.7. (6)

Let Scqn denote the so-called flow-subspace of the DAE, which means that S,,(7) is the subspace con-
taining the overall flow of the homogeneous DAE at time 7, that is, the set of all possible function values
x() of solutions of the DAE Ex’ + Fx = 0°,
Sean(f) :={x € R™ : there is a solution x: (f—8,/+8)N.¥ - R" 6§ >0,
of the homogeneous DAE such that x(f) = X}, 7€ .7.

8In general the Kronecker canonical form is complex-valued and © is in Jordan form. We refer to [5, Remark 3.2] for a plea
not to call (4) a canonical form.
98 can (7) is also called linear subspace of initial values which are consistent at time f, e.g., [3].
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In accordance with various concepts, see [32, Remark 3.4], we agree on what regular DAEs are, and show
that then the time-varying flow-subspace S, (7) is well-defined on all .#, and has constant dimension.

Definition 4.1. The pair {E,F} is called qualified on .9 if
im[E(r)F(t)]=R", rankE(t)=r, te€ .7,

with integers 0 < r < m.

Definition 4.2. The pair {E,F} and the DAE (5), respectively, are called pre-regular on .% if
im[E(¢t)F(t)]=R", rankE(r)=r, dimS(t)NkerE(t)=0, te€.7,

with integers 0 < r <mand 0 > 0. Additionally, if 0 = 0 and r < m, then the DAE is called regular with
index one, but if 0 = 0 and r = m, then the DAE is called regular with index zero.

We underline that any pre-regular pair {E, F'} features three subspaces S(z), ker E(t), and S(¢) NkerE(t)
having constant dimensions r, m — r, and 0, respectively.

We emphasize and keep in mind that now not only the coefficients are time dependent, but also the
resulting subspaces. Nevertheless, we suppress in the following mostly the argument ¢, for the sake of
better readable formulas. The equations and relations are then meant pointwise for all arguments.

The different cases for 8 = 0 are well-understood. A regular index-zero DAE is actually a regular implicit
ODE and S.s, = S = R™, kerE = {0}. Regular index-one DAEs feature S.,, = S, dimkerE > 0, e.g.,
[29, 41]. Note that r = 0 leads to S.,, = {0}. All these cases are only interesting here as intermediate
results.

We turn back to the general case, describe the flow-subspace S, and end up with a regularity notion
associated with a regular flow.

The pair {E, F'} is supposed to be pre-regular. The first step of the reduction procedure from [50] is then
well-defined, we refer to [50, Section 12] for the substantiating arguments. In the first instance, we apply
this procedure to homogeneous DAEs only.

We start by Eg = E, Fy = F, mg = m, ro = r, 8p = 0, and consider the homogeneous DAE

Eox' +Fyx =0.

By means of a basis Zy : . — R™0*(m0=70) of (im Ep)* = kerE} and a basis ¥y : & — R™70 of im Ej
we divide the DAE into the two parts

YiEoX +YiFox =0, ZiFox=0.

From im [Ey, Fy] = R™ we derive that rank ZjFy = mo — ry, and hence the subspace Sy = kerZ;Fy has
dimension rg. Obviously, each solution of the homogeneous DAE must stay in the subspace Sp. Choosing
a continuously differentiable basis Cp : . — R™*0 of §j, each solution of the DAE can be represented
as x = Cox(1), with a function Xy # — R’ satisfying the DAE reduced to size m; = ry,

Y5 EoCox{y) + Y5 (FoCo + EoCo)x(1) = 0.

Denote E; = Y EoCy and F; = Y (FoCo + EoC)y) which have size m; x m;. The pre-regularity assures
that £ has constant rank r; = rg — 6y < ryp. Namely, we have

kerE; = ker EyCy = C(J{ (kerEgNSy), dimkerE; = dim(kerEgNSy) = 6p.
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Here, Cy(¢)™ denotes the Moore-Penrose generalized inverse of Cy(r).

Next we repeat the reduction step,

Ei =Y Ei_1Ci1, F:=Y'(F.1C1+EiC_,),
Yi_1,Zi—1,C;i_ are smooth bases of the three subspaces
imE;_1, (imE;_{)*, and S; =kerZ’ |Fi_i,
06, = dim(kerEi,l ﬁSifl),

@)

supposing that the new pair {E;, F;} is pre-regular again, and so on. The pair {E;, F;} has size m; := r;_
and E; has rank r; = r; 1 — 6;_1. This yields the decreasing sequence m >ro > --->r;j>rj12>--->0
and rectangular matrix functions C; : . — R"~1*"i with full column-rank r;. Denote by u the smallest
integer such that either r,,_1 = r,, > 0 or ry,_; = 0. Then, it follows that (kerE;,_1) NSy = {0}, which
means in turn that

E”_1x/(

1) T Fu1X(u-1) =0

represents a regular index-1 DAE.

If ry, 1 =0, thatis E, 1 = 0, then F,,_ is nonsingular due to the pre-regularity of the pair, which leads
to Sy—1 = {0}, Cy—1 =0, and a zero flow x(,_;)(t) = 0. In turn there is only the identically vanishing
solution

x=CyCj - ‘Cu_zx(#,l) =0

of the homogeneous DAE, and CyCy ---Cy 2C -1 = 0.
On the other hand, if r,, | = r, > 0 then X(p-1) = Cu—lx(u)’ rankCy | = ry 1, and E; remains nonsin-
gular such that the DAE
/
Eﬂx(u) +F/Jx(u) =0

is actually an implicit regular ODE living in R"*, my, = r, 1 and S, = R, Letting C, = Ly, =1, |,
each solutions of the original homogeneous DAE (5) has the form

x=Cxyy, C:=CoCi-Cy1=CCy--Cy 1Cy:I — R™ =1 rankC = ry_1.

Moreover, for each 7 € .# and each z € im C(7), there is exactly one solution of the original homogeneous
DAE passing through, x(7) = z which indicates that im C = S4,.

As proved in [50], the ranks r =ro > ry > --- > ry,_ are independent of the special choice of the involved
basis functions. In particular,

u-2
di=ry1=r— Z 6; = rankC
i=0

appears to be the dynamical degree of freedom of the DAE.

The property of pre-regularity does not necessarily carry over to the subsequent reduction pairs, e.g.,[32,
Example 3.2].

Definition 4.3. The pre-regular pair {E,F} with r < m and the associated DAE (5), respectively, are
called regular if there is an integer | € N such that the above reduction procedure (7) is well-defined up
to level p — 1, each pair {E;, F}, i =0,...,1u— 1, is pre-regular, and if ry_1 > 0 then E,; is well-defined
and nonsingular, ry =ry 1. If ry_1 =0we setry =ry_1 =0.

The integer U is called the index of the DAE (5) and the given pair {E,F}. The index U and the ranks
r=ry>ry>-->ry_| =ry are called characteristic values of the pair and the DAE, respectively.
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By construction, for a regular pair it follows that ;11 =r; — 6;, i =0,...,u — 1. Therefore, in place of
the above u + 1 rank values ry, ..., ry, the following rank and the dimensions,

r and 902912”'26#*2>9ﬂ*1:07 (8)

6, = dim(kerE,- ﬂS,‘), i>0, )

can serve as characteristic quantities. Later it will become clear that these data also play an important
role in other concepts, too, which is the reason for the following definition equivalent to Definition 4.3.

Definition 4.4. The pre-regular pair {E ,F}, E,F : .9 — R™ ™ with r = rank E < m, and the associated
DAE (5), respectively, are called regular if there is an integer U € N such that the above reduction
procedure is well-defined up to level L — 1, with each pair {E;,F}, i =0,...,0 — 1, being pre-regular,
and associated values (8).

The integer W is called the index of the DAE (5) and the given pair {E,F}. The index [ and the values
(8) are called characteristic values of the pair and the DAE, respectively.

At this place we add the further relationship,

o YVEi| _ Y'E, . B
9,—d1mker[Z;FFi]—m, rank[Z;kFi], i=0,...,u—1, (10)

with which all quantities in (8) are related to rank functions.

Remark 4.5. If {E F} is actually a pair of matrices E,F € R™*"™, then the pair is regular with index
u and characteristics 6y > --- > 6,5 > 0,1 = 0, if and only if the matrix pencil is regular and the
nilpotent matrix in its Kronecker normal form shows

6y Jordan blocks of order > 2,
0, Jordan blocks of order > 3,

0y—> Jordan blocks of order pi.

Remark 4.6. As mentioned above, the presentation in this section mainly goes back to [50]. However, we

have not taken up their notations regular and completely regular for the coefficient pairs and reducible

and completely reducible for DAEs, but that of other works, what we consider more appropriate to the
10

matter.

Not by the authors themselves, but sometimes by others, the index from [50] is also called geometric
index, e.g., [55, Subsection 2.4].

An early predecessor version of this reduction procedure was already proposed and analyzed in [15]
under the name elimination of the unknowns, even for more general pairs of rectangular matrix functions,
see also Subsection 5.1. The regularity notion given in [15] is consistent with Definition 4.4. Another
very related such reduction technique has been presented and extended a few years ago under the name
dissection concept [34]. This notion of regularity also agrees with Definition 4.4, see Section 5.2.

Theorem 4.7. Let the DAE (5) be regular on .% with index | and characteristic values (8).

(1) Then the subspace Scqn(t) C R™ has dimensiond =r — ZH:_Z 6, =ry_1forallt € &, and the matrix
i=0 u
function C : I — R™d C=Cy---C u—2, generated by the reduction procedure is a basis of Scan.

101y [50], the coefficient pairs of DAEs which have arbitrary many solutions like [32, Example 3.2 ] may belong to regular
ones.

10
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(2) The DAE features precisely the same structure on each subinterval Y, C .

Proof. Regarding the relation r;y | =r;— 6;,i =0,...,u — 2 directly resulting from the reduction proce-
dure, the assertion is an immediate consequence of [50, Theorem 13.3]. O

Two canonical subspaces varying with time in R are associated with a regular DAE [41, 32]. The
first one is the flow-subspace S.4,. The second one is a unique pointwise complement N, to the flow-
subspace, such that

Scan(t) ®Nean(t) =R™,  Negn(t) DkerE(t), te€ .7,

and the initial condition x(7) — X € N4, () fixes exactly one of the DAE solutions for each given
f € 7, x € R™ without any consistency conditions for the right-hand side ¢ or its derivatives, [32, Theo-
rem 5.1], also [41].

Theorem 4.8. If the DAE (5) is regular on % with index W and characteristics (8), then the following
assertions are valid:

(1) The DAE is solvable at least for each arbitrary right-hand side q € C™ (.9 ,R™).

2) d=r— zﬁ‘;oz 0; = ry 1 is the dynamical degree of freedom.

(3) The condition r = Z#;OZ 6, indicates a DAE with zero degree of freedom'' and Scq, = {0}, i.e. d = 0.
(4) For arbitrary given g € C" (¥ ,R™), f € .7, and x € R™, the initial value problem

EX +Fx=gq, x(f)=%,

is uniquely solvable, if the consistency condition (13) in the proof below is satisfied. Otherwise
there is no solution.

(5) The DAE has perturbation index |1 on each compact subinterval of .&.

Proof. (1): Given g € C"(.# ,R™) we apply the previous reduction now to the inhomogeneous DAE (5).
We describe the first level only. The general solution of the derivative-free part ZjFyx = Z;q of the given
DAE reads now

x = (I—(ZyFo) ZyFo)x+ (Zy Fo) " Zg Fox = Cox1y + (ZyFo) " Zog,

and inserting into Y Eox’ + Y Fox = Zjq yields the reduced DAE E 1x’( 1y +Fixay =g, with

q0) = 4 901 = Yo 9(0) — Yo Eo(ZsFo) " Z5q(0))' — Yo Fo(Z5 Fo) " Y5 4 0)-
Finally, using the constructed above matrix function sequence, each solution of the DAE has the form

x = Coxy + (ZoFo) " Zyq(0) = Co(Crxoy + (ZYF) " Ziq (1)) + (ZoFo) " Zyqo) = - -

=CoCy--CyaX(y_1)+p, (11)
—_———
—C

p=(LFR) Z3q(0) +Co(ZTF) " Ziquy + -+ CoCr - Cu—a(Zy 1 Fu—1) " Z _1q(u—1),
a1 =Yjay) Y E(ZiF)) " Zja() — Y] Fi(Z3F)) Y gy, =0, =2,

in which x(,, 1) is any solution of the regular index-one DAE

Euflxl(u_l) +Fu-1X(u—1) = q(u-1)-

1So-called purely algebraic systems.

11
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Since g and the coefficients are supposed to be smooth, all derivatives exist, and no further conditions
with respect to g will arise.

(4) Expression (11) yields x(7) = C(7)x(y)(f) + p(f). The initial condition x(#) = X splits by means of the
projector Iy, (7) onto S¢.,(f) along Nmn( f) into the two parts

)p(7), (12)

e ()% = C( )x ( £) + Hean(f
D))p(f). (13)

f
(1 Hcan( )) :(I Hcan(

Merely part (12) contains the component x,,(f), which is to be freely selected in R"', and
X(u)(F) = C(7) " ean(f) (X — p(f)) is the only solution.

In contrast, (13) does not contain any free components. It is a strong consistency requirement and must be
given a priori for solvability. Otherwise this (overdetermined) initial value problem fails to be solvable.

(2),(3),(5) are straightforward now, for details see [32, Theorem 5.1]. ]

The following proposition comprises enlightening special cases which will be an useful tool to provide
equivalence assertions later on. Namely, for given integers k > 2,d >0, =1+ -+, [ > 1,m=d +1
we consider the pair {E,F}, E,F : .# — R™™ in special block structured form,

[0 Nip o+ Nk
, o 0 N Nox
— d — — . . .
E_|: N:|> F_|: Il:|’ N_ ‘. c. N 9 (14)
NK—LK
0

with blocks N;; of sizes [; x ;.

If d = 0 then the respective parts are absent. All blocks are sufficiently smooth on the given interval .#.
N is strictly block upper triangular, thus nilpotent and N¥ = 0.

We set further N = 0 for k = 1. Obviously, then the pair {E, F'} is pre-regular with r = d and 6y = 0, and
hence the DAE has index u4 = x = 1. Below we are mainly interested in the case Kk > 2.

Proposition 4.9. Let the pair {E ,F}, E,F : % — R™*™ be given in the form (14) and x > 2.
(1) If the secondary diagonal blocks N; i1 : .9 — RExkist i (14) have full column-rank, that is,
rankN; ;1 =liy1, i=1,...,k—1,
thenl| > --- > I and the corresponding DAE is regular with index L = K and characteristic values
r=m—1I;,00=10h,...,0, 2=1,.
(2) If the secondary diagonal blocks N ;1 in (14) have full row-rank, that is,
rankN; ;1 =1, i=1,...,k—1,
thenl; <--- <l and the corresponding DAE is regular with index L = K and characteristic values

r:m—l,ua eozlﬂfla'-~vell*2:ll'

12
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Proof. (1) Suppose the secondary diagonal blocks N; ;i have full column-ranks /;;. It results that
r=rankE =d+1—1; =m—1; and 6y = dimSNkerE = dim(kerN Nim N) = rank N, = I, thus the
pair is pre-regular. For deriving the reduction step we form the two auxiliary matrix functions

[N12 <+ Nig
0 N Nox
N = . .j_>Rl><(lfl]) F— |:Id ~:| ,j_HRmx(mfll)
. . ) N . M
NK—LK
0 0 |

which have full column rank, [ —[; and m — [y, respectively. By construction, one has im N = im N,
im £ = im E. The matrix function C = E serves as basis of the subspace

S:{[:] eRdH:veimN}.

Furthermore, with any smooth pointwise nonsingular matrix function M : ¢4 — R
function Y = EM serves as a basis of im E. We will specify M subsequently.

(m=h)x(m=1) the matrix

Since N*N remains pointwise nonsingular, one obtains the relations

N:=[ 0 NNIN=NN[ 0 I, |N=NNN

—~ ~—

l| l—ll l]

with the structured matrix function
[0 Nos o Ny |
0 Ny N3k
]\71 — : :j_)R(l_ll)X(l_ll),

Nxfl,lc

. 0 -

again with the full column-rank blocks N;;.

We will show that the reduced pair {E|, F} } actually features an analogous structure. We have

_ oy _oAg* 1y _oag* Ly _Agq* I Iy
B 0 e A I O

and
Fi =Y*FC+Y*EC = M* la Q
= - N*N Ly, +N,

X |:Id } [Q ]
N*N(L_, +N}) Iy |
Regarding that [;_;, —|—N{ is nonsingular, we choose

Iy
M= . s ,
[ (I, +N{)1(N*N)l}

which leads to

13
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By construction, see Lemma 11.4, the resulting matrix function N; has again strictly upper triangular
block structure and it shares its secondary diagonal blocks with those from N (except for Nj;), that is

_0 N23 * *

0 N34 *

N1 — :j%R(l—ll)X(l—ll)‘

Nkfl,rc
0

Thus, the new pair has an analogous block structure as the given one, is again pre-regular but now with
m=r=m—1,rp=my—bL =m—1I[ — [, 8 =rankN,3 = [3. Proceeding further in such a way we
arrive at the pair {Ex_»,Fc_2},

E _2 = 3 F -2 = ) N -2 = i ’
2 |: NK2:| w2 |: Ilkl+lkj| w2 |:0 0
Wlth M2 = m— l] — lK*Za Fe—2=m— ll — lK'fl == d"_ ZK, and 9;(72 == ranka‘fl’K == lK, and

the final pair {Ex_1,Fc_1},
1 Q
EK‘—1:|:d O:|7 FK‘—1:|: Il]a my_1=d~+l,re1=d, 01 =0,

which completes the proof of the first assertion.

(2): We suppose now secondary diagonal blocks N;;.1 which have full row-ranks /;, thus nullspaces
of dimension /;+; —I;, i = 1,...,k — 1. The pair {E,F} is pre-regular and r = rankE = d +rankN =
d+1—1c=m—I, and dimkerENS = dimkerNNimN =11+ (L — 1)+ + (lx—1 — lx—2) = lx_1,
thus 6y = l,_;. The constant matrix function

Iy
I

Ilic—l
0

serves as a basis of S and also as a basis of im E, Y = C. This leads simply to
vk _ Iy _ v _ Q
EI_CEC_{ Nl]’ Fl—CFC—[ Il—l,(:|7

withm; =m—1, ry =m; —1, and

[0 Nip o Nix—
0 Ny N2 -1
N = .
NK—Z,K—I
- 0 -
It results that 6; = [,_>. and so on. ]

In Section 5.6 and Section 11.3 we go into further detail about these two structural forms from Proposition
4.9 and also illustrate there the difference to the Weierstral—Kronecker form with a simple example.

14
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4.2 A specifically geometric view on the matter

A regular DAE living in R™ can now be viewed as an embedded regular implicit ODE in R¢, which
in turn uniquely defines a vector field on the configuration space R?. Of course, this perspective has
an impressive potential in the case of nonlinear problems, when smooth submanifolds replace linear
subspaces, etc. We will give a brief outline and references in Section 9 below. An important aspect hereby
is that one first provides the manifold that makes up the configuration space, and only then examines the
flow, which allows also a flow that is not necessarily regular. In this context, the extra notion degree of
the DAE introduced by [51, Definition 8]'? is relevant. It actually measures the degree of the embedding
depth.

In the present section we concentrate on the linear case and do not use the special geometric terminology.
Instead we adapt the notion so that it fits in with our presentation.

Let us start by a further look at the basic procedure yielding a regular DAE. In the second to last step of
our basis reduction, the pair {E,_,F,_1} is pre-regular and 6,_; = O on all .#. If thereby r,,_; = 0 then
there is no dynamic part, one has d = 0 and S,,, = {0}. This instance is of no further interest within the
geometric context.

However, the interest comes alive, if 7,1 > 0. Recall that by construction ry,_1 = ro — Zf:’oz 6;,=d. In
the regular case we see

imC()‘ . -C“_z 2 imcCy-- 'C“_l =imCy-- ‘CN, ru—2 > ry—1="ryu.
If now the second to last pair would fail to be pre-regular, but would be qualified with the associated
rank function 6, being positiv at a certain point #, € .#, and zero otherwise on .#, then the eventually

resulting last matrix function E,(¢) fails to remain nonsingular just at this critical point, because of
rank Ey (t) = ry 1 — 61 (t). Nevertheless, we could state C; = I,,,_, and arrive at

imCO"'CIJ_Q gimCO"'C/,L—l :in’lC()'-‘C“, Fu—2>ru—1 > I’“(l‘).

Clearly, then the resulting ODE in R’#-! and in turn the given DAE are no longer regular and one is
confronted with a singular vector field.

Example 4.10. Given is the qualified pair withm =2,r = 1,

E(t):[i _;], F(t)::(z) (2)], t R,

vielding

1 2 (1 1
Z(): |:_1:| ) ZSFOZ |:_2:| ’ C(): -1:| ) YOZ |:1:|7

El(l‘) = 2(1 —l‘), Fl(l‘) :4, my =rog= 1,
kerEo(t) Nker(Z3Fo) (1) = {z € R* 121 — 120 = 0,21 = 20},

and further 6y(t) = 0 for t # 1, but 6y(1) = 1. The homogeneous DAE has the solutions

x(t) =y(1- t)2 [ﬂ , t € R, with arbitrary y € R,

which manifests the singularity of the flow at point t, = 1. Observe that now the canonical subspace
varies its dimension, more precisely,

Sean(ts) = {0},  Sean(t) =im Cy, forallt #t,.

2Definition 9.9 below.
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Definition 4.11. The DAE given by the pair {E,F}, E,F : . — R™™ has, if it exists, degree s € N, if
the reduction procedure in Section 4.1 is well-defined up to level s — 1, the pairs {E;,F;},i=0,...,5s—1,
are pre-regular, the pair {Es, F,} is qualified,

imC()“-Cs_l;imC()“-Cs, rs—1 > Ty,

and s is the largest such integer. The subspace im Cy - - - Cs is called configuration space of the DAE.

We mention that im Cp---Cs = Cp---C;(R') and admit that, depending on the view, alternatively, R’
can be regarded as the configuration space, too.

If the pair {E, F } is regular with index u € N, then its degree is s = 4 — 1 and

iInC()-'-Cu,Z 2 imCO--'Cu,1 :il‘nCo"'C’u, ru—2 > ru—1="ryu-

On the other hand, if the DAE has degree s and r; = O then it results that C; = 0, in turn im Cy - - - C; =
{0} and 6; = 0. Then the DAE is regular with index = s+ 1 but the configuration space is trivial.
As mentioned already, since the dynamical degree is zero, this instance is of no further interest in the
geometric context.

Conversely, if the DAE has degree s and ry; > 0, then the pair {E;, F;} is not necessarily pre-regular
but merely qualified such that, nevertheless, the next level {Es 1, Fy+1} is well-defined, we can state
Mgl =g, Cop1 = Irxa and

rank Ey 1 (1) = mgy —dim(ker Es(r) Nker Z; (¢)Fy(t)) = rs — 65(t), t€ ..

It comes out that if 6,(¢) vanishes almost overall on .#, then a vector field with isolated singular points
is given. If 6;(¢) vanishes identically, then the DAE is regular.

This approach unfolds its potential especially for quasi-linear autonomous problems, see [50, 51] and
Section 9.2, however, the questions concerning the sensitivity of the solutions with respect to the pertur-
bations of the right-hand sides fall by the wayside.

5 Further direct concepts without recourse to derivative arrays

We are concerned here with the regularity notions and approaches from [15, 34, 37, 41] associated
with the elimination procedure, the dissection concept, the strangeness reduction, and the tractability
framework compared to Definition 4.4. The approaches in [15, 34, 37, 50] are de facto special solution
methods including reduction steps by elimination of variables and differentiations of certain variables.
In contrast, the concept in [41] aims at a structural projector-based decomposition of the given DAE in
order to analyze them subsequently.

Each of the concepts is associated with a sequence of pairs of matrix functions, each supported by certain
rank conditions that look very different. Thus also the regularity notions, which require in each case
that the sequences are well-defined with well-defined termination, are apparently completely different.
However, at the end of this section, we will know that all these regularity terms agree with our Definition
4.4, and that the characteristics (8) capture all the rank conditions involved.

When describing the individual method, traditionally the same characters are used to clearly highlight
certain parallels, in particular, {E;,F;} or {G;,B;} for the matrix function pairs and r; for the charac-
teristic values. Except for the dissection concept, r; is the rank of the first pair member E; and G,
respectively.

To avoid confusion we label the different characters with corresponding top indices E (elimination), D
(dissection), S (strangeness) and T (tractability), respectively. The letters without upper index refer to the
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basic regularity in Section 4.1. In some places we also give an upper index, namely B (basic), for better
clarity.

Theorem 5.9 below will provide the index relations uf = u? = u” = u5+1 = u® as well as expressions

of all rf, r?, rf, and rJT in terms of (8).

5.1 Elimination of the unknowns procedure

A special predecessor version of the procedure described in [50] was already proposed and analyzed
in [15] and entitled by elimination of the unknowns, even for more general pairs of rectangular matrix
functions. Here we describe the issue already in our notation and confine the description to square matrix
functions.

Let the pair {E,F}, E,F : .¢# — R™™ be qualified in the sense of Definition 4.1, i.e. im[E(z) F(t)] =
R™ t € .7, and E(t) have constant rank r on .#.

Let T,T¢,Z, and Y represent bases of kerE, (kerE)*, (im E)*, and im E, respectively. By scaling with
[Y Z]* one splits the DAE

ExX+Fx=¢q
into the partitioned shape
Y'EX' +Y*Fx=Y"q, (15)
Z'Fx=17"q. (16)

Then the (m — r) X m matrix function Z*F features full row-rank m — r and the subspace S = kerZ*F
has dimension r. Equation (16) represents an underdetermined system. The idea is to provide its general
solution in the following special way.

Taking a nonsingular matrix function K of size m x m such that Z*FK =: [AB], with B : .4 —
R(m=r)x(m=r) being nonsingular, the transformation x = KX turns (16) into

Z'FKi = Au+Bv=2Z'q, 5= m
yielding v=—B"'u+B"12%.

The further matrix function

I

} j%Rn’er

has full column-rank r on all .# and serves as basis of kerZ*F = S. Each solution of (16) can be
represented in terms of u as

0
x=Cu+p, p:=K [%12*6]} .
Next we insert this expression into (15), that is,
Y*ECU' + (Y'FC+Y*EC\u=Y"q—Y*Ep' —Y*Fp. (17)

Now the variable v is eliminated and we are confronted with a new DAE with respect to u living in R”.
By construction, it holds that

rank(Y*EC)(t) = m —dim(S(t) NkerE(r)) =:m— 0(t).
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Therefore, the new matrix function has constant rank precisely if the pair {E, F } is pre-regular such that
0 is constant.

We underline again that the procedure in [50] and Section 4.1 allows for the choice of an arbitrary basis
for S. Obviously, the earlier elimination procedure of [15] can now be classified as its special version.

This way a sequence of matrix functions pairs {E JE ,F J-E } of size mf , j > 0, starting from
mg =m, ry =r, Ef =E, Fj =F,
and letting
E E rE E E E E E
The corresponding regularity notion from [15, p. 58] is then:

Definition 5.1. The DAE (5) is called regular on the interval .% if the above process of dimension reduc-
tion is well-defined, i.e., at each level [Ef F ]E |= RmJE' and Ef has constant rank rf , and there is a number
K such that either EE is nonsingular or EE = 0, but then FE is nonsingular.

This regularity definition obviously fully agrees with Definition 4.4 in the matter and also with the name,
but without naming the characteristic values. It is evident that

i1
Kk=u and rf:rankEf:r—.X(l)Gi, j=0,...,u, (18)
=l

and each pair {Ef ,F jE } must be pre-regular. The relevant solvability statements from [15] match those
in Section 4.1.

5.2 Dissection concept

A decoupling technique has been presented and extended to apply to nonlinear DAEs quite recently
under the name dissection concept [34]. The intention behind this is to modify the nonlinear theory
belonging to the projector based analysis in [41] by using appropriate basis functions along the lines of
[37] instead of projector valued functions. This is, by its very nature, incredibly technical. We filter out
the corresponding linear version here.

Let the pair {E,F}, E,F : . — R™™ be pre-regular with constants r and 6 according to Definition 4.2.

Let T,T¢,Z, and Y represent bases of kerE, (ker E)*, (im E)*, and im E, respectively. The matrix func-
tion Z*FT has size (m—r) x (m—r) and

dimkerZ*FT =Tt (kerENS) =0, rankZ'FT =m—r—0 =:a.

By scaling with [Y Z]* one splits the DAE

ExX +Fx=¢q
into the partitioned shape
Y'EX' +Y*Fx=Y"q, (19)
Z'Fx=Z7Z"q. (20)

Owing to the pre-regularity, the (m — r) x m matrix function Z*F features full row-rank m — r. We keep
in mind that § = ker Z*F has dimension r.

18
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The approach in [34] needs several additional splittings. Let V, W be bases of (im Z*FT)*, and im Z*FT.
By construction, V has size (m — r) x a and W has size (m — r) x 6. One starts with the transformation

x=[T° T]x, i= [’fl] . x=T% +T%h.
X2
The background is the associated possibility to suppress the derivative of the nullspace-part 7'%, similarly
as in the context of properly formulated DAEs and to set Ex' = E Tcill +ET% +ET'%,, which, however,
does not play a role in our context, where altogether continuously differentiable solutions are assumed.
Furthermore, an additional partition of the derivative-free equation (16) by means of the scaling with
[V W]* is applied, which results in the system

Y*ET%) +Y*(FT*+ET)% +Y*(FT +ET")% =Y"q, (21)
V*Z'FT% +V*Z'FT% =V*Z'q, (22)
W*Z*FT % =W*Z'q. (23)

The matrix function W*Z*FT¢ has full row-rank 6 and V*Z*FT has full row-rank a. Now comes another
split. Choosing bases G, H of kerW*Z*FT¢ C R® and kerV*Z*FT C R?, as well as bases of respective
complementary subspaces, we transform

X = [GC G])Zl, X =

| —

X1,1 - _ _
|, %1 =G%1 +Gxyp,
Xip

- . _ _ X1 - _ -
H=[H H|%, k= Lfi ] , X =H%+HX).

Thus equations (22) and (23) are split into
V*Z*FTC(GCXLl + G)f172) + V*Z*FTHC)EQJ =V*Z*q, 24)
W*Z*FT G %1 =W*Z%q. (25)

The matrix functions V*Z*FTH and W*Z*FTG¢ are nonsingular each, which allows the resolution to
X1,1 and X» 1. In particular, for g = O it results that X ; = 0 and X | = €Xj 5, with

¢:=—(V*Z*FTH®)"'V*Z*FT*G.
Overall, therefore, the latter procedure presents again a transformation, namely
X1,1
x=Kx%, K=|[T‘G‘ T°G TH° TH|, %= 2? eRY xR xR*x R?,
1?2:2

and we realize that we have found again a basis of the subspace S, namely

0 0
s=imc, c=k|"¢ O = [T°G+TH'¢ TH)|
) QE 0 )

0 Ip

which makes the dissection approach a particular case of [50] and Section 4.1. Consequently, the corre-
sponding reduction procedure from there is well-defined for all regular DAEs in the sense of our basic
Definition 4.4.

In [34] the approach is somewhat different. Again a sequence of matrix function pairs {E”, FP} is built
up starting from EJ = E, FP = F. The construction of {EP, FP} is closely related to the system given
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by (21), (24), and (25), where the last two equations are solved with respect to X ; and X, and these
variables are replaced in (21) accordingly. This leads to

0 Y*ETG 0 O
EP =10 0 0 0|, rankEP =rankY*ET‘G =rankG =r— 6.
0 0 00

In contrast to the basic procedure in Section 4.1 in which the dimension is reduced and variables are
actually eliminated on each level, now all variables stay included and the original dimension m is kept
analogous to the strangeness concept in Section 5.3. We omit the further technically complex represen-
tation here and refer to [34]. It is evident that rank EJ’ > rank £ and so on.

The characteristic values of the dissection concept are formally adapted to certain corresponding values
of the tractability index framework. It starts with ré) = r, and is continued in ascending order as the
following definition from [34, Definition 4.13, p. 83] says.

Definition 5.2. Let all basis functions exist and have constant ranks on .% and let the sequence of the
matrix function pairs be well-defined. The characteristic values of the DAE (5) are defined as

o =r, 12, =rP+ad’ =rP+rankZ'FPT, i>0.

1

If r(l)) = r = m then the DAE is said to be regular with dissection index zero. If there is an integer kK € N
and r2_| < r2 = m then the DAE is said to be regular with dissection index u” = «. The DAE is said to
be regular, if it is regular with any dissection index.

In particular, in the first step one has

P=r+ta=r+m—-r—0)=m—0=(m—r)+r—60=(m—r)+rankEP.

Owing to [34, Theorem 4.25, p.101], the tractability index (see Section 5.3) and the dissection index
coincide, and also the corresponding characteristic values, that is,

pP=ut, L=+ i=o0,...,u".

5.3 Regular strangeness index

The strangeness concept applies to rectangular matrix functions in general, but here we are interested in
the case of square sizes only, i.e., E,F : . — R™ ™, Within the strangeness reduction framework the
following five rank-values of the matrix function pair {E, F'} play their role, e.g., [37, p. 59]:

r=rankFE, (26)
a=rankZ*FT, (algebraic part) 27
s =rankV*Z*FT¢, (strangeness) (28)
d = r—s, (differential part) (29)
v=m—r—a—s, (vanishing equations) (30)

whereby T,7¢,Z,V represent orthonormal bases of kerE, (kerE)*, (im E)*, and (im Z*FT)", respec-
tively. The strangeness concept is tied to the requirement that r,a, and s are well-defined constant integers.
Owing to [32, Lemma 4.1], the pair {E, F} is pre-regular, if and only if the rank-functions (26)-(30) are
constant and v = 0. In case of pre-regularity, see Definition 4.2, one has

a=m—-r—0, s=0, d=r—206.
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Let the pair {E,F} have constant rank values (26)—(30), and v = 0. We describe the related step from
{E§,F$} := {E,F} to the next matrix function pair {E5,F5}. Applying the basic arguments of the
strangeness reduction [37, p. 68f] the pair {E, F} is equivalently transformed to {E,F},

I 0 Fo 0 Fiy

s Id o 0 0 0 ~24
E= 0 » F= o o I, 0]’

0 I, 0 0 O

with d +s =r, a+s = m—r. This means that the DAE is transformed into the intermediate form

F + Fio% + Fuafs = 4,
%+ Fouia = G,

=
w

Il
AN

3y

=
Il
0

4.

Replacing now in the first line ¥ by ¢} leads to the new pair defined as

0 Fo 0 Ky

I 0 0 0 FE
S _ d S _ 24
Ef = 0 » = O o I, O
0 I, 0 0 O

Proceeding further in this way, each pair {E }9 ,F jS } must be supposed to be pre-regular for obtaining well-

defined characteristic tripels (rf ,a§ ,sf ) and v“f- = 0. Owing to [37, Theorem 3.14] these characteristics
: 4 : ¢

persist under equivalence transformations. The obvious relation rf. =T s? guarantees that after a
s

finite number of steps the so-called strangeness s; must vanish. We adapt Definition 3.15 from [37]

accordingly'?:

Definition 5.3. Let each pair {E]S JF jS }, j >0, be pre-regular and
uS:min{ij:s§:O}.

Then the pair {E,F} and the associated DAE are called regular with strangeness index u® and charac-

teristic values (rf , af , s§ ), j > 0. In the case that u5 = 0 the pair and the DAE are called strangeness-free.

Finally, if the DAE Ex’ 4 Fx = q is regular with strangeness index p°, this reduction procedure ends up
with the strangeness-free pair

ESS:{’dS 0},@5:[" . ] 0 =Sy, &5 =Sy, dS a5 =m, 31)
S

'uS7
a
and the transformed DAE showing a simple form, which already incorporates its solution, namely

2/ z
X1 =41,
=5

The function ¥ : .# — R™ is a solution x : . — R™ of the original DAE transformed by a pointwise
nonsingular matrix function.

13The notion [37, Definition 3.15] is valid for more general rectangular matrix functions E, F. For quadratic matrix functions
E ., F we are interested in here, it allows also nonzero values v? =m— rf — af — sf , thus instead of pre-regularity of {E JS JF jS s

it is only required that r*jg , af , sf are constant on .%.
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As a consequence of Theorem 2.5 from [39], each pair {E,F} being regular with strangeness index u5
can be equivalently transformed into a pair {£,F},

E:[lds *], F:[* 0], dS::dZS,aS::aS

0 N 0 Iy pu (32)

in which the matrix function N is pointwise nilpotent with nilpotency index k¥ = uS + 1 and has size
a’ x a’. N is pointwise strictly block upper triangular and the entries Nj 7, ..., Ny x have full row-ranks
I =55 S e L1 = sg. Additionally, one has [, = sg + ag =m—r, and N has exactly the structure
that is required in (14) and Proposition 4.9(2). It results that each DAE having a well-defined regular

strangeness index is regular in the sense of Definition 4.4.

5.4 Tractability index

The background of the tractability index concept is the projector based analysis which aims at an immedi-
ate characterization of the structure of the originally given DAE, its relevant subspaces and components,
e.g., [41]. In contrast to the reduction procedures with their transformations and built-in differentiations
of the right-hand side, the original DAE is actually only written down in a very different pattern using
the projector functions. No differentiations are carried out, but it is only made clear which components
of the right-hand side must be correspondingly smooth. This is important in the context of input-output
analyses and also when functional analytical properties of relevant operators are examined [44]. The de-
composition using projector functions reveals the inherent structure of the DAE, including the inherent
regular ODE. Transformations of the searched solution are avoided in this decoupling framework, which
is favourable for stability investigations and also for the analysis of discretization methods [4 1, 33].

As before we assume E, F : . — R™ to be sufficiently smooth and the pair {E, F'} to be pre-regular.
We choose any continuously differentiable projector-valued function P such that

P:.% - R™™  P(t)>=P(t), kerP(t) = kerE(t), t€ .7,

and regarding that Ex' = EPx' = E(Px) — EP'x for each continuously differentiable function x :— R™,
we rewrite the DAE Ex' + Fx = g as

E(Px)' +(F—EP)x=q. (33)

Remark 5.4. The DAE (33) is a special version of a DAE with properly stated leading term or properly
involved derivative, e.g., [4]],

A(Dx) +Bx =g, (34)

which is obtained by a special proper factorizations of E, which are subject to the general requirements:
E=AD, A: .7 — R"™™" s continuous, D : & — R™ " is continuously differentiable, B=F — AD', and

kerA @im D =R", kerD = kerE,

whereby both subspaces kerA and im D have continuously differentiable basis functions.

As mentioned already above, a properly involved derivative makes sense, if not all components of the
unknown solution are expected to be continuously differentiable, which does not matter here. In contrast,
in view of applications and numerical treatment the model (34) is quite reasonable [41].

In order to be able to directly apply the more general results of the relevant literature, in the following
we denote

P=:D, Go;=E, By:=F—ED', A:=E.
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Observe that the pair {Gy, By} is pre-regular with constants r and 6 at the same time as {E, F }. Now we
build a sequence of matrix functions pairs starting from the pair { Gy, Bp }. Denote Ny = ker Gy and choose
a second projector valued function Py : .¢ — R™*™  such that ker Py = Ny. With the complementary
projector function Qg :=1— Py and D™ := F, it results that

DD D=D, D DD =D, DD =P, D D=P.

On this background we construct the following sequence of matrix functions and associated projector
functions:

Set ri = r =rank Gy and ITy = P and build successively for i > 1,

Gi=Gi1+Bi1Qi-1, rl =rankG;, (35)

1

Ni=kerG;, Ni=(No+---+Ni.1)NN;, ul =dimh;,

fix a subset X; C Ny + - - - + N;_ such that IV,- + X; = No+ - -- + N;_1 and choose then a projector function
Q;: ¥ — R™™ to achieve

imQ;=N;, X;CkerQ;, P=1-0; IL=IlF, (36)
and then form
B;=B; P, —G;D” (DIL,D")DII;_;. (37)
By construction, the inclusions

imGy Cim Gy C ---im G,y C R™,

N CN,C---CN,

come off, which leads to the inequalities

T T T
OSVO <rn <---<r,
0<u] <---<uf.
The sequence Gy, ..., Gy is said to be admissible if, for each i = 1,... k, the two rank functions r,-T, u,-T
are constant, I'l; is continuous and DIL;D™ is continuously differentiable. It is worth mentioning that the
matrix functions Gy, ..., Gy of an admissible sequence are continuous and the products Il; and DIT;D™

are projector functions again [41]. Moreover, if u,{ =0, then uiT =0, for i < k. We refer to [41, Section
2.2] for further useful properties.

Definition 5.5. [4/, Section 2.2.2] The smallest number k¥ > 0, if it exists, leading to an admissible
matrix function sequence ending up with a nonsingular matrix function Gy is called the tractability index
(regular case)’? of the pair {E,F}, and the DAEs (1) and (34), respectively. It is indicated by k =: u'.
The associated characters

Kk—1
Ogrggrfg...ér£71<r£:m7 dT:m—Z(m_r,‘T% (38)
i=0

are called characteristic values of the pair {E,F} and the DAEs (1) and (34), respectively. The pair
{E,F} and the DAEs (1) and (34), are called regular each.

By definition, if the DAE is regular, then rET =m, MZT = 0 and all rank functions u! have to be zero and
play no further role here. The special possible choice of the projector functions P, F,..., P, | does not
affect regularity and the characteristic values [41].

14We refer to [4 1, Sections 2.2.2 and 10.2.1] for details and more general notions including also nonregular DAEs.

23



Estévez Schwarz, Lamour, Médrz | The Common Ground of DAE Approaches QDAE

Remark 5.6. An alternative way to construct admissible matrix function sequences for the regular case
if uiT =0, i > 1, is described in [55, Section 2.2.4]. It avoids the explicit use of the nullspace projector
functions onto N;. One starts with Gy, By, and Iy as above, introduces My := 1 — I'ly, G| = Go + BoM,
and then fori > 1:

choose a projector function I1; along No®--- & N;, with im I; C I1;_q,
B; = (B;_1 — G;D™ (DIT;D~)'D)IT;,

M; =1II;_; —II;,

Giv1 =G+ BM,.

Remark 5.7. If the pair {E,F} is regular in the sense of Definition 5.5 then the subspace S]T(t),
SJT-(I) ={zeR":Bj(t)zeim G;(t)} = kerWJ-T(t)Bj(t), WjT =1-G;G/,
has constant dimension r; on all & . Moreover,

rank|[G; B;] = rank[G WjTBj] = rJT +m— r]T =m,

dimkerGyy =dim(kerG;NS})=m—rl,,, j=0,...,u" —1.

All intermediate pairs {G,B;} are pre-regular. It is worth highlighting that in terms of the basic regu-
larity notion'> one has u* = u and

dim(kerG;NST)=6;, j=0,....u—1.

The decomposition
Iy = H[,LT—I + Qo +11HQ1 + -+ +H/.1T—2Q[JT—1
is valid and the involved projector functions show constant ranks, in particular,

rank Qg :m—rg, rankIT_1Qi=m—rl,i=1,...,u" —1, rank IT,r_, =d. 39)

i

Let the DAE (1) be regular with tractability index u” € N and characteristic values (38). Then the
admissible matrix functions and associated projector functions provide a far-reaching decoupling of the
DAE, which exposes the intrinsic structure of the DAE, for details see [41, Section 2.4]. In particular,
the following representation of the scaled by G;} DAE was proved in [41, Proposition 2.23]):

G 1A(Dx)' + G 1Bx =G 14,
G, 7A(Dx)' + G 1Bx=D" (DIr_1x)' +G ;1 Byrx

u’—1
+ Y {Qix—(I-I1)Qi1D~ (DIL Q4 1x) + ViDIIx},
=0

with V, = (I - IT){PAD~ (DIL,D")' — Q11 D~ (DII;+1D~)'}DIL,D™.

Regarding the decomposition of the unknown function

X = HMT,1X—|- Oox+ IO x+---+ H#T72Q#T71x

15See Definition 4.4 and Theorem 5.9.
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and several projector properties, we get

ul—1
G;r]A(Dx)/—i'G;rle =D~ (DILyr 1x)'— Y (I—I1)Q14 D™ (DI Q4 1x) (40)
i=0
ur—1

+G Byl yx+ lz:,) ViDIT,r_x

pr—1 pr—2 pr—2
+Qox+ Y Ol 1Qix+ Y, Vi Y, DILQ:x.
1=0 =0 s=0

The representation (40) is the base of two closely related versions of fine and complete structural decou-
plings of the DAE (1) into the so-called inherent regular ODE (and its compressed version, respectively),

(DI,r_yx)' — (DITyr D™ )' DI, x+DIyr G;LT]B“TD_DHHT_lx = DHHT_IG;TIq, (41)

and the extra part indicating and including all the necessary differentiations of g. It is worth mentioning
that the explicit ODE (41) is not at all affected from derivatives of q.

While the first decoupling version is a swelled system residing in a m-dimensional subspace of R +1m
the second version remains in R” and represents an equivalently transformed DAE'®. More precisely, ow-
ing to [41, Theorem 2.65], each pair {E, F} being regular with tractability index u” can be equivalently
transformed into a pair {£, F'},

- [ty 0] L (@ 0
=5 N =00 @

in which the matrix function N is pointwise nilpotent with nilpotency index k¥ = u” and has size (m —
d") x (m—dT). N is pointwise strictly block upper triangular and the entries N , ..., Ni_| « have full
column-ranks I, = m — rlT, o le=m— ”£—1- Additionally, one has [{ = m —r, and N has exactly the
structure that is required in (14) and Proposition 4.9(1).

The projector based approach sheds light on the role of several subspaces. In particular, the two canonical
subspaces S¢qn and N4y, see [32], originate from this concept, e.g., [41]. For regular pairs it holds that
Nean =No+--- —}-NMT,I.

The following assertion provided in [43, 32] plays its role when analyzing DAEs and its canonical sub-
spaces.

Proposition 5.8. If the DAE (1) is regular with tractability index u* and characteristics 0 < rl < ... <

rﬁr = m, then the adjoint DAE

—E*y/—i-(F*—E*/)y:O

is also regular with the same index and characteristics, and the canonical subspaces S.qn,Nean and
Sadj,can>Nad j,can, are related by

Negn = kerC*djE, Nudjcan = kerC*'E”,

a

in which C and C,q; are bases of the flow-subspaces Scqn and Sqqj can, respectively.

1611 the literature there are quite a few misunderstandings about this.
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5.5 Equivalence results and other commonalities

Theorem 5.9. Let E.F : .7 — R™™ be sufficiently smooth and i € N. The following assertions are
equivalent in the sense that the individual characteristic values of each two of the variants are mutually
uniquely determined.

(1) The pair {E,F} is regular on % with index p € N and characteristics r < m, 6y =0 if u = 1, and,
SJoru>1,

r<<m, 602"'291~1—2>0#—1:0'

(2) The strangeness index U3 is well-defined for {E,F} and regular, and u° = u — 1. The associated
characteristics are the tripels

(r,dd,s}), i=0,...,u5 rg=r, uS=min{icNy:s =0}.

(3) The pair {E,F} is regular with tractability index u" = u and characteristics
rg:r, rggmgr,{,l <rﬁ=m.

(4) The pair {E,F} is regular with dissection index uP = y and characteristics

r=r g <<y <r=m

(5) The pair {E,F} is regular on . with elimination index u* = y and characteristics r < m, 8y = 0 if
u=1,and foru >1,

Proof. Owing to [32, Theorem 4.3], it remains to verify the implication (3)=-(1). A DAE being regular
with tractability index u” and characteristics (43) is equivalent to a DAE in the form (14) with x = u7,

r=rl,andl;=m—rl | fori=1,..., k. Hence, by Proposition 4.9, the DAE is regular with index i =
k = T and characteristic values r=rl ,m— 60y =rl,....m—0,_, = rﬁ_l, andm=m—0y,_; = rz. O

Next we highlight the relations between the various characteristic values and trace back all of them to
r<m, 6yp>--->6;,2>6, 1=0.
Theorem 5.10. Let the pair {E,F} be regular on . with index 1 € N and characteristics r < m, 6y =0
if u=1,and, for u > 1,
r<m, 6y>--->6,,>6,1=0.
Then the following relations concerning the various characteristic values arise:
(1) The pair {E,F} is regular with strangeness index u° = 1 — 1. The associated characteristics are
S=r
5P =0,

af:m—rf—e,-:m—r—l—zej—ei,

26



Estévez Schwarz, Lamour, Médrz | The Common Ground of DAE Approaches QDAE

(2) The pair {E,F} is regular with tractability index u" = u and characteristics

B=r T =m—6, i=1...u (43)
(3) The pair {E,F} is regular with dissection index uP = y and characteristics

rOD:r, rlD:m—G,-,l, i=1,...,U.

(4) The pair {E,F is regular on % with elimination index u* = u and characteristics r < m, 6y = 0 if
w=1,and, for u > 1,

Thus, the statements of Theorems 4.7 and 4.8 apply equally to all concepts in this section. Every regular
DAE with index u € N is a solvable system in the sense of Definition 2.1, and it has the pertubation index

u.

Remark 5.11. Obviously, for a regular pair {E,F } with index L, each of the above procedures is feasible
up to infinity and will eventually stabilize. This can now be recorded by setting

0 =0, k>u.

Namely, in particular, the strangeness index is well defined and regular, u5 = p — 1,

S .
’gzra r;'s‘:ri—l_eifla lzla"'hu_la
S
5 =0, i=0,...,u—1,
S S :
a;=m—r; —6;, i=0,...,u—1
After reaching the zero-strangeness sft_l =0 the corresponding sequence {Els , FiS } can be continued and

for i > W it becomes stationary [37, p. 73],
r,-S:rfkl:dS:d, i>u,
sf =0, i>u,
a,-S:m— ﬁ,lzm—d, i>u,

which goes along with 6; =0 for i > U and justifies the setting 6, =0 for k > L.

Corollary 5.12. The dynamical degree of freedom of a regular DAE is

u-2
d=r—Y 6;=d°=d" =dimS.u.
i=0

After we have recognized that the rank conditions in Definition 4.4 are appropriate for a regular DAE,
the question arises what rank violations can mean.

Based on the above equivalence statements, the findings of the projector-based analysis on regular and
critical points, for instance in [55, 41] are generally valid. The characterization of critical and singular
points presupposes a corresponding definition of regular points.

Definition 5.13. Given is the pair {E,F}, E,F : .9 — R"™ ™. The point t, € .% is said to be a regular
point of the pair and the associated DAE, if there is an open neighborhood % > t. such that the pair
restricted to ¥ N, is regular. Otherwise t, € % will be called critical or singular.

In the regular case the characteristic values (8) are then also assigned to the regular point. The set of all
regular points within .9 will be denoted by Z,q.

A subinterval Fg,, C Z is called regularity interval if all its points are regular ones.
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We refer to [55, Chapter 4] for a careful discussion and classification of possible critical points. Section
7 below comprises a series of relevant but simple examples.

Critical points arise when rank conditions ensuring regularity are violated. We now realize that the
question of whether a point is regular or critical can be answered independently of the chosen approach.
According to our equivalence result, critical points arise, if at all, then simultaneously in all concepts at
the corresponding levels.

When viewing a DAE as a vector field on a manifold, critical points are allowed exclusively in the very
last step of the basis reduction, with the intention of then being able to examine singularities of the
flow, see Section 4.2. The concept of geometric reduction basically covers regular DAEs and those with
well-defined degree and configuration space, i.e. only rank changes in the very last reduction level are
permitted.

Remark 5.14. We end this section with an very important note: The strangeness index and the tractabil-
ity index are defined also for DAEs in rectangular size,with E,F : & — R"™"™, n # m, but then they
differ substantially from each other [31, 41]. It remains to be seen whether and to what extent the above
findings can be generalized.

5.6 Standard canonical forms

DAE:s in standard canonical form (SCF), that is,

K;l N(()t)] X(0) + {Qét ) 10] A =qlt), te.7, (44)
where N is strictly upper (or lower) triangular, but it need not have constant rank or index, see [7, Defi-
nition 2.4.5], play a special role in the DAE literature [7, 3]. Their coefficient pairs represent generaliza-
tions of the WeierstraB—Kronecker form'” of matrix pencils. If N is even constant, then the DAE is said
to be in strong standard canonical form. A DAE in SCF is also characterized by the simplest canonical
subspaces which are even orthogonal to each other, namely

. |1 . 0
Scan = 1M |:(L)i:| ,  Negn =1m |:Ia:| .

DAEs being transformable into SCF are solvable systems in the sense of Definition 2.1, but they are
not necessary regular, see Examples 7.7, 7.9 in Section 7. The critical points that occur here are called
harmless [55, 41] because they do not generate a singular flow. We will come back to this below.

Furthermore, not all solvable systems can be transformed into SCF as Example 7.8 below confirms. We
refer to [7] and in turn to Remark 6.13 below for the description of the general form of solvable systems.

In Sections 4.1 and 5.4 we already have faced DAEs in SCFs with a special structure, which in turn
represent narrower generalizations of the Weierstra—Kronecker form. For given integers k > 2, d > 0,
l=L+ -+l >1,l=a,m=d+]Ithe pair {E,F}, E,F : ¢4 — R™", is structured as follows:

[0 Npp - Nk
; o 0 N Nok
f— d e _ . . .
E_|: N:|7 F_|: Il:|’ N_ t. c. N 9 (45)
Nrcflk
- 0 -

with blocks N;; of sizes [; x [;.

17Quasi-WeierstraB form in [4, 58]
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If d = 0 then the respective parts are absent. All blocks are sufficiently smooth on the given interval .#.
N is strictly block upper triangular, thus nilpotent and N¥ = 0.

The following theorem proves that and to what extent regular DAEs are distinguished by a uniform inner
structure of the matrix function N and thus of the canonical subspace N_4,.

Theorem 5.15. Each regular DAE with index i € N and characteristics r <m, 8y =0 if 4 = 1, and, for
u>1,

r<m, 902"'29ﬂ*2>6ﬂ*1:0’

is transformable into a structured SCF (45) where k = U and all blocks of the secondary diagonal have
full column rank, that means,

rank Ny =l = m—r, kerNj; = {0},
rankN;ip1 = liy1 = 6,1, kerN;;o 1 = {0}, i=1,...,u—1,

and the powers of N feature constant rank,

rankN =r—d =0+ + 6, »,
rank N? = 01+ + 6y 2,

rank NH 1 = Ou—2.

Proof. Owing to Theorem 5.9 the DAE is regular with tractability index u” = p and the associated
characteristics given by formula (43). By [41, Theorem 2.65], each DAE being regular with tractability
index  can be equivalently transformed into a structured SCF, with N having the block upper triangular
structure as in (45), Kk =U, [ =m—rlh =m— rlT, e le=m— rgfl. Now the assertion results by
straightforward computations. O

Sometimes structured SCFs, in which the blocks on the secondary diagonal have full row rank, are more
convenient to handle, as can be seen in the case of the proof of Proposition 4.9, for example.

Corollary 5.16. Given is the strictly upper block triangular matrix function with full row-rank blocks on
the secondary block diagonal,

0 Nip - IS’m 1
0 Ny Nox
N= . : . 7 5 RX
NK‘—IK‘
- 0 -

with blocks Nij ofsizesf,- X l}, rankIVi’,‘H = fi, 1< <b <<y,

K
= ZZ, riy = rankN.
i=1

Then the following two assertions are valid:
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(1) The pair {N,I;} can be equivalently transformed to a pair {N,I;} with full column-rank blocks on
the secondary block diagonal,

[0 Nip <+ Nk
0 Ny Noy
N: :f%Rle,
NK'—IK
. O -

with blocks Njj of sizes l; X 1j, rankN; i1 = i1, h2>2h > 21> 1,
K

[=) [;, ry =rankN,

i=1
such there are pointwise nonsingular matrix functions LK : % — R*! yielding
LNK =N, LK+ LNK' =1,. (46)
Furthermore, both pairs {N,I;} and {N,1;} are regular with index 1 = x and characteristics
FNZFN:l—lN“ :l—ll,
8 =ly_1=Db,
01 =1y 2=1,

(2) The pairs {E,F} and {E,FY}, given by

~ |Is 0] = [ O s O Q0
I R | B A R P
with N from (1) having full column-rank blocks on the secondary block diagonal, are equivalent.
Both pairs are regular with index | = K and characteristics r = d +ry and 6, ...,0, > from (I).

Proof. (1): The pair {N ,;} is regular with the characteristics ry = [ — l~#, 6y = f#,l, 0, =
l~“_2,...,6”_2 =, and d =0 owing to Proposition 4.9(2). By Theorem 5.15 it is equivalent to the
pair {N,I;} which proves the assertion. The characteristic values are provided by Proposition 4.9.

(2): By means of the transformation

_|fa O _|fa O}, (d+1)x (d+1)
I R

in which L,K : .# — R'*! represent the transformation from part (1) we verify the equivalence by

LEK:[Id 0 }—[’d 0]:5,

0 LNK| [0 N
Q 0 I; 0((0 O Q 0 Q 0 ~
r_ — - -
LFK+LEK_[O ZI%]+[0 EN] [0 1%/}—[0 zmm/]—[o 1,]—”
The characteristic values are provided by Proposition 4.9. O

In case of constant matrices N and N, K is constant, too, and relation (46) simplifies to the similarity
transform K~ !NK = N.
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Example 5.17. Consider the following DAE in Weierstrafs—Kronecker form:

0 1 0[0 00 O] [x{] [x] [q1]
00100004 |e e
0 0 0[]0 0[]0 Of |x} X3 q3
0 0 0|0 1{]0 O xﬁl + |x4| = | ga
0 0 0[O0 0[O0 Of |xf X5 qs
000/00[0 1| |<| |xw]| a6
00 0/0 0|0 O] _x’7_ | X7 | Kz

withm=T7r=4d=0,0=3,0 =1, 6,=0.

* An equivalent DAE with blockstructure (14) with full column rank secondary blocks is

0 0 0|1 0 0[07 [%] [xa] [aq4]
00 0[O0 1 0[0]]|x X6 g6
0 0 0|0 0 1[0 | ([x] x| q1
0 0 0[O0 0 0|0 [x]+|xs|=gs
0 00|00 O0|0]|x x7 q7
00 0[0O0O01][X x) a0
0 0 0[O0 0 0[O0 | [x] [x] Lgal

with rank NV; 2= L =3 rankN273 = 13 =L L>hL> 13. 9() =30,=16,=0.
* An equivalent DAE with blockstructure (14) with full row rank secondary blocks is

0[1 0 0[0 0 0] [¥] [a] [ai]
0/0 0 0|1 0 0] |x X q
0/0 0 0|0 1 0Of |x, X4 q4
0[0 000 0 1] [x|+]|x|=as
00000004 [ul |
0/o 0 o0flo o of 4] |x| g
0lo o oloo o ] lw lal

with rankNLz = ll = 1, rankN273 = 12 = 3, ll § lz S 13. 9() = 3, 91 = 1, 92 =0.

Remark 5.18. Theorem 5.15 ensures that also each pair with regular strangeness index is equivalently
transformable into SCF. At this place it should be added that the canonical form'® of regular pairs figured
out in the context of the strangeness index [36, 37] reads

[0 Nip <+ Nig
o o 0 N Noy
f— d _— —_ . . .
E_|: N:|a F_|: Il:|7 N_ c. c. N 1) (47)
NK—]K
- 0 -
M=[0 M, - M|,

with full row-rank blocks N;; i1 and | =a=m—d, kK —1 = ,uS. In [37, Theorem 3.21] one has even
Q =0, taking into account that this is the result of the equivalence transformation

-1
LEK — [Id Ki'M

0
! __
I } LFK—i—LEK_[ IJ,

in which Ky is the fundamental solution matrix of the ODE y + Qy = 0. Nevertheless this form fails to
be in SCF if the entry M does not vanish. This is apparently a technical problem caused by the special
transformations used there.

18Global canonical form in [36]
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Remark 5.19. The structured SCF in Theorem 5.15 makes the limitation of the geometric view from
Section 4.2 above and Section 9.2 below obvious. These are regular DAEs with index U, degree s = 1 — 1,

.|
and as figuration space serves RY resp. im [ (‘)l
inherent ODE u' + Qu = p; however, the other part NV +v = r, which involves the actual challenges
from an application point of view, no longer plays any role.

] . Of course, this enables the user to study the flow of the

6 Notions defined by means of derivative arrays
6.1 Preliminaries and general features

Here we consider the DAE (1) on the given interval .# C R. Differentiating the DAE k > 1 times yields
the inflated system

ExV) 4 Fx= q,
Ex? +(EW 4 F)x 4 Fyx = 4V
Ex®) 4+ 2EW + F)x? + (E® 4 2FW)x(1) £ F@)x = 4@,

Ex*D) 4 (kEW 4 F)x® 4o (E® 4k * D)D) o pRx = g0
or tightly arranged,
Sty + Fwx = qp» (48)

with the continuous matrix functions &y, : & — IR (mk-Hm) x (mk-+m)
g;[k] -7 R(mk+m)xrn’

E 0 0 F
EL L F 0 F
2 1 1 2
&y = E® 42oF 2 L F , Ty = F® 7 (49)
_E(k) _|_]'CF(k—1) KkED + F E| _Fik)_

and the variables and right-hand sides

X q
e 4
x[k] — x(z) ’ q[k] _ q(z) . j — Rmk-ﬁ-m'
_x(k)_ _q(k)_

Set ff[o] =F, @@[0] =E, xj0] = x, qo] = ¢, such that the DAE (1) itself coincides with
SloXjo) + Floix = dlo) (50)
By its design, the system (48) includes all previous systems with lower dimensions,
S+ Iy =4y, J=0k =1,
and the sets

Cfm(t):{ZGRmiﬁ[j](t)Z—q[j](t)Giméam(t)}, te s, j=0,... .k, (&18)
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satisfy the inclusions
Cg(t) S Cp—y)(t) €+~ CC)(t) ={z €R™: F(t)z—q(t) €imE(t)}, t€.I. (52)
Therefore, each smooth solution x of the original DAE must meet the so-called constraints, that is,
x(t) €6lt), tes.
In the following, the rank functions ry) : ¥ — R,
r (t) =rank &y (2), te€ 7, k>0, (53)
and the projector valued functions #f : .% — R (mk-tm)x (mk-+m)
W (t) = Ly — Eg (1) E ()T, 1€ 7, k>0, (54)
will play their role, and further the associated linear subspaces
S (1) ={z e R": Fy(t)z € im &y (t) } = ker W[y (1) F (), t€ S, k=>0. (55)
Obviously, it holds that
Sig(t) ©Sp—y)(t) C--- C 8o (1) ={z€R": F(t)z€imE(t)}, t€.J. (56)

It should be emphasized that, if the rank function ry is constant, then the pointwise Moore-Penrose
inverse éo[kﬁ and the projector function %/ are as smooth as &j. Otherwise one is confronted with
discontinuities.

Remark 6.1 (A necessary regularity condition). One aspect of regularity is that the DAE (1) should be
such that it has a correspondingly smooth solution to any m times continuously differentiable function
q: I — R™ Ifthis is so, all matrix functions

[ Fu]: 7 — R (mk-+m) x (mk+2m)
must have full-row rank, i.e.,
rank (& (1) F(t)] =mk+m, te .7, k>0. (57)

If, on the contrary, condition (57) is not valid, i.e., there are a k and a T such that

rank [é”[,;] 0 Fp ()] < mk+m,
then there exists a nontrivial w € R™™ sych that

w6 (@) Tp(@D)] =0.

Regarding the relation

S (Dxg () + F (H)x(F) = g (7)
one is confronted with the restriction w*q[,;] (f) = 0 for all inhomogeneities.
Remark 6.2 (Representation of 6y (¢)). The full row rank condition (57), i.e. also

im [ (1) Fp (1)] = R™H" (58)
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implies
im Wy (1) [T (1) & (1)) = im Z (1),
(@) F @) 0]
thus
im Wy (1) F (1) = im Wy (1), (59)
and in turn
Gl (1) = Sy (1) + (Hag (6) Py (0)) W4 (1) g (1), (60)
dimS[k}(t) :m—rank%k](t) :r[k](t)—mk. (61)

By representation (60), 6y (t) appears to be an affine subspace of R™ associated with Sy (t).

It becomes clear that under the necessary regularity condition (57) the dimensions of the subspaces Sjy ()
are fully determined by the ranks of &} (t) and vice versa. In particular, then dim Sy () is independent
of 7 if and only if ry (1) is so, a matter that will later play a quite significant role.

If the DAE (1) is interpreted as in [14, 16] as a Volterra integral equation

t t
E@x(t)+ [ (F(5)~E'0)als)ds =c+ [ als)ds 62)
a a
then the inflated system created on this basis reads

I BN e falok),

9 =
R0 [ .

with the array function

E 0
Dy = AN R(m-‘rmk)x(m—k—mk)' (63)
. [%_1] é"v«—u]
To get an idea about the rank of Z () we take a closer look at the time-varying subspace ker D ().
‘We have for k > 1 that

ker Py = { e R™ x R :EZZO,,?[kl]Z—FéD[k”w:O}

Z
w

= { “leRmxR™ 7€ ker E, 1) Fj—112 = 0751:_1]5[1(—1]W = —éa[;—:_uy[k—l}z}

N

Il
—
' 2N

m mk . —
w) € R" x R™ : z € ker ENSy1), iy = —@@[,jl]ﬁ[kl]z} ; (64)

and consequently,

rank Zjy = m — dim(ker E N Sy_y)) + rpe—1)- (65)

If &) has constant rank, then the projector functions #/;) and the Moore-Penrose inverse é"[k*] inherit the
smoothness of &y.

The following proposition makes clear that, in any case, both rj (¢) = rank &y (¢) and rank Zj(t) as well
as dim Sy (¢) and dim(ker E(t) NS (¢)), t € #, are invariant under equivalence transformations.
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Proposition 6.3. Given are two equivalent coefficient pairs {E,F} and {E,F}, E = LEK, F = LFK +
LEK', E,F,L,K : .¢ — R™™ sufficiently smooth, L and K pointwise nonsingular.

Then, the inflated matrix function pair @Ea[k] o F — RUmktm)x(mktm) j{k] o F — ROKEm)Xm gnd the sub-
space S i related to {E,F} satisfy the following:
K/
G =LA, Ty =LAuFwkK+ Ly Ay, Hy= (E |
K k+1

S[k] = KﬁlS[k], S[k] NkerE = Kﬁl(S[k} NkerE),

in which the matrix functions £y, Xy : 5 — R(mtmk)x(mtmk gro yniquely determined by L and K, and
their derivatives, respectively. They are pointwise nonsingular and have lower triangular block structure,

L O 0 K O 0
* L 0 *x K --- 0 K 0
L= , Hm=|. =: .
A : 0 M : .0 |:<%/[k] 21 K 22}
* L * K

Proof. The representation of é[k} and ﬁ[k] is given by a slight adaption of [37, Theorem 3.29]. We turn
to S [K]-

7€ S’[k] means j’[k]i €im 5"[@, thus F g2+ & A Z € im &)y, then also FyZ € im &), that is, KZ € Syy.
Regarding also that 7 € ker £ means K7 € ker E we are done. O

The following lemma gives a certain first idea about the size of the rank functions.

Lemma 6.4. The rank functions ry = rank & and r[% =rank Py, k> 1, r[gé = rio) = rank E, satisfy the

inequalities

Proof. The special structure of both matrix functions satisfies the requirement of Lemma 11.2 ensuring
the inequalities. 0

The question of whether the ranks r; of the matrix functions &]; are constant will play an important
role below. We are also interested in the relationships to the rank conditions associated with the Defini-
tion 4.4. We see points where these rank conditions are violated as critical points which require closer
examination. In Section 7 below a few examples are discussed in detail to illustrate the matter.

Lemma 6.5. Let the matrix functions E,F : .9 — R™™ be such that, for all t € &, rankE(t) =r,
rank[E(¢)F(t)] = m. Denote 6(t) = dim(kerE(t) N Sy (¢)) = dim(kerE(¢) NkerZ(t)*F(t)) in which
Z: 9 — R™"=1) s q basis of (im E)™.

Then it results that
r) = rank &)y (t) = rank 7y (1) =m+r—6p(t), t€ .7,

and both &) and ) have constant rank precisely if the pair is pre-regular.
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Proof. We consider the nullspaces of 7} and &}y, that is

ker 7)) = ker [E ={zeR™ :Ez; =0,Fz1 +Ez =0}

0
F E
={z€R™:Ez; =0,Fz €imE,E"Ezp = —E"Fz;}
={ze€R*:z ckerENkerZ*F,EYEzy = —E"Fz;},

E 0
ker &) = ker [E’—i—F E

= {z€R™:Ez; =0,(E'+F)z €¢imE,E"Ezy = —E"(E' +F)z}
={z€R™ .z ckerENkerZ*(E' + F),ETEzy = —E(E' + F)z1}.

} ={z€R™:Ez; =0,(E' +F)z1 +Ez =0}

Since Z*E'(I—ETE) = —Z*E(I — ETE)’ = 0 we know that ker ENkerZ*F =ker E NkerZ*(E'+ F) and
hence dimker &} = dimker &) = dim(ker E Nker Z*F) +m —r = 6 +m —r, thus rank &{;) = 2m — (6 +
m—r)=m+r— 6. O

6.2 Array functions for DAEs being transformable into SCF and for regular DAEs

In this Section, we consider important properties of the array function &jj and Z; from (49) and (63).
First of all we observe that both are special cases of the matrix function

E 0 0
o EV +F :
Iy = 051 E?) + By F(V oz ,EN) +F E :
01 1 EW + By D 141 E@ + B s FY og i EV+F  E
(66)

each with different coefficients o; ; and f3; ;. We do not specify them, as they do not play any role later
on.

Let for a moment the given DAE be in SCF, see (4), that is,

Iz O Q0
il (R E e ol
with a strictly upper triangular matrix function N. We evaluate the nullspace of the corresponding matrix
Ay () € R(m+km)x (m+km for each fixed ¢, but drop the argument ¢ again.

Denote
<0 Yo
z=|:| € R(/H-l)m’ Zj= [;J] c Rm’ Xj € Rd, yj € Rm_d, D =ye R(k+1)(m_d)
J
2k Vk

and evaluate the linear system [,z = 0. The first block line gives

.X():O, Ny0:07
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and the entire system decomposes in parts for x and y. All components x; are fully determined and zero,
and it results that .47y = 0, with

i N 0 071
I+ NW N
o N?  I+0a3,ND N
My = : . . N : (67)
: ) ) . 0
i Oék+1,1N(k) O‘k+1,k72N(2) I+ ak+1,kN(l) N |

This leads to the relations

rank ) = (k+1)d +rankJV[k],
dimker 7 = dimker A4,

such that the question how rank ¢ behaves can be traced back to 4. We have prepared relevant
properties of rank. 4 in some detail in Appendix 11.3, which enables us to formulate the following
basic general results. Obviously, if the pair {E,F} is transferable into SCF and N changes its rank on
the given interval, then E and &jp) = E do so, too. It may also happen that N and in turn &jp) = E show
constant rank but further &j; suffer from rank changes, as Example 7.6 confirms for i = 1. Nevertheless,
the subsequent matrix functions at the end have a constant rank as the next assertion shows.

Theorem 6.6. If the pair {E,F} is transferable into SCF with characteristics d and a = m — d then
(1) the derivative array functions &) and 9Dy become constant ranks for k > a — 1, namely

rig =rank &y =rank Zyy = km+d, k>a—1.
(2) Moreover,

dim(kerENSy) =0, k>a.

Proof. Owing to Proposition 6.3 we may turn to the SCF, which leads to
rank 7 = rank &) = rank /) = (k+ 1)d +rank A,
and regarding Proposition 11.8 we obtain
rank ./ = (k+1)d +rank Afy = (k+1)d +ka+rank NN, - - Ny 4,

in which NN, - -- Ny, 1 is a product of k+ 1 strictly upper triangular matrix functions of size a x a. Clearly,
if k> a—1then NN, ---Ni 1 =0 and in turn

rank 7 = (k+1)d + ka =km+d.
Now formula (65) implies for k > a,

dim(ker ENSyy) = m+ ryy —rank P )
=m+ry =gy =m+ (km+d)— ((k+1)m+d) = 0.

O]

It is an advantage of regular pairs that all associated matrix functions arrays have constant rank as we
know from the following assertion.
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Theorem 6.7. Let the pair {E,F} be regular on . with index W and characteristic values r and 6y >
o260y 2>0, 1 =0. Set 6, =0 for k > u. Then the following assertions are valid:

(1) The derivative array functions &y and 9y have constant ranks, namely

k=1
rig = rank & = rank Zpy = km+r— Z 6, k>1.
i=0
(2) In particular, ry) = rank &y = km+d, dimkeréyy=m—d=a, ifk>p—1.

(3) For k > u, there is a continuous function Hy : & — R sych that the nullspace of &l has the
special form

ker &y = { [j}] e R™hm . 7 =0, Hyw = 0}.

(4) dimSy =r—Y', 6;, k> 1, and dimSy,_j; = dim Sy, = d.

(5) Siu—1) = Sju) = Scan-
(6) dim(kerE ﬂS[k]) =6, k>0

Proof. (1): We note that this assertion is a straightforward consequence of [37, Theorem 3.30]. Never-
theless, we formulate here a more transparent direct proof based on the preceding arguments, which at
the same time serves as an auxiliary means for the further proofs. For 4 = 1 we are done by Lemma 6.5,
SO we assume U > 2.

Each regular pair {E,F} with index y > 2 and characteristic values r,6) > --- > 6,5 > 6,1 =0,
features also the regular tractability index y and can be equivalently transformed into the structured SCF
[41, Theorem 2.65]

oo e o
=fs 3. e-[2 )

in which the matrix function N is strictly block upper triangular with exclusively full column-rank blocks
on the secondary diagonal and N* = 0, in more detail, see Proposition 4.9 (1),

[0 N1 s lelvl i
0 Nos Nz#
N = . . . ,
Nﬂfl’“
- O -

with blocks N;; of sizes [; x Ij, rankN; ;11 = Iy,

and [y =m—d —r,l = 6p,...,l, = 6, >. Since rankcﬁ[k] and rank @[k] are invariant with respect to
equivalence transformations, we can turn to the array function .7 applied to the structured SCF, and
further to .4}y Regarding the relation

rank 77 = (k+1)d +rank Ay,
dimker ) = dimker .4,

we obtain by Proposition 11.8, formula (139),

rank 7 = (k+1)d +rank Ay = (k+ 1)d + k(m — d) + rank N**!
— km+d + rank N+,
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Lemma 11.5 (with [ = m —d) implies rank N*'! =m—d — (I; ++ - [y 1), thus rank N**! = m —d — (m —
r+6p+---+61)=r—d—(6p+---+ 6;_1), and therefore

k—1
rank 7y = km+r— Z 0;.
j=0

(2): This is a direct consequence of (1).
(3): This follows from Corollary 11.9.
(4): This is a consequence of relation (61) and the solvability properties provided by Theorem 4.8.

(5): This results from the inclusions S ) € S (1] and S w < Scan since all these subspaces have the same
dimension, namely d.

(6): Next we investigate the intersection S NkerE.

Applying (1) formula (65) (which concerns the nullspace of ;) immediately yields

dim(ker ENSj_y)) = m~+rj_y) —rank Dy = m+rg_y — g = O—1-

6.3 Differentiation index

The most popular idea behind the index of a DAE is to filter an explicit ordinary differential equation
(ODE) with respect to x out of the inflated system (48), a so-called completion ODE, also underlying
ODE, of the form

Dy Ax=f, (69)

with a continuous matrix function A : . — R™™_ The index of the DAE is the minimum number of
differentiations needed to determine such an explicit ODE, e.g., [7, Definition 2.4.2]. At this point it
should be emphasized that in early work the index type was not yet specified. It was simply spoken of
the index. Only later epithets were used for distinction of various approaches. In particular in [28] the
term differentiation index is used which is now widely practiced, e.g., [37, Section 3.3], [55, Section 3.7].
The following definition after [8]'? is the specification common today.

Definition 6.8. The smallest number v € N, if it exists, for which the matrix function &) has constant
rank and is smoothly 1-full is called the differentiation index of the pair {E,F } and the DAE (1), respec-
tively.”’ We then indicate the differentiation index by n®/f = v.

If &} is smoothly 1-full, then there is a nonsingular, continuous matrix function 7 such that
I, O
Ty = [0 H(J : (70)

and the first block-line of the inflated system (48) scaled by .7 is actually an explicit ODE with respect
to x, i.e.,

D4 (T F)ix = (T,

with a continuous matrix coefficient (7 %(y|)1 : # — R"*™. Supposing a consistent initial value for x,
that is, x(to) = xo0 € G}y (t9)*', the solution of the IVP for this ODE is a solution of the DAE [7, Theorem
2.48].

19Tn [7], this is the statement of [7, Proposition 2.4.2].
20For 1-fullness we refer to the Appendix 11.1
21gee representation (60).
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Proposition 6.9. The differentiation index remains invariant under sufficiently smooth equivalence trans-
formations.

Proof. Let &y have constant rank and be smoothly 1-full such that (70) is given. The transformed cof"[k]
has the same constant rank as &j). Following [37, Theorem 3.38], with the notation of Proposition 6.3,
we derive

K! 0] . I 0 }

—1 _
—HgHyn K" 1 7 Ay = [O He A 22

=7

 is pointwise nonsingular and continuous. The matrix function &)y and é~a[k] are smoothly 1-full simul-
taneously, which completes the proof. O

Proposition 6.10. The DAE (1) and the pair {E,F} have differentiation index one, if and only if they are
regular with index L = 1 in the sense of Definition 4.4. The index-one case goes along with Sjg) = Sjj) =
Scan and d = dimS,,, = rankE = r.

Proof. Let &}1) be smoothly 1— full,
= {E’]—EFF g} '
Owing to Lemma 11.1 there is a continuous matrix function H : .# — R with constant rank such that
ker & ={z€R™:7,=0,Hz = 0}. (71)
On the other hand we derive
ker&y) = {z €R* : Ez; =0, (E'+F)z1 + Ez, = 0}

={z€R™:Ez; =0,(E'+ F)z1 €imE,Ezy = —(E' + F)z1}.
Introduce the subspace S := {w € R” : (E’ +F)w € im E}. It comes out that

ker&j ={z € R?™: 7y e kerENS,Ezy = —(E' +F)z;}.
Comparing with (71) we obtain that the condition ker E NS = {0} must be valid, and hence

ker&jy = {z€R* :2; =0,Ez; =0}, dimkeréj;) = dimkerE.

Then, in particular, rank E is constant and the projector functions Q := I — EYE,W := [ — EE™" are as
smooth as E. This leads to WE'Q = —WEQ' = 0, thus kerE NkerWF = kerE NS = {0}. Then the
matrix function E + WF remains nonsingular and im [E F| = im[E WF] = R™. Now it is evident that the
pair {E, F} is pre-regular with 6 = 0 and furthermore regular with index u = 1.

In the opposite direction we assume the pair {E,F} to be regular with index u = 1. Then it is also
regular with tractability index one and the matrix function Gy = E+ (F — EP')Q : . — R™*™ remains
nonsingular, P :=1— Q. With

7 (I+QG{'E'P)~! 0 P ol [G;' o
T |-PG{'E'(I+0QG{'E'P)"" I||Q-PG['F P|]| 0 G

we obtain that

I 0
ggﬂ]:[o P]’

and we are done. OJ
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Proposition 6.11. If the differentiation index u®/’ is well-defined for the pair {E,F}, then it follows
that

(1) &airr) has constant rank ryairy)-

(2) The DAE has a solution to each arbitrary g € €™ (Z,R™) and the necessary solvability condition
in Remark 6.1 is satisfied, that is,

rank[g[k] ﬁ[kﬂ =(k+1)m, k=0,.. .,‘LLdiff.

3) g[udiff_l] has constant rank Fdisf —1) = Fpdirr) — M.
4) Suirs —1) = Sjyaiss) = Scan-
(5) kerENScqn = {0}.

Proof. The issue(1) is already part of the definition.

(2): The solvability assertion is evident and the necessary solvability condition is validated in Remark
6.1.

(3): Owing to [39, Lemma 3.6] one has corank &,,airs| = corank &]aisr-1) yielding (u4r 4+ 1)ym— Fludifs] =
,LLd’ffm — r[‘udiff_l] s and hence r['udiff_l] = l’[wliff] —m.

(4): Remark 6.2 provides the subspace dimensions dimsSars_y = riyairr_) — (u¥f — 1)m and
dimS[”diff] = F[pdiff) — .udiffm, Regarding (3) this gives dimS[udiff_l] = dimS[udiff]. Due to the inclu-
sion (56) we arrive at S[ud,-ff, 1= S[udiff]. It only remains to state that S[“diff] = Scan by [7, Theorem

2.4.38].

(5): This is a straightforward consequence of Assertion (4) and Lemma 11.1. 0

Theorem 6.12. Let the pair {E,F} and the DAE (1) be regular on .% with index W and characteristic
values r and 6y > -+ > 60,5 > 0,1 = 0. Then the differentiation index is well-defined, uditt = p,
and, additionally, the matrix functions &y have constant ranks and the subspaces Sy have constant
dimensions.

Proof. This is an immediate consequence of Proposition 6.7. O

In contrast to our basic index notion in Section 4.1, the differentiation index allows for certain rank
changes which is often particularly emphasized®,e.g., [7, 37]. In the special Examples 7.7, 7.8, 7.9 in
Section 7 below the rank of the leading matrix function E(r) changes, nevertheless the differentiation
index is well-defined. In Example 7.6 E(t) has constant rank, but r(;) varies, but the DAE has differen-
tiation index three on the entire given interval. However, it may well happen that a DAE having on .# a
well-defined differentiation index features a different differentiation index on a subinterval. We consider
the points where the rank changes to be critical points for good reason.

Remark 6.13. The formation of the differentiation index approach is closely related to the search of a
general form for solvable linear DAEs (in the sence of Definition 2. 1) with time-varying coefficients from
the very beginning [12, 8]. We quote [/, Theorems 2.4.4 and 2.4.5] and a result from [3] for coefficients
E F:. 9 —>R™

* Suppose that E,F are real analytic. Then (1) is solvable if and only if it is equivalent to a system
in standard canonical (SCF) form (4) using real analytic coordinate changes[7, Theorems 2.4.4].

22There have been repeated scientific disputes about this.
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» Suppose that the DAE (1) is solvable on the compact interval .#. Then it is equivalent to the DAE

in Campbell canonical form®
I; G|, |0 O g
6 Mo )=l

where N7+ zo = h has only one solution for each function h. Furthermore, there exists a countable
family’* of disjoint open intervals .#* such that U.#" is dense in % and on each .9, the system
N7y + 2z = h is equivalent to one in standard canonical form of the form Mw' +w = f with M
structurally nilpotent® [7, Theorems 2.4.5].

» Suppose an open interval .&. Then every system transferable into SCF with €"™-coefficients is
solvable.

Reviewing our examples in Section 7 we observe the following: If the pair {E,F} has on the interval
# the differentiation index /.Ldif /, then on each subinterval .%,;, € .# the differentiation index /.Lsdbjl{f is
also well-defined, which can, however, be smaller than p%// which has an impact on the input-output

behavior of the system. Our next theorem captures the previous observations and generalizes them.

Recall that we know from Proposition 6.10 that a DAE having differentiation index one is regular with
index one in the sense of Definition 4.4 and vice versa. We are interested in what happens in the higher-
index cases. The following assertion says that, for any DAE with well-defined differentiation index u®/f
on a compact interval .#, the subset of regular points .#,, is dense in .# with uniform degree of freedom,

but there might be subintervals on which the DAE features a strictly smaller differentiation index than
diff
JIRCEl

Theorem 6.14. Let the pair {E,F} and the DAE (1) be given on the compact interval .% and have there

the differentiation index v = p4if > 2.

Then there is a partition of the interval .% by a collection & of open, non-overlapping subintervals®®
such that

Usi=s, Flopen, 7nI=0 for Li#L;, lilj€8,
le®

and the pair {E, F } and the DAE (1) restricted to any subinterval .% ¢ are regular in the sense of Definition
4.4 with individual characteristics,

.ué < “diffu rﬂa 95 > 2 65572 > 95[,1 = 07 le 67

but necessarily with uniform degree of freedom d, which means
pl=2
d=d'=r"-Y o/, tece.
i=0

Furthermore, it holds that n%// = max{u’: ¢ € &}.

Proof. Owing to [37, Corollary 3.26] which is based on Theorem 11.3 there is a decomposition of the
compact interval .# by open non-overlapping subintervals .#*, £ € &, such that the interval .# is the
closure of Uyes.#*, and the DAE has a well-defined regular strangeness index on each subinterval .#*.

23This appreciatory name is introduced in [38].

24 As we understand it, this set is not necessarily countable, see Theorem 11.3.

25 A square matrix A is structurally nilpotent if and only if there is a permutation matrix P such that PAP~! is strictly triangular,
see [7, Theorem 2.3.6].

26We apply Theorem 11.3 according to which the set of rank discontinuity points can also be over-countable. This is why we
use the name collection in contrast to a countable family.
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In turn, by Theorem 5.9, the DAE is regular on each subinterval .#* in the sense of Definition 4.4 with
individual index u’ and characteristics

l

ut=2
ro8>6(>>0, >0, =0, d'=r'-Y 6

=0

As in Proposition 6.7 we set Gf =0 for j > u’— 1. Since the matrix functions &y is pointwise 1-full
and has constant rank r(,; on the overall .#, owing to Proposition 6.7 we have t; < v on each subinterval
7" and

Fy—1) = (V— Dm+r'—6,—6[ —---—6)_,—0,_; = (v—1)m+d",
r[j]:jm—l—dé, j>v—1.

Therefore, the values d’ are equal on all subintervals, d’ =d. Denote kK = max{ “e e} k<v,and
observe that r[,] = km +d on each subinterval .% ¢, thus rix) < km+donall &,

Owing to Proposition 6.11, on all .# it holds that Sj,; = Sean, dimSy.,, = dimSy = rj — vm =d. The
inclusion S (#) 2 Scan(t) which is given for all € .#, implies 7] — km > d on all .#. This leads to
rix] = km+d on all ¥ and S}y = Scan as well. Finally, &), has constant rank on the whole intervall,
and additionally, regarding again Proposition 6.11, it results that ker E NS}, = ker E N Sean = {0}. This
implies k¥ = v, since V is the smallest such integer. O

Remark 6.15. 7o a large extend similar results are developed in the monographs [ 14, Chapter 3] and
[16, Chapter 2] using operator theory. To the given DAE that is represented as operator equation of order
one, A\x = ExX' + Fx = q a left regularization operator A, = Avjt—vv 4+ +A; j—:l + Ay is constructed, if
possible, by evaluating derivative arrays 9 as introduced in Subsection 6.1 above and using generalized
inverses, such that Ay o A\x = X' + Bx. The minimal possible number Vv is called ([14, p. 85]) non-
resolvedness index, and this is the same as the differentiation index. In [14, 16] the SCF is renamed
to central canonical form. Instead of solvable systems in the sense of Definition 2.1, DAEs that have a
general Cauchy-type solution now form the background, see [ 14, p. 110].

6.4 Regular differentiation index by geometric approaches

In concepts that assume certain continuous projector-valued functions, especially where geometric ideas
play a role, one finds a somewhat restricted or qualified by additional rank conditions index understand-
ing. In [27], based on the rank theorem, a modified version of the differentiation index is given, which is
closely related to the differential-geometric concepts in [51, 50]. Indeed, the presentation and index def-
inition in [27] is a more analytical notation of the differential-geometric concept in [51], and this version
fits well with the rest of our presentation. As before, we are dealing with linear DAE:s.

Basically, the derivative array functions &j introduced in Section 6.1 are assumed to feature constant
ranks ry for all k. Due to the rank theorem there are smooth pointwise nonsingular matrix functions

Uy Vig : & — R (km-+m)x(km+m) sroviding the factorization
é"[k] = U[k]p[k]v[k]v P[k] = diag(l,[k] ,0,... ,0) € R(km-&-m)x(km-ym)'
Then, letting Q_[k] =/- P[k] we form the projector functions

- .
R[k} = U[k]P[k] U[k] onto 1m (oﬁ[k},
W[k} = U[k]Q_[k] U[;]l along im @@[k],
Q[k} = V[IZ]IQU(] V[k] onto ker (g)[k],

P = V'RV along  keréy,
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and turn to the equation

Sy + T = ap, (72)

which is divided into the two parts,
gy + Ry Fpx = Rygap, (73)
Wiy Fix = Wigqpy- (74)

Applying the factorization one obtains the reformulation of (73) to
Vig Pl Vigxiy + Vi Pl (Fgx = aug) = 0- (75)
Regarding (74) one has Fyx — q = UyP, k]U (9[,( — q), thus V[ ] U[k] (P> — qu) =
V[,:}lls[k] U[z]l (Zgx — qu)> and (75) becomes
145 1y—
Vig ' PuVigxiy = — Vi ' U (Figx —a),
xfk] = V[]:]l Q[k] V[k]xfk] — V[IZ]I U[z]l (ﬁ[k]x — Q[k])' (76)
Coming from (72) we deal now with the equation
)y + Fpt)x=qu(t), tes, (77)
where y € R&1m and x € R™ are placeholders for x{k] (t) and x(7).

Denote by C‘[k] the so-called constraint manifold of order k, which contains exactly all pairs (¢,x) for
which equation (77) is solvable with respect to y, that is

Ciy = {(x,1) € R" x . : Wy (t) (Fyy (1)x — qp (¢)) = 0}
= {(x,1) € R™ X I Wiy (1) P () x = Wi (1) gy (1)) }
={(x,1) eR"x I :x € Cy(t)},
with Ciy (t) from (51) which represent the fibres at ¢ of the constraint manifold C ] The inclusion chain

Cioy2Cpy 2+ 2 Gy

is obviously valid. For each (x,r) € Cy we form the manifold My (x,r) C RE+EDM of all y € R Hm
solving the equation (77). Regarding the representation (76) we know that My (x,?) is an affine subspace
parallel to ker &} (¢) and it depends linearly on x:

My (x,1) = {y € "7 oy = 2 — (U Vig) ™ () (Fiig (0)x — qp (1)), 2 € ker i (1) }
= ker &g (t) + {— (U Vi)~ (1) (Fpg (0)x — gy (1)) }- (78)

Using the truncation matrices

T[k} _ [Ikm 0] e kax(erkm)’

Ty = Ty Ty = (1 0] € RO,
the inclusions

My (x,1) 2 TiyMpyy (6,1) 2 -+ 2 TigMi (x%,1),
kerE(t) = ker &g (t) 2 Ty ker &y(t) 2 -+ 2 Ty ker &jy (1),

are provided in [27]. Each DAE solution proceeds within the constraint manifolds of order £ > 0, and we
have

x(t) € Ciy(2), x’[k] (t) € Myy(x(1),1), teS, k>0.

The corresponding index definition from [27, Section 3] reads:
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Definition 6.16. The equation (1) is called a DAE with regular differentiation index Vv if all &}; feature
constant ranks, Ty, M|y)(x,t) is a singleton for all (x,t) € C[V]’ and Vv is the smallest integer with these
properties. We then indicate the regular differentiation index by v =: u"@//.

From representation (78) it follows that Tj,|M[y)(x,t) is a singleton exactly if 7, ker &}, = {0}, thus
Tiy)Qpy) =0

With the resulting vector field v(x,?) := —T},;(Uyy, V[v])*l(t)(ﬂ[v] (t)x — qpy)(t), the DAE (1) having the
regular differentiation index v may be seen as vector field on a manifold, that is,

It must be added here that in early works like [27, 51] no special epithet was given to the index term.
It was a matter of specifying the idea formulated in [24] that the index of a DAE is determined as the
smallest number of differentiations necessary to filter out from the inflated system a well-defined explicit
ODE. In particular, in [27] there is only talk about an index-v DAE, without the epithet regular, but in
[51] regularity is central and the characterization of the DAE as regular is particularly emphasized, and
so we added here the label regular differentiation to differ from other notions, specifically also from the
differentiation index in Subsection 6.3. Based on closely related index concepts, some variants of index
transformation”’ are discussed in [27, 51], i.e., for a given DAE, a new DAE with an index lower by one
is constructed. We pick out the respective basic idea from [51, 27] which is in turn closely related to the
geometric reduction in [50].

Given is the DAE (1) with a pair {E,F} featuring the regular differentiation index u’@// = v. Then
{E,F} is pre-regular with r = rjg) and 6 = m+r —rp}, see Lemma 6.5. Let W and Ps be the ortho-
projector functions with kerW = im E and im Ps = kerWF = S. We represent Ps =1 — (WF)TWF.

Differentiating the derivative-free part WFx —Wgq = 0 leads to (WF)'x— (Wq)' = —WFX/, and in turn
tox' = PoxX' + (WF)™WFx = Psx' — (WF)T(WF)'x— (Wgq)'). Inserting this into the DAE (1) yields

EPX +(F—EWF)"(WF)x=q—EWF)*(Wq)'.
Regarding that P, = —(WF)Y'WF — (WF)*(WF)' and WFx = Wq we arrive at
EPxX' + (F +EP))x=q—E(WF)™Wq)'. (79)

We quote [27, Theorem 12]: The transfer from the DAE (1) to the DAE (79) reduces the (regular differ-
entiation) index by 1.

Next we show the close connection to the basic reduction step described in Section 4.1. By means of a
smooth basis C of the subspace S we represent the above projector function Ps by Ps = CC™,
C* = (cc*)~'c*, and rewrite (79) as

EC(C™x) +(F+ECCHx=q—E(WF)™Wq)'. (80)
Letting y = C"x, so that x = Psx = CCTx = Cy, we obtain
ECY +(FC+EC)y=q—E(WF)*Wq)
and finally, using a basis Y of im E as in Section 4.1,
Y*ECY +Y*(FC+EC)y=Y"(q—E(WF)™Wq)), (81)

which illuminates the consistency of (79) with the basic reduction step in [50] and Section 4.1.

27 Also called index reduction.
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Theorem 6.17. The following assertions are valid:

(1) If the DAE (1) is regular with index WL > 1 in the sense of Definition 4.4 then it has also the regular
differentiation index u’dif f= U, and vice versa, and the characteristic values are related by
V[O] =1,
r[l] =m-+r— 9(),
r[z] :2m+r—60—91,

Fy—2] = (V—Z)m—l—r— 6—6;—...—06y_3,
Fly—1] = (V— 1)m+r— 6—06,—...— 9\,72,
ry=Jm+d, j>zu-—1L
(2) If the DAE has regular differentiation index urdif ! then it has also the differentiation index /,Ldif f=
s,

(3) If the DAE has regular differentiation index u@f/ on the interval % then, on each subinterval
I C S, it shows the same regular differentiation index ,urd"f 1.

Proof. (1): Owing to Proposition 6.10 there is nothing to do in the index-1 case. If the DAE is regular
with index p > 2 in the sense of Definition 4.4 then it has regular differentiation index p"#// = u as an
immediate consequence of Proposition 6.7 and Lemma 11.1.

Contrariwise, let the DAE (1) have regular differentiation index u"@// = v > 2. Then the pair {E,F} is
pre-regular, and by [27, Theorem 12] the DAE

EPsX +(F+EPs)x=p, p:=q—E(WF)"Wq), (82)

has regular differentiation index v — 1. Using smooth bases ¥, Z,C, and D of im E, (im E)*  ker Z*F, and
(kerZ*F )™, respectively, we form the pointwise nonsingular matrix functions

K=[C D], L= [(Z*FZ*)IZ*]’

scale the DAE (82) by L and transform x = KX =: CX¢ + DXp, which leads to an equivalent DAE of the
form E¥ 4 Fx = Lp with coefficients

. Y*EC 0
E =LEPK = [ 0 0] ,
* * ! *
F=L(F+EP)K+LEPsK' = LFK + LE(PsK)' = [Y FCBY EC Y fD .
The resulting DAE reads in detail
Y*EC%#-+ (Y'FC+Y*EC)%c+ Y 'FDip=Y"p, (83)
ip=(Z'FD)"'Z%q. (84)

As a DAE featuring regular differentiation index v — 1, the DAE (83), (84) is pre-regular. Observe that
kerENkerWF = { m €ER":uckerY'EC,(Y*FC+Y'EC)u € imY*EC,v = 0} ,

which allows to restrict the further investigation to the inherent part

Y*EC)?/C + (Y*FC—l— Y*EC/))EC = Y*p — Y*FD(Z*FD)_IZ*q, (85)
~— | S ——
=E; =F
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which has also regular differentiation index v — 1, and dimkerE1 NkerZ{F = dimkerE NkerWF. If
v =2 we are done. If v > 2 then we repeat the whole procedure and provide this way a basic sequence
of pairs {Ey, Fy }.

(2): Lemma 11.1 makes this evident.

(3): This is given by the construction. O

We observe that the regular differentiation index is well-defined, if and only if the (standard) differentia-
tion index is well-defined, and, additionally, all preceding &[;; have constant ranks.

Remark 6.18. If {E,F} has differentiation index u?’// =: v the matrix function &[y] has constant rank,
and, due to Lemma 11.1, it holds that Ty, Q}y) = 0 such that the above formula (76) immediately provides
an underlying ODE in the form

¥ =Ty =~V Uy (Fx—am),

without the predecessors &j having to have constant rank and without the background of geometric
reduction.

6.5 Projector based differentiation index for initialization

The index concept developed in [20, 19, 21] has its origin in the computation of consistent initial values
and was initially intended as a reinterpretation of the differentiation index. Although it has therefore not
yet had an own name, in this article we will denote this index concept the projector based differentiation
index. Roughly speaking the projector based differentiation index is reached, as soon as by differentiation
we have found sufficient (hidden) constraints. For an appropriate description, orthogonal projectors are
used to decouple different components of x.

Let P=E'E,Q=1—P, and Wy = I — EE™ be the orthoprojector functions onto (kerE )L, kerE, and
(im E)*. Given that E(t) has constant rank on .#, these projector functions are as smooth as E is itself.
Then we decompose the unknown x = Px 4 Ox and rewrite the DAE as proposed in [29],

E(Px) +(F—EP)x=q. (86)
All solutions of the homogeneous DAE with ¢ = 0 reside within the timevarying subspace of R™
So={z€R":Fz€imE} =kerWpF = . (87)
The DAE (86) splits into the following two equations:
P(Px) +E*(F —EP')(Px+Qx)=E"q, (88)
WoF Ox = —WoF Px+ Wygq. (89)

Obviously, if the second equation (89) uniquely determines Qx in terms of Px and ¢, then replacing
QOx in (88) by the expression resulting from (89) yields an explicit ODE for Px. This actually happens
on condition that So Nker E = {0} is given, which indicates regular index-1 DAEs as it is well-known
[29, 41]. For higher-index DAEs this condition is no longer met. In the context of the projector based
differentiation index one aims for extracting the needed information concerning Qx from the inflated
system.

Thereby, the further matrix functions %y : . — [R (k) x (mk-+m)

P 0 } (90)

By —
M Lf{ku 1)
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plays its role. For k > 1 we evaluate the inflated system

éa[kfl]xfkfl] + Fl—1% = qp—1)-

Introducing the variable ® = Qx and decomposing x = Qx + Px = @ + Px yields the system

Pw =0,
S 11X + i 1© = g1 — TP,

that is,

© 0
# B : 91
4 [x{kl}] I:Q[k—l] - y[k_qu] ( )

If Ay is smoothly 1-full, then there is a pointwise nonsingular, continuous matrix function 7 such that

1

and the first block-row of system (91) multiplied by -7 reads

0
W= % )
< s [qv«—u —y[k—l]PXDI

which is actually a representation of Ox = @ in terms of Px and g, we are looking for. Inserting this
expression into equation (88) leads to the explicit ODE for the component Px,

(Px) —P'Px+E*(F—EP)(Px+®) =E"q,

and, supposing a consistent initial value for Px, eventually to a solution x = Px + Qx of the DAE.

Remark 6.19. Recall that the regular differentiation index focuses on the I-fullness condition of &
for its first m rows corresponding to x'. In contrast, we want to emphasize that the projector based
differentiation index focuses on the 1-fullness condition of Py for its first m rows, that correspond to x.

To get an idea about the rank of %y (¢) we point out its connection to the matrix Z(¢) defined in (63):
ker '%[k] (l‘) = ker @[k]

= { |:VZ\/:| ER™ xR™ . ;¢ kerEﬂS[kfl]ng)[]i”@@[k—l]W = _@@[]:rl]g[kl]z} , 92)

for the subspace Sy, defined in (55), and consequently,
rank Ay = m — dim(ker E N Sy_17) + 1) 93)
In addition, regarding the inclusions (56), we recognize immediately the inclusions
SoNkerE = Sjo)NkerE 2 SyyyNkerE 2O -+ 2 Sy_jyNkerE 2 SyyNkerk,

that for the projector #j from (54) and

P E
:=rank = rank =m—dim(kerENS
P {Ww 7 [k}] {Ww 7 [k]] ( )
obviously yield the inequalities

Po<p1r < S Pp-1 Spr<Sm.
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Definition 6.20 ([20]). If there is a number v € N such that the matrix functions &),..., &,y have
constant ranks, the rank functions po,...,Py—1 are constant, too, and

Pv—2 <Py-1=m,

then v is called the projector based differentiation index of the pair {E,F } and the DAE (1), respectively.
We indicate it by v =: uP*¥//,

Having in mind the known index-1 criterion Sjo Nker E = {0} we recognize the condition § (uebdiff —1] )
ker E = {0} to characterize the projector based differentiation index in general.

If the index pP?4// is well-defined, then owing to Lemma 11.1, the matrix function HB|ypwaisr) 18 smoothly
1-full and has constant rank r‘fﬁ pbaifr) = M T pbais_y)- Additionally, then E and A, i = 1,..., pupbdiff,
have constant ranks, too. Conversely, if there is a v € N such that E and ;%_’[i], i=1,...,v, have constant
ranks, and ), is 1 —full, and v is the smallest such integer, then the rank functions p; = rank %[ ] —ry,
i=0,...,v—1,are constant, and py,_» < py_| = m.

This makes it obvious that the following alternative definition, that is equivalent to Definition 6.20, may
also be considered:

Definition 6.21. If there is a v € N such that the matrix functions E, By, ..., B|y) have constant ranks
r[%ﬁ =, r‘fﬁ, .. .,rﬁ, respectively, and Vv is the smallest number for which the matrix function 2y is

smoothly 1-full, then v is called the projector based differentiation index of the pair {E,F } and the DAE
(1), respectively. Again, we use the notation v =: urb4iff,

With Lemmas 11.1 and 11.2, this means precisely that

M <rygtm =1y =1 =y m,

Remark 6.22. With regard to the computation of consistent initial values, if the index is U@/ then
for k = uP*r’ according to [19] a uniquely determined consistent initial value xo € Sik— 1](t0) can be
computed as solution of

minimize ||P(t0)(x0 — @),
subject to W] -1 (f0)X0 = #j—1)qpe—1) (10),

for a given guess Q. This solution can also be computed as solution xq of the optimization problem

minimize |1P(t0) (x0 — @)]|,
subject to Fli—1)(t0)x0 + Ejx—1)(fo)w = qp—1) (o)

for avector w € RM™ that is not uniquely determined, cf. (92) and the results for the solvability from [19].

There, the convenience of considering the orthogonal projector P instead of the matrix E for the objective
function is discussed, that led to the consideration of Ay instead of Dyy;. Moreover, for k > uPbdits the
last optimization problem permits the additional computation of consistent Taylor coefficients as parts of
w.

Proposition 6.23. The projector based differentiation index remains invariant under sufficiently smooth
equivalence transformations.

Proof. Owing to Proposition 6.3 and (93), the rank functions rank %)) and py are invariant under suffi-
ciently smooth equivalence transformations, which makes the assertion evident. O
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We emphasize again that the projector based differentiation index focuses on a 1-full condition for a
different matrix than the regular differentiation index. However, if the pair {E,F} is regular on the
interval .#, we can show that they turn out to be equivalent.

Theorem 6.24. Let the pair {E,F} be regular on .% with index | and characteristic values r and
6p>---> 6y 2> 6, 1 =0. Then the projector based differentiation index is well-defined and coincides
with the regular differentiation index i.e. Wt = yu = uP*4rf Moreover,

k=1
rank Ay = rank 7y = rank &y = km+r — Z 0, k>1,
i=0

pr=m—dim(kerENSy) =m—6;, k=0,....n—1,

and in particular

pu-1=m, Oy1=0, dim(kerENS_;)={0}.
Proof. This follows directly from ker A = ker 7, the definition of p; and Proposition 6.7. U

A closer look onto the matrix
[P G (94)

and the orthogonal projectors Q and P permits an orthogonal decoupling of the different components of
x with further orthogonal projectors”®. We briefly summarize these results from [20] and [21].

* To decouple the Q-component for k = 1,..., u, the projector 7 is defined as the orthogonal pro-
jector onto
P

ker E NSy 1) = ker [%kl]j[kl]

} =:im Tj.

Consequently, Tix corresponds to the part of the O-component that, after k-1 differentiations, can-
not yet be represented as a function of (Px,?).

* To characterize the different parts of the P-component, the matrix .#_; is further splitted into
F k1P and F_ )0, such that
[FunP Fun@ ]
is considered instead of (94). With this decoupling, the orthogonal projector ¥} with
ker ¥ =im [FpyQ ]
is defined, permitting finally to define the orthogonal projector V; onto
0 ] :
ker =:1m V;.
[“V[k—u%k—u ’

By definition, Vix represents the part of P-component that is not determined by the constraints
resulting after k-1 differentiations, such that d = rank V), = rankV),_ holds.

To determine the rank of 7; and Vi we will use the fact that rank #/;_ ;.7 is the number of explicit
and hidden constraints resulting after kK — 1 differentiations, and that with (59), (61) and Theorem 6.7 it
holds
k=2
rank%k_l]ﬂ[k_l] = rankV/[k_l] =m— dimS[k_l] =m-r+ Z 9,'. (95)
i=0

1

28That is why in this paper we have chosen the label projector based differentiation index for this DAE approach.
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Proposition 6.25. For every regular pair {E,F} on .% with index L it holds
k-1
rank T, = 6;_;, rankV,=r— Z ;.
i=0

1

Proof. For Ty, the assertions follows directly from the definition. For rank V;, we use (95) to obtain

b= 1 0 Qo P
— Y 6;=dimker?;, 1 %;_;1 = dimk "
r ;) 1mKer [k 1] [k 1] 1mKer |:0 W[kl]ﬁ[kl]:| |:P Q:|
. 0 P ]
= dimk
et [yﬁ[k—l]ﬁ[k—]]P Wii—1)F -1 Q

and have a closer look to the nullspace of the last matrix

{ [Z] ER™: Q71=0, Pzp=0, W) T k—11P21 + W) F -0z = 0}

_ { |:ZI:| cRY 71 € kerQNker V1) Fp—1s }
2 C Pu=0, Y yFp-n2=-"YiFk-nPu)’

Consequently, it holds
. P Y 21 . 21 € ker@Nker V_y F_y) =imVj,
dlmker%k_]]f[k_l] = dlm{ |:Z2:| e R € kerPﬂker%k,l]y[k, = im T, s

leading to
k=2
r— Y 6; =rankV; +rank T},
i=0
i.e.
k=2 k—1
rankV, =r— Z 0; —rank T, = r — 0;.
i=0 =0

1

1

This means that the m — r + Zf:g 0; linearly independent constraints from
W) () F 1) ()x = Wy () qpe—1) (t)
uniquely determine (I — Ty — Vi )x as a function of (Vjx,1).
For the orthogonal projector IT:=V,, =V, | with rankIl =d = r — Zl”: _02 0;, I'Lx represents the part of

P-components that is not determined by the constraints and can be used to formulate an orthogonally
projected explicit ODE

(Tx) — IT (TLx) + IIC(¢) (TLx) = Te() (96)

for suitable C(¢) and c¢(¢), cf. [21]. The remaining components (/ —IT)x can then be computed accord-
ingly with the constraints. Note that im IT is not orthogonal to S}, ;) in general, since #|,,_;; does not
coincide with %/, _j in general.

Note further that, by definition, 7, = QT = T;.Q as well as
Tii1 Ty = TiTerr = Tivrs, VitV = ViVieri = Vir, Ty Vi, =0

holds, cf. [21]. Therefore (Vy — V1) is an orthogonal projector as well, fulfilling rank(Vy — Vi11) = 6k
and (Vk — Vk+1) = P(Vk — Vk+1) = (Vk — Vk+1)P.
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Remark 6.26. It is opportune to mention that rank Ay serves as proven monitor for indicating singular
points by means of the algorithms from [22]. In [23] several simple examples are discussed and in [40]
the well-known nonlinear benchmark robotic arm is analyzed in detail.

Indeed, for many applications, the projector Ty is constant. If this is not the case, the changes in Tj
may provide an indication of which entries of E or F lead to a change of 6y_,. Comparing the obtained
projectors at a regular and a singular point, critical parameter combinations or model errors may be
identified, cf. Example 7.6, Example 9.21 and [23].

6.6 Strangeness index via derivative array

DAEs with differentiation index zero are (possibly implicit) regular ODEs, they are well-understood and
of no interest in our context here. Further, a DAE showing differentiation index one is a priori*’ a regular
DAE with index g = 1 in the sense of Definition 4.4, and it is rather unreasonable’’ here to change to an
underlying ODE. So the question arises as to whether one should even look for an index-1 DAE instead

of a regular ODE in general.

The aim is now to filter out a regular index-one DAE, more precisely, a strangeness-free DAE from an
inflated system instead of the underlying ODE in the context of the differentiation-index. Again we
consider the DAE

EX +Fx=gq

and try to find an associated new DAE with the same unknown function x in the partitioned form

Ewx +Fix =g, 97
sz = 5?2, (98)

which is strangeness-free resp. regular with index zero or index one in the sense of Definition 4.4. We
assume the given DAE to have a well-defined differentiation index, say v := u?//. By means of Propo-
sition 6.11 we obtain the constant numbers d = ry) — vm = dimS,,, and a = m — d such that
rly—1) =rankéjy,_j) = (V- 1)m+d = vm —a,
dimker &}, _y) = a,
im [Cg)[v—l]y[v—l]] =R"".
Then we form a smooth full-column-rank function Z : .% — RY"*“ such that Z*&},_;) = 0 and thus
kerZ*ﬁ[v_]] = S[y—1] has constant dimension m —a = d. Recall that S, _} = Sca. Let ¢ : & — Rmx*a
define a smooth basis of the subspace S}, ], so that Z*f[\,, 1]€ = 0. The matrix function EC has full

column-rank d due to Proposition 6.11. Therefore, with any matrix function Y : .¢# — R™*¢ forming a
basis of im EC we obtain a nonsingular product Y*EC.

Letting in (97), (98)
E\=Y'E, Fi=Y'F, § =Yg,
B=Z"Fy ., G=2Z"qy-y
we receive 6y = dim(ker £; Nker £3) = 0 since
kerEiNkerfs = { eR™:Y*Ez =0,z € Sv—11}
={zeR":z=Cw,Y'ECw =0} = {0},
and hence we are done.

This matter was developed as part of the index concept and formally tied into a so-called hypothesis. We
quote [37, Hypothesis 3.48] in a form adapted to our notation.

29See Proposition 6.10
301n view of different properties such as stability behavior and numerical handleability.
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Hypothesis 6.27 (Strangeness-Free-Hypothesis (SF-Hypothesis)). Given are sufficiently smooth ma-
trix functions EF : . — R™*™,

There exist integers [1,d, and d = m— @ such that the inflated pair {@@[ﬁ] , ‘%ﬂ]} associated with the given
pair {E,F} has the following properties:

(1) rank &y (1) = (A +1)m—a, t € 7, such that there is a smooth matrix function Z : .9 — R(Am-+m)xa
with full column-rank @ on .5 and Z* &) = 0.

(2) ForFy:=27* F|p) one has rank 75 (t) = a,t € ¥, such that there is a smooth matrix function
C: .7 — R"™4 ywith constant rank d on % and B>C = 0.

(3) rankE(1)C(t) =d, t € .#, such that there is a smooth matrix function Y : & — R™<d \ith constant
rank d on %, and, for E, :=Y*E, one has rank E, (t)=d,te 7.

The next definition simplifies [37, Definition 4.4] for linear DAEs.

Definition 6.28. Given are matrix functions E,F : . — R™ "™ The smallest value of [l such that the
SF-Hypothesis 6.27 is satisfied is called the strangeness index of the pair {E,F} and of the DAE (1). If
[ = 0 then the DAE is called strangeness-free.

Obviously, since the SF-Hypothesis is satisfied for DAEs having a well-defined differentiation index, it is
even more satisfied for regular DAEs in the sense of Definition 4.4 which also cover all DAEs featuring
the regular strangeness index from Section 5.3.

Remark 6.29. Also the notion regular strangeness index is sometimes used in the context of the SF-
Hypothesis, e.g., [2, p. 1261], [37, p. 154] with the reasoning that a differential-algebraic operator
somehow (see [37, Section 3.4]) associated to the strangeness-free reduced system (97), (98) is a contin-
uous bijection. Unfortunately, this is not a viable argument, because it says far too little about the nature
of the original DAE and its associated operator’’ Tx = Ex' + Fx. All differentiations are analytically
assumed in advance and available from the derivative array.

In addition, the term regular strangeness index is already used for the regular case of the original
strangeness index (see Definition 5.3 and footnote).

The SF-Hypothesis is associated with the fact that a DAE with differentiation index one always contains
a regular index-1 DAE, cf. Proposition 6.10.

It is claimed in [37, Theorem 3.50] that, if the pair {E,F} has differentiation index u¢// > 1 on a
compact interval then the SF-Hypothesis is satisfied with fi = u?// — 1, @ = a, and d=d.

Conversely, according to [37, Corollary 3.53], if the pair {E,F} satisfies the SF-Hypothesis then it
features a well-defined differentiation index, and u%// = fi + 1 applies if fi is minimal.

6.7 Equivalence issues

Let us summarize the most relevant results of the present section concerning the equivalence. We start
with a well-known fact.

Theorem 6.30. Let E F : % — R™ ™ be sufficiently smooth on the compact interval .%. The following
two assertion are equivalent:

(1) The differentiation index u/ of the pair {E,F} on the interval .% is well-defined according to
Definition 6.8.

31We refer to [32] and the references therein for basics on differential-algebraic operators.
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(2) The pair {E,F} satisfies the Strangeness Hypothesis 6.27 on the interval .9 with strangeness index
[l according to Definition 6.28.

If these statements are valid, then udiff =[+1and d=d= dim S.., and dimker@@[ﬁ] =d=a=m—d.

Proof. The direction (1) = (2) immediately results from Section 6.6 for an arbitrary interval. For the
more complicated proof of (1) <= (2) we refer to [37, Corollary 3.53], cf. Section 6.6. O

The other index concepts considered in the present section require additional rank conditions. It turns out
that they are equivalent among each other and comprise just the regular DAEs in the sense of the basic
Definition 4.4.

Theorem 6.31. Let E.F : . — R™™ be sufficiently smooth, i € N.

The following assertions are equivalent in the sense that the individual characteristic values of each two
of the variants are mutually uniquely determined.

(1) The pair {E,F} is regular on .% with index 1 € N, according to Definition 4.4.
(2) The DAE (1) has regular differentiation index u'*// = p.
(3) The DAE (1) has projector-based differentiation index uP*4/f = y.

(4) The DAE has differentiation index n%/ = y and, additionally, the rank functions i, k< urr, are
constant.

(5) The DAE fulfills the Hypothesis 6.27 with [ = L — 1 and, additionally, the rank functions ry), k < fl,
are constant.

Proof. The equivalence of (1) and (2) has been shown in Theorem 6.17 (1).

The equivalence of (2) and (4) follows from the equivalence of (1) and (4) in Lemma 11.1, since in both
cases all ranks are assumed to be constant.

The equivalence of (4) and (5) is a consequence of Theorem 6.30.
(1) implies (3) by Theorem 6.24.

For the last step of the proof of equivalences we verify that (3) implies (5). Let (3) be given, so that
rjj = rank &} is constant, i = 0,..., 4 — 1, kerE mS[qul] = {0}, and the necessary solvability condition
(57) is satisfied. We set (1 := u — 1, d:= um—ry,_yj, d := m—a and show that the Hypothesis 6.27 with
these values is satisfied.

First, it results that dim(im &}, )= = @ and there is a smooth basis Z : .# — R¥"*@ of (im &, _)*
such that Z* &y, ) = 0.

Next, regarding the condition (57) we evaluate
rankZ*gf[u,l] =m-— dimkerZ*ﬁ[u,H =m-— dimS[/xfl] =Hm—ry_q)= a.

Finally, since dim S -1 = cf, with a smooth matrix function C : .¢ — R’"X‘j forming a basis of dim § 1>
we obtain a product EC that feature full column-rank d. Namely, it holds

kerEC ={z € RY:Cze kerE} = {z € RY:Cz e kerENS),_y} = {0},

and the Hypothesis (6.27) is satisfied, and thus statement (5). ]

We now indicate how the individual characteristic values depend on those of the base concept. Because
of the equivalence, this allows to determine the relationships between the values of any two concepts
providing regular DAE:s.
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Theorem 6.32. Let the pair {E, F } be regular on .9 with index i € N and characteristics r <m, 6y =0
if u =1, and, for u > 1,

u—2
j=0
Then the three array functions &y, 2y, and By feature shared constant ranks,

ri = rank &y = rank Zj = rank By,

and the following relations concerning the characteristic values arise:

k—1
rg=km+r—Y 6;, k=1,...,
j=0
in particular,
u—2 p—1
M- = (@—1)m+r— 269/- =(u—1)m-+d, Flu) = Wm+r— Z{)GJ- =um+d,
Jj= Jj=

and, moreover,

pr =m—dim(kerENSyy) =m—6, k=0,1,...,

k—1
rank T, = 6;_;, rankV,=r— Z 0;, k=0,1,....
Jj=0

and, conversely,

I":I"[O],

B0 = m+rio =y,

Ou—2 = m+ry o = -1,
Ou—1 = m+ry 1) =1
d= Flu—1]— (‘LL — l)m =T — Hm.

Proof. The relations for the characteristic values follow from Theorems 6.17 and 6.24. ]

Corollary 6.33. Regular and critical points in the sense of the Definition 5.13 are independent of the
specific approach.

We emphasize that, for the approaches gathered in Theorems 6.31 and 6.32 that capture regular DAE:s,
constant r and 6; are mandatory. In contrast, the two concepts recorded in Theorem 6.30 allow changes
of r as well as the 6;, as long as i and d remain constant. This motivates the following two definitions.

Definition 6.34. Given are E,F : .9 — R™ ™. The critical’® point t, € .7 is said to be a harmless
critical point®™ of the pair the pair {E,F} and the associated DAE (1), if there is an open neighborhood
U > t, such that the DAE restricted to % N is solvable in the sense of Definition 2.1.

32See Definition 5.13.
33Note that this definition is consistent with thatin [17, 41, 55] which is formulated in more specific terms of the projector-based
analysis.
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Harmless critical points only become apparent with less smooth problems and in the input/output be-
havior of the systems. For smooth problems, we quote from [55, p. 180]: the local behavior around a
harmless critical point is entirely analogous to the one near a regular point. That is precisely why they
are called that. The Examples 7.8, 7.6 and 7.9 in the next section are to confirm this, see also [4 1, Section
2.9].

By Theorem 6.14, for a DAE featuring a well-defined differentiation index on a compact interval, the set
of regular points is dense and all critical points are harmless.

Definition 6.35. Given are E,F : . — R™ ™. The pair {E,F}, and the associated DAE (1) are almost
regular if all points of .7 are regular points in the sense of Definition 5.13 or harmless critical points in
the sense of Definition 6.34 and the regular points are dense in 7.

7 A selection of simple examples to illustrate possible critical points

We use a few simple examples to illustrate several critical points that can arise with DAEs. For a deeper
insight we refer to [55].

7.1 Serious singularities

Example 7.1 (r constant, 8y changes). Recall Example 4.10 from Section 4.2

E(t)—[i _t], F(t)—LZ) g], teR.

—t
We know already that the homogeneous DAE has the nontrivial solution

x(t) = y(1—1)? m ,tE€R, with yER,

and t, = 1 is obviously a singular point of the flow, because of

0 t#1
kerE(1)NSo(t) = {z € R?: 721 —12 = 0,21 = 22}, ie., Op(t) = {1 . f .
* The framework of the tractability index with

B b o o ¢ e w2 -1
A._E,D_{O O},GO_AD_E,QO_[O 1],BO—F AD_[O 1}

leads to

I t—-1
1 —t+1

2 t#1

G1=G0+B()Q()=|: | =1

:| ,det Gy :2(1—t),r1(t) = {

This indicates t, = 1 as critical point.
* By Lemma 6.5 we obtain ry)(t) = m+r—6y(t) =3 — 6p(t) .

Example 7.2 (r changes, 6y constant). This example is a special case of [41, Example 2.69]. We consider

the pair
10« B 7 _
E_[O O], F_[l 1], m=2,

and a,B,y: & — R are smooth functions. a*+ (B —7y)? > 0 ensures that rank[E(t),F (t)] = 2 and
o(t) = 0 requires B(t) # y(t).

56



Estévez Schwarz, Lamour, Médrz | The Common Ground of DAE Approaches QDAE

1

. 1
We have r(t) = {(1) a(t) iég KerE(f) im H a(t) #0 nd
"= R a(n)=0
So(t) ={z€R":F(t)z €imE(t)} = im [_1 a(t) #0,
{0} o(t) = 0.

Surprisingly we obtain for 0y(t) = dim(ker E(t) NSo(¢)) = 0 for all .
A simple reformulation of ExX' + Fx = q shows the equations

axy+(y—B)x2 = q1 — Bqa,
X] = —X2+4q>.

We consider the particular case that y(t) — B(t) = M # 0 constant, ¢ = 0 and o/(t) = t, which leads to
the singular scalar homogeneous ODE for x;

tx5(t) +Mxy(t) = 0. (99)

The solution is x(t) = ct™ with an arbitrary real constant c, see Figure 1.

Example 7.3 (r constant, ) constant, 6; changes). Given a smooth function 3 : .% — R, we investigate
the pair {E F},
1 00 0 0 B
E(t)=10 1 0|, F@r)=|1 1 0
00O 1 0 0

A look at the associated DAE brightens the type of singularity. The DAE reads

-xll + BX} =41,
Xy +X1+X2 = ¢,
X1 =43,
which can be rearranged to
X1 =43,
X+ =q2— g3,
Bxs = q1 — di.

It is now evident that, if B has zeros, then the DAE is no longer solvable for all sufficiently smooth
rigt-hand sides q.
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From a more general point of view, the pair {E,F} is pre-regular with m = 3. r =2 and 6y = 1 and the
singularity can be detected by different approaches.

We start with the basic approach, letting
1 0 00
wo=[0 1|, an=|1 o,
0 0 0 1

the first step in the basic reduction procedure leads to the new pair

no-[) o] no=[ P,

The new pair {E\,F1} is pre-regular if and only if the function B has no zeros, and then one has 6; = 0,
and hence the pair {E,F} is regular with index two.

In contrast, if B(t.) = 0 at a point t, € .Z, we are confronted with 0,(t,) = 1 and rank[E|(t,)F; (t.)] =
1 < m, and the pair {E\, F} fails to be pre-regular. In turn, the original pair {E,F'} is no longer regular.

The tractability framework (35) leads to
1 0B
Go=E,By=F,0Q0 = 0 ,Gir=10 1 0],
1 0 00

which immediately indicates zeros of B as critical point, too, because of

NiNNy = {16R3:zl =0,20 =0,Bz3 =0},

0 0
ie,ul (t) = {1 g 7&0, which is called ”B-singularity* in [41, Definition 2.75] and [55, p. 144].

Next we consider the first array functions

10 0 0 0 0] 0 0 B()]
01 0 000 11 0
oo o oo0o0f _ . |to o
=10 0 gy 1 0 ol TWO=10 o p
11 0 010 00 0
10 0 00 0 00 o0 |

and compute rank &) (t) =4 = m+r— 6y independently of how the function B behaves. However, the
necessary solvability requirement rank[&)(t), 1) (t)] = 6 is satisfied only if B(t) # 0, but otherwise one
has rank[cf[l](t*),ﬁ[l] (Z*)] =35.

Example 7.4 (r constant, 6y constant, 6; changes). Given is the pair {E,F} withm = 2,
1 -1 2 0
0=y ). Fo=g 0] res=tr

such that E (t) has constant rank r = 1 and rank[E (t), F (t)] = m. Following the basic reduction procedure
in Section 4.1 we choose and find

20 =[] w0 =[] aw-[F].

kerE(r)Nker(ZF)(t) = {z € R?* : 71 = 25,120 = 0},

58



Estévez Schwarz, Lamour, Médrz | The Common Ground of DAE Approaches QDAE

and
Ei(t) = (Y*ECy)(t) =t, Fi(t) = (Y'FCy)(t) + (Y*EC})(t) = 2t +5.

The pair {E,F} fails to be pre-regular on .% because of

Go(t)—{ (1) gffoo,

however, it is pre-regular and regular with index one on the subintervals [—1,0) and (0,1]. The corre-
sponding DAE,

X —x5+2x = q,
Xp =X+ (1+2)0 = g2,
reads in slightly rearranged form as
—tx2 +2(x1 —x2) = q1 — q2,
(1= + 2+ 2) (1 —x2) = 42— 1 (+2) (01— 02)

Having a solution of the ODE for the difference x| — xy we find the original solution components by
x| = %(ql — (x1 —x2)") and xp = x; — (x; —x2). No doubt, t, = 0 is a critical point causing a singular
inherent ODE of the DAE. We refer to [35], where this example also comes from, for the specification of
bounded solutions.

Inspecting the array functions

1 -1 0 0 0 0
1 -1 0 0 1 -1 0 0 0 0
1 -1 0 0 2 0 1 -1 0 0
=1 o 1 1| ‘@@= t+2 1 —1 0 0|’
0 t+2 1 —1 0 0 2 0 1 —1
0 2 0 r+2 1 —1]

we see that

2m—1=3 lft#o
rankéa[]](l‘):{ 2m—2=2 l:ft:O7

3m—1=5 ift#0
rankéa[z](f):{ 3m—2=4 ift=0,

and the rank of the array functions also indicates this point t, = 0 as critical.

Example 7.5 (r and 6, change). Given a smooth function o : .% — R, we investigate the pair {E,F'},

0 afr) 0 —6 0 0
Er)=10 0 1|, F@)=|0 1 0|, rte.7,
0o o0 O 1 01

and the associated DAE living in R™, m = 3,

/
ax, —bx; = qi,
/
X3 +x = q2,
X1 +x3 =qgs.
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Rearranging the DAE as

axh +6x3 = q1 + 6g3,
/
X3 +X2 ={q2,

X1 +x3 =gq3,

we immediately know that the fact whether the function o has zeros or even disappears on subintervals
is essential. Note that rank [E(t)F(t)] =m =3 forallt € .7, but rankE(t) = 2 if at(t) # 0 and otherwise
rank E(t) = 1. Obviously, on subintervals where a/(t) does not vanish, we see a regular index-one DAE
with characteristics r = 2,0y = 0 and d = 2. In contrast, if the function o vanishes on a subinterval
then there a regular index-two DAE results withr =1,0) = 1,0, =0 and d = 0. There is no doubt that
points with zero crossings of & are critical and may cause singularities of the solution flow, see Figure 2.
It should be emphasized that the rank conditions associated with regularity Definition 4.4 exclude such
critical points on regularity intervals and the corresponding reduction procedure reliably recognizes
them.

Investigating the corresponding low level array functions, &) = E, ﬁ[o} =F,

0 a 00 0 O 6 0 0
0 0100 0 0 10
0 0 00 0 O 1 01
=126 o 00 a 0 7U=]|0 0 ol
0 1 00 0 1 0 0 0
1 0 1 0 0 0 0 0 0]
"0 a 0 0 0 00 0 0] 6 0 0]
0O 01 0 0 00U00O0 0 10
0O 00 0 0 0O0TO0O 1 01
6 & 00 a 00 0 0 0 0 0
Ey=|0 1 0 0 0 100 0, Zyp=|0 0 0f,
1 01 0 0 0000 0 00
0 a 0 —6 20 00 a O 0 00
0O 00 0 1 00 0 1 0 00
0 0 0 1 0 10 0 O L0 0 0

we find that the ranks of the derivative arrays also indicate those critical points, namely

—1=2 ifa()#0
rank &g (1) = {Z—z =1 ;focEt; =0
2m—1=5 ifa()#0
rank &) (t) = { 2m—2=4 ifa(t) =0,a/(t) #0
2m—3=3 ifa(t)=0,a'(t)=0,a"(t) #0,
3m—1=8 ifa(t)#0
3m—2=7 ifa(t)=0,a'(t) 0
rank &y (1) = {3m—3=6 ifa(r)=0,0/(r)=0,a"(t) #0,a"(t) # 6
3m—3=6 ifa(t)=0,a'(t)=0,0"(r) =
3m—4=5 ifa(t)=0,a'(t)=0,a"(t)=6.
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Figure 2. Solutions for x, and x3 computed with MATHEMATICA, Version 13 for

0 forzée (—e,0 ) .
alt) =4 , or# € ( ], g1 = q2 = g3 = 0 in Example 7.5. The difficulty to plot the
1+ fort € (0,00)

solution around 0 is due to the singularity.

7.2 Harmless critical points

The first example of the present section, that shows an almost regular DAE, is of particular interest be-
cause r and d are constant, while 8y and 6; change. To our knowledge such an circumstance was not
discussed in literature before, since harmless critical points were usually tight to rank changes of E.
Therefore, for this example we illustrate in detail how four different approaches identify critical points.
The three other examples of the section are classical cases discussed in the literature showing rank
changes of E.

Example 7.6 (r constant, 6y and 0, change). Given is the pair {E,F} with m = 4, and smooth functions
a,fB: I =R,

01 a@) o 100 0
oo o B o100
EO=100 o 1] FO=1g o9 1 o' ¢
00 0 0 000 1

such that E(t) has constant rank r =2 and rank [E(¢)F (t)] = m.

The associated DAE reads

xh + oy +x1 = qi,

B, +x2 = qa,
Xy +x3 = g3,
X4 = q4.

For each sufficiently smooth right-hand side this DAE possesses the unique solution,

X1 =q1—q,— g3+ B'gy+ (o + B)gy,

X2 ={q2 _ﬁqﬁh
X3 =q3— 4,
X4 = (44,

that is, the DAE is a solvable system in the sense of Definition 2.1 with zero dynamical degree of freedom.
It can be checked immediately that in the sense of Definition 4.4 the DAE is regular with index U = 3 and
d = 0 on all subintervals where o + 3 has no zeros, and it is regular with index L =2 and d = 0 on all
subintervals where o+ B vanishes identically.

61



Estévez Schwarz, Lamour, Médrz | The Common Ground of DAE Approaches QDAE

We analyse this example with four different approaches. All of them lead to the same values for the
characteristics 0:
6 6, 6
ao+B#A0 1 1 0. (100)
o+p=0 2 0

Basic reduction procedure, cf. (7). We have Ey = E and Fy = 1. We obtain for a basis of kerEj Zy =

0 0 1 0 1 0
_1[3 8 and a basis of im Ey Yy = 0 113 . So=kerZ;Fy = {ze R*:z0 = Bz3,z4=0}. Cp = 8 [13
0 1 0 0 0 0
forms a basis of Sy.
1 * 0 a+ ﬁ * * / 1 ﬁ/
The next reduction step serves Ey = Y§EoCo = 0 0 and Fy = Y5 FoCo + Yy EoCy = 0 1+p2
To determine 6y we investigate ker Eg Nker ZjFy = {z € R*: (a4 B)z3=0,24 = 0,20 = az3}.
We have now to continue with two different cases.
1
* a+ B #0: It results that kerEg NkerZjFy = {z € R*:z3 =0,24 = 0,70 = 0} = im 8 and
0

therefore 6y = 1.
The new pair [E\, Fy] is pre-regular. Z; = [(1)] Y1 = [

B=YRC =1

kerEy NkerZi Fi = {z € R? : z0 = 0}, which means that 6; = 1.

The last reduction step delivers the pre-regular pair E; = 0 and F>» = 1, which leads to 6, = 0 and
therefore L = 3.

1}, and C| = [1

0 O}’ ie, By =YE|Ci =0and

* a+f =0: In this case we obtain for ker EgNkerZjFy = {z € R*:24=0,20 = az3} =im

o= Q O

1
0
0
0
and therefore 6y = 2.

ﬁ/

The next matrix pair is E1 = 0 and the nonsingular F; = [0 1 4 B2

]. [E1, F1] is pre-regular and
we obtain ) = 0 and therefore | = 2.

Projector based analysis (tractability index) with the related matrix chain, cf. (35).

10 0 0
Go—=E, By—=F—ED, Q= 8 8 _10‘ 8 . D=PR=1—-0,
00 0 0
1 1 ao—0o' O
G1 =Go+BoQo = 8 8 —1oc [13
00 0 0

To determine an admissible nullspace projector Q1 we analyse ker G1.
kerG; ={z € R*: +z+ (00— OC/)Z3 =0,—az3+Pza=0,23+2z4 =0}
={zeR':z1+n+(a—a)z3=0,(a+B)z =0,23+24 = 0}.

Also here we have to continue with two different cases.
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s a+p#0:
-1
We obtain that kerG, = {z € R*: 24 =0,23 = 0,21 + 20 = 0} =im (1) and rank G, = 3.
0
0 -1 —a O
. . . 0 1 a 0
An admissible nullspace projector is Q1 = 0 0 0 0 and TI) = PP = Ph(I — Q) =
0 0 0 O
0
0
0
1

The next matrix chain level starts with By = BoPy — G\D~(DIL}D~)'DIly = BoPy —
G D~ 11| DI1y = BoPy and we obtain

1 1 a—ao 0
01 0 B
G, =G +B101= 0 0 1 ik
00 0 0
kerGy={z€R*: 71+ 20+ (@ — &')z3 = 0,20 + Bz4 = 0,23 + 24 = 0}
a—o' +p
=im :113 and rank G, = 3.
1
000 a—d+p
. . 000 —B
As an admissible nullspace projector we choose Oy = 00 0 1 and
00O 1
[T, =11,(I — Q2) = 0. The nonsingular matrix
1 1 a—o 0
01 0 B
G3 =G+ B20r = 0 0 1 i
00 0 1
which indicates that the index is 3.
* oo+ B = 0: For this case we obtain the nullspace
a+a -1
kerGi={zeR*:z1+n+(a+a')z;3=0,23+24 =0} =im 1 (1) andrank G| = 2. As
1 0

an admissible nullspace projector we can choose

0 -1 —a o
0 1 a a
O 0 0 -1
0O 0 0 1

and obtain because of I1} = 0 as the next matrix chain element the nonsingular matrix

1 1 a—o 0

0=

o1 o B
=19 0 1 1|’
00 0 1
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which indicates an index 2 DAE.

For the characteristics we have, cf. (43), 0;_1 = m —rank G;, leading to (100).

Differentiation index concept. Inspecting the array functions

o
S

~

~

coo—~oo0Oo
R e R Y e R e
o~ ofR oo o

— o ™Moo ~™o

R

O = OR OO OO
IO oo OO

o~ oR oo o

~
N
~

IS}
)
IS}

N

CO00000O0O0O0CO00 OO0 OOO
OO0~ 00000000 OCOO—~LOOOO
COO0ORQR OO0 OCOOROOCOO
OS—THIOOOO0OO0O0O0O0D O—HWO OO O

coocococooco—~o0coooo
coocococo—~o0oo00 O~
coRo—~oWMoo —~™mo
cooco—~ocoocoocoocoocoooo
co~ococooco~o0o0o0oo

[\®]
—_— oo oo

S O O
S = O

we find

| Sa1g028

but, in contrast, &) (t) does not undergo any rank changes,

dimker &}y (1) =4, rankdjy () =3m—4=38.

Using for 6; = m+rjy) — i1}, (¢f. Theorem 6.32), the characteristic values 0 are the same as in (100).
Nevertheless, this DAE has a well-defined differentiation index being equal three. We add that the DAE
according to [11, Chapter 9] is quasi-regular with an index less than or equal to three.

Projector based differentiation concept. Starting from

1 0 1 0 0 0 0 0 0 0

_ a? —a 0 L a 0

kerE(t) = im 8 1a , 0= g a2 Tta? 8 . P= 0 lJ;va 1J&a2 .

1+a2  1+02 1+a2  1+02
0 0 0 0 0 0 0 0 0 1
we recognize
0O 00 00 1
kerQ = ker [O | 0} ,  kerP =ker [O | o O] .
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On the one hand, we have

1 0 O
. . . 0 —
m[Zg0 &gl =im[e  E]=im|) % P).

0O 0 O

such that ¥jo and its rank depend on whether & = — is given or not. On the other hand the explicit
constraints are

x2—B(t)x3 = q2— B(t)gs,
X4 = 44,

such that

[0 0 o 1-‘

p 01 o O

ker E N Sy :ker{ } = ker =B 0|
0 0 1

Again, the dimension of this space depends on o+ . Therefore, we consider two cases:

s oo+ B #0: Then

1 1 000
P .10 00 0O
kerEﬂS[o]—ker[%O]ﬂ[OJ im | T = 000 ol
0 0 00O
and
L 0 00 0 O 0 O
1 a
o } [ -‘ 0 7o 1g O
ker[ =ker |0 —a 1 0|, V= tot 1ty )
Yo F 0 0 0 1] 0 7% Tea O
0 O 0 O
The next steps leadtoV, =0, T, =Ty, V3 =0, T3 = 0, such that
r=2, 6=1, 6,=1, 6,=0, pu=3, d=0.
s a+ B =0:Then
1 O
P 0 —o
kerEﬁS[O]—ker[%o]y[O]]—1m o 1| T\=0,
0 0
and
[1 0 0 0-‘
0 _ 0 —a 1 O _
ker [ 7/[0] 9’[0]] = ker 0 1 o ol Vi=0
0 0 1

The next step leads to Vo =0, T, = 0, such that

r=2, 6=2, 6,=0, =2, d=0.

In summary, all approaches lead to the same characteristic values (100) and reveal the same critical
points at the zeros of o+ B.
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We realize that we have a solvable DAE here, although all the procedures show critical points and in
particular not all derivative-array functions have constant rank. By Definition 6.34, these crical points
are harmless. From the solution representation we recognize the precise dependence of the solution on
the derivatives of the right-hand side q. Accordingly, a sharp perturbation index three is only valid on
the subintervals where o+ B has no zeros, and perturbation index two on subintervals where o + f3
is identically zero. This is very important when it comes to minimal smoothness and the input-output
behavior from a functional analysis perspective.

0 forte[-1,0)

Example 7.7 ([7], d = 1, r and 6, change, in SCF). Given the function o/(t) = 3
r°  forte0,1]

we consider the pair {E,F},

1 0 O 1 0 0
E(t)=10 0 a(t)|, F@)=|0 1 0|, tes=[-1,1],
00 O 0 0 1
and the associated DAE (1),
-xll +X1 =d{q1,

/
ch3 +-x2 =42,

X3 =4qs3.

By straightforward evaluations we know that the DAE has differentiation index two on the entire interval
[—1,1], but differentiation index one on the subinterval [—1,0)].

Obviously the DAE forms a solvable system in the sense of Definition 2.1 with dynamical degree of
freedom d = 1 on the entire interval [—1,1].

The DAE is regular with index two in the sense of Definition 4.4 on the subinterval (0, 1], and regular
with index one on [—1,0]. Similarly, the perturbation index equals one on [—1,0], but two on each closed
subinterval of (0,1].

Observe that &) (t) = E(t) changes the rank at t = 0, but rank &,)(t) = 4, &y (t) =7, t € [-1,1], and
r(t)—6(t) =d =1 is constant.

Example 7.8 ([7] Example 2.4.3, d constant, r and 6y change, not transferable into SCF). For the
functions

o) =

{0 forte[-1,0) B =

> fort€0,1],
we consider the DAE (1) with the coefficients

3 forte€[-1,0)
0 forte0,1]

| 0 o) (o _
E(t)= [[3(1) 0 ], F(r)= {0 1], te s =[-1,1].
To each arbitrary smooth right-hand side q, the DAE has the unique solution
X1 = q1 — 0,
X2 =42 — Bqlla

so that it is solvable with zero dynamical degree of freedom. The DAE has obviously perturbation index
two.

Observe that &) (t) = E(t) has a rank drop att =0, but rank &})(t) = 2, rank &} (t) =4, t € [~ 1,1]. The
DAE has differentiation index two on the entire interval [—1, 1] and also on each subinterval.

In contrast, the basic reduction procedure from Section 4.1 indicates the pointt = 0 as critical. The DAE
is regular with index two and r = 1,0y = 1,0, = 0,d = 0 on both subintervals [—1,0) and (0, 1].
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Example 7.9 (d = 0, r changes, index 1 or 3, in SCF). With this example in SCF we illustrate that a
change of r leads to an in- or decrease of the local index on subintervals that differ more than one. Given
the function

_JO0  forte[-1,0)

oft) = we consider the pair {E,F},
) 3 fort€]0,1] pair {E.F}

0 a() O 1 00
E(t)=10 0 «a(r)|, F@)=1|0 1 0|, te.s=[-1,1],
0 O 0 0 0 1

and the associated DAE (1),
ax,z +x1 = q1,
axy+x; = qo,

X3 = qs.

By straightforward evaluations we know that the DAE has differentiation index three on the entire interval
[—1, 1], but differentiation index one on the subinterval [—1,0].

The DAE forms a solvable system in the sense of Definition 2.1 with zero dynamical degree of freedom
d = 0 on the entire interval [—1,1].

The DAE is regular with index three, r =2,0) = 1,0, = 1,0, =0, and d = 0 in the sense of Definition 4.4
on the subinterval (0,1], and it is regular with index one, r = 0,6y =0, and d = 0 on [—1,0]. Similarly,
the perturbation index equals one on [—1,0], but three on each closed subinterval of (0,1].

The rank of &) (t) and &)y (t) changes att = 0 but &y (t), &j3)(t) have constant rank each. More precisely,
we have

dimker &g (1) = { ; ,-’fg((f))f (()),
dimker &) (1) = { i gg((zt))f(()),
dimker &) (1) = dimker &3 (1) =3, €./ =[-11].

7.3 A case study

With the following case study we emphasize that monitoring the index of DAEs is not sufficiently
informative. For a deeper understanding of their properties, all characteristic values r and 6; should be
considered.

For identity matrices [; € R™>™ _j=1,2,3 and constant strictly upper triangular matrices N, € R"2*"2,
N3 € R™*™ of the special form

0 1 0
N= |00 | =2,
: |
00 0
let us consider DAEs of the form
Oll(l)ld 0 0 x’l Bl([)ll 0 0 X1 q1
0 OCz(l‘)Nl 0 x’2 + 0 ﬁg(t)]z 0 X =192,
0 0 (X3(I)N2 x'3 0 0 ﬁ3(t)13 X3 q3

with m = m; 4+ my + m3 and smooth functions o;, B; : . — R.
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» We focus first on the functions f;:
— Zeros of B () are not critical at all.

— If By(t.) or B3(t.) are zero for ¢, € .Z, then [E(t.) F(t.)] has a trivial row. Then {E, F'} is not
qualified on .Z, cf. Definition 4.1 and the necessary solvability condition (57) is violated as
in Example 7.3.

* Let us suppose now that 3, and 33 have no zeros and focus on o :
— Zeros of () obviously cause a singular ODE o (¢)x} + i (£)x1 = g1

— If oy has no zeros, then the degree of freedom is constant d = m; regardless of whether the
o;, i = 2,3, have zeros or not.

* Let us suppose now that ¢, B> and B3 have no zeros and focus on @, 03:
— For ax(t) #0, 03(t) # 0 for all t € .#, the DAE is regular with index u = max {my,m3}.

— For my > m3 and o () # 0 for all r € .7, the DAE has differentiation index y = my and all
points ¢, such that o3(z.) = 0, but a3 does not identically vanish in a neighborhood of z,, are
harmless critical points.

— For my > m3, all points ¢, such that 0 (7.) = 0, but o does not identically vanish in a neigh-
borhood of ¢,, are harmless critical points.

— For my > m;, if o vanishes identically on a subinterval .%, C .#, then the DAE restricted to
this subinterval has differentiation index u < ms < my.

— In general it may happen, if both o and 3 vanish on a subinterval, that there the index
reduces to one.

In general, for o;(f) # 0, B;(¢) # 0 fori =1,2,3 and j = 2,3, by construction it holds

r=mi+(my—1)+(m3—1),

u = max{my,m3},
2 fori <min{my—2,m3—2},

0;=1q1 for min{my—2,m3—2} <i<u-—2,
0 else,

d=m,.
For instance, for m; = 4,m; = 2,m3 = 3 this means

r=1, w=3, 6 =2,
61:17 92:0, d:4

In general, zeros of o; or B; imply a change of these characteristic values.

For general linear DAESs, the components are intertwined in a complex manner, such that it is not possible
to guess directly whether zeros of some coefficients in {E,F} are critical or not. However, monitoring
these characteristic values may provide crucial indications.
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8 Main equivalence theorem concerning regular DAEs and further
comments on regularity and index notions

8.1 Main equivalence theorem concerning regular DAEs

We finally summarize the main equivalence results of the preceding sections in statements for regular
pairs {E,F} and associated DAEs (5) on the interval .#. Each of the involved equivalent DAE frame-
works is based on a number of specific characteristics. The characteristic values correspond to require-
ments for constant dimensions of subspaces or ranks of matrix functions. Recall that we always assume
for regularity that the matrix functions E, F : .# — R"™*" are sufficiently smooth and E has constant rank
r.

In the previous chapters, we precisely described the relationships between the individual characteristics
of each concept and the 8-values (8),

602"’29/.1—2>9u—1 :07

introduced in our basic regularity Definition 4.4. The following main theorem emphasizes the univer-
sality of the O-characteristic, which is why we take the liberty of calling them and r canonical charac-
teristics, which for regular DAEs in particular indicate the dynamical degree of freedom d = dim S,
and the inner structure of the canonical subspace N.4,, cf. Remark 4.5. We claim and highlight that the
characteristics 6; can be found regardless of which DAE concept we start from.

Let us briefly consider the easier cases u =0, 1:

* For constant r = m the regular DAE is a regular implicit ODE, and the index is g = 0. We can
interpret this as 6; = 0 for all i and d = m.

* For constant » < m the condition 6y = 0 is equivalent to ¢ = 1. We interpret this as 6; = 0 for all i
and d = r < m. Then we have a regular index-one DAE and a strangeness-free DAE, respectively.

Owing to Proposition 6.10 we know that the DAE associated to the pair {E,F} has differentiation in-
dex one if and only if the pair is regular with index one in the sense of Definition 4.4. Moreover, all
further index-1 concepts are consistent with each other, too, which is well-known. To enable simpler
formulations, we now turn to the case that the index is higher than or equal to two.

For regular DAEs with index y > 2 we have seen that 8y > 0 follows by definition, as will be specified
in the following. For the sake of uniformity, in general for i > u —2 we set 6; = 0, cf. Remark 5.11.

Theorem 8.1 (Main Equivalence Theorem). Let E,F : . — R™ ™ be sufficiently smooth, and i € N,
u=2.

Part A (Equivalence): The following 13 assertions are equivalent in the sense that the characteristic
values (constants) of each of the statements can be uniquely reproduced by those of any other statement:

(0) The pair {E,F} is regular on % with index i € N according to Definition 4.4, with the associated
characteristics

r=rankE, 6p>--->6, 2>6,_ 1 =0, 6 :=dim(kerE;NS;).

(1) The pair {E,F} is regular on .% with index i € N according to Definition 4.3, with the associated
characteristics
r=ro>r>...>ry | =ry, ri:=rankEk;.

(2) The pair {E,F} is regular on .% with elimination index Ut = p according to Definition 5.1, with the
associated characteristics

r=ry>ri>. >k =1

— E
s rE .= rank EE.
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(3) The pair {E,F} is regular on .% with dissection index u” = u according to Definition 5.2, with the
associated characteristics

r:rggr?g---grﬁ,l<rﬁ:m, P =rankEP =P, +a? .

(4) The pair {E,F} is regular on . with strangeness index u° = | — 1 according to Definition 5.3, with
associated characteristic tripels

(r*s a siS), i=0,...,u—1, r(S):r,sS

1% “_1:0.

(5) The pair {E,F} is regular on .% with tractability index u’ = p according to Definition 5.5, with
associated characteristics

r:rggr{§-~-§r5_1<r£:m, riT:rankG,-.

(6) The pair {E,F} can be equivalently transformed to block-structured Standard Canonical Form (14),
in which the nilpotent matrix function N(t) = (N; j(t))fl j:l?Ni7 i+ I — R s block-upper-
triangular, has nilpotency index [ on %, and has full row-rank blocks on the secondary block

diagonal, with characteristics

1<l §---§l~u, l,-:rankN,-JH,i: 1,...,,LL—1,l~u:m—r,r::rankE.

(7) The pair {E,F} can be equivalently transformed to block-structured Standard Canonical Form

(14), in which the nilpotent matrix function N(t) = (N;;(t)) _ ., Ni ; : F — RI¥U s block-upper-
i,j=1 5]

triangular, has nilpotency index | on .#, and has full column-rank blocks on the secondary block
diagonal, with characteristics

h>-->Ily, i =m—rly =rankN;;y,i=1,...,u —1,r :=rankE.

(8) For the pair {E,F} the DAE (1) has regular differentiation index u// = u on .% according to
Definition 6.16, with associated characteristics

rop =11 < r[,-,l]—l—m, i=1,...,u0—2, Flu—1) :r[u]—l—m, T(i] ::rank@@m.

or the pair {E,F} the as projector-based differentiation index If =y on % accord-
(9) For the pair {E,F} the DAE (1) has proj based di jation index uP*’ =y on & d
ing to Definition 6.20, with associated characteristics

o] =75 T[] < Fli-1 +myi=1,....,0—2, i = ranké"[[],
po << pu2<py1=m,p;:=m—dimkerENS}.
(10) For the pair {E,F} the DAE (1) has projector-based differentiation index u**// = y on .# ac-

cording to Definition 6.21, with associated characteristics

XB %

I’[O] :r,r[i] <r[i71]—|—n’l,l:17...,‘LL—27 r[uil]:r

) rﬁ) :=rank Z;.

(11) For the pair {E,F} the DAE (1) has differentiation index [.Ldiff = W on ¥ according to Defini-
tion 6.8 and, addionally, also the matrix functions 5[,-], i < U, feature constant on %, so that the
characteristics are

rio) = 1, 1 < rji—1) tm, i=1,...,u—2, Fu—1] = Fp) +m, 1 == rankéa[i].

(12) For the pair {E,F} the DAE (1) satisfies the Strangeness-Free-Hypothesis (6.27) on .% with (I =
U — 1 with associated characteristics G and d = m — a, and, addionally, also the matrix functions
é"m, i < [, feature constant on ¥, so that the characteristics are

o) =1, I < Ti—1) +myi=1,...,u—2, Tu—1] =um+d, i = ranké"m.
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Part B (Relations between characteristics):

Let the DAE (1) be regular with index L in the sense of Definition 4.4 or one of the equivalent statements
of Part A. Then the following relations concerning the diverse characteristic values are valid:

Lh=m-—r, lNMZm—r7

andfori=1,....u—1

liy1 =61, Li=0u 1,
i-1
rjj = rank | = rank &) = rank & = km+r — Z 0;.
j=0

Conversely, fori=0,...,u — 1, we obtain

E _ T _
i i+l_m_ri+1_m_r'D+l

N N
eizri—riﬂzsiz'?g—riﬂzrz i

=m—P; =Trj — g1 +m,
which leads to 6,1 = 0, and
O =lir=1_i1, for i=0,...,u—2.
Part C (Description of resulting main features):

Let the DAE (1) be regular with index L in the sense of Definition 4.4 or one of the equivalent statements
of Part A. Then the following descriptions concerning the dynamical degree of freedom d of the DAE and
the number of constraints a are given:

u-2
d:r— Z 9,',
i=0
u—2
a=m—d=m—r+ Z 6;,
i=0

Proof. Part A:

* The equivalence of two of the five statements (0), (2), (3), (4), and (5), is given by Theorem 5.9.
As main means of achieving this serve [32, Theorem 4.3] and Proposition 4.9.

* The equivalence of two of the statements (0), (8), (9), (11), (12) has been provided by Theorem
6.31. An important step for this proof is the equivalence of (0) and (8) that has been verified by
Theorem 6.17 (1).

* The equivalence of (0) and (1) has been verified in Section 4.1 right after Definition 4.3.

* The equivalence of (0) and (6) as well as that of (0) and (7) are implications of Theorem 5.15 and
Proposition 4.9.
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* The equivalence of (9) and (10) has been shown in Section 6.5 right after Definition 6.20.

Part B and Part C: These are straightforward summaries of the related findings of Theorem 5.10,
Corollary 5.16, Theorem 6.32, and Corollary 5.12. O

Obviously, each one of the equivalent statement (0)-(12) from Theorem 8.1 implies both statements (1)
and (2) from Theorem 6.30, but the reverse direction does not apply, cf. discussion in Section 6.7 and
examples in Section 7.

Indeed, (1)-(2) from Theorem 6.30 only require constant um and d.

In case of regularity the dynamical degree of freedom d = r — ZIHZ Bz 0; is precisely the dimension of the
flow-subspace of the DAE S.,,. This basic canonical subspace is characterized in different manners in
literature, whereas we emphasized

* S.an =1m C (see Section 4.1),

* Scan = 1m I, (see Section 5.4),

* Scan = S[u—1) (see Section 6.2).
The second canonical subspace N4, is defined to be the so-called canonical complement to the flow-

subspace,
Scan(t) ®Nean(t) =R, 1€ ..

Actually N4, accommodates important information about the structure of the DAE and the necessary
differentiations. This is closely related to the perturbation index. Only an in a way uniform inner structure
of that part of the DAE which resides in the subspace N,,, ensures a uniform perturbation index over the
given interval. We know the representations:

* Nean = kerC;;E (see Proposition 5.8),
* Nean = kerlleq, =kerIl, 1 = No+Nj+---+ Ny 1 (see Section 5.4).

If the DAE is in standard canonical form
I; O , Q@) 0 B
[O N(t):|x(l‘)+ [ o I x(t)=q(t), te.?, (101)

where N is strictly upper triangular, then the canonical subspaces are simply

.| . 0
Scan =1m |:g:| ; Ncan = 1m |:Ia:| )

and the behaviour of the particular solution components proceeding in N, is governed by the properties
of the matrix function N. Clearly, if N is constant, which means that the DAE is in strong standard
canoncal form, then the DAE is regular with index u and characteristics 6y > -+ > 6y 2 > 6, 1 =0, u
is the nilpotency index of the matrix N and the Jordan normal form of the matrix N shows>*

6y Jordan blocks of order > 2,
0, Jordan blocks of order > 3,

6,3 Jordan blocks of order > u —1,
0,2 Jordan blocks of order u.

34Compare also Remark 4.5 and Section 5.6.
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Eventually, each DAE being transformable into strong standard canonical form is regular, and its char-
acteistics are determined by the structure of the nilpotent matrix N. This gives the characteristic values

r and 902"'29#,2>9“,1:0

a rather phenomenological background apart from special approaches and the further justification to call
them canonical. The latter is all the more important if our following conjecture proves correct.

Conjecture 8.2. Let E,F : .9 — R™™ be sufficiently smooth. If the pair {E,F} is regular with index
W > 2 then it is transformable into strong standard canonical form and the Jordan normal form of the
matrix N is exactly made of

m—r—8y Jordan blocks of order 1,
6y — 0, Jordan blocks of order 2,
01, — 6, Jordan blocks of order 3,

0u—3— 06y 2 Jordan blocks of order 1 — 1,
0u—2 Jordan blocks of order .

8.2 What is regularity supposed to mean?

As we have seen, our formal basic definition of regularity in Section 4.1 agrees with the view of many
other authors. We keep in mind that the characteristic values in all corresponding concepts are derived
from specific rank functions and represent constant rank requirements. The equivalence result then allows
the simultaneous application of all the corresponding different concepts.

We associate regularity of a linear DAE Ex' + Fx =g, E,F : . — R, with the following five criteria
ensuring a regular flow combined with a homogenous dependency on the input function g on the given
interval :

(1) The homogenous DAE Ex’ + Fx = 0 has a finite-dimensional solution space S.4,(1),f € %, with
constant dimension d = dimS,4,(¢),t € .#, which serves as dynamical degree of freedom of the
system.

(2) The DAE possesses a solution at least for each g € €' (. ,R™).

(3) Regularity, the index u, and the canonical characteristic values

u-2
r<m,6y>-->6, ,>6, 1 =0,d=r—Y 6, (102)
k=0

persist under equivalence transformations.

(4) Regularity generalizes the Kronecker structure of regular matrix pencils.

(5) If the DAE is regular with canonical characteristic values (102) on the given interval .#, then its
restriction to any subinterval of .# is regular with the same characteristics.

In other words, a regular linear DAE is characterized by its two canonical subspaces S.,,;, and N4, both
featuring a homogenous structure on the given interval.

A point t, € .# is called a regular point of the DAE, if there is an open interval .#, containing #, such that
the DAE is regular on .#, N .#. Otherwise the point . is called a critical point. If the DAE is regular on
the interval .#, then all points of .# are regular points. It should not go unmentioned that there are also
other names for this, including singular point in [55, Chapter 4] and exceptional point in [37, Page 80].
We prefer the term critical because in our opinion it leaves it open whether there are strong singularities
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in the flow or harmless critical points in solvable systems that only become apparent at rigorously low
smoothness properties as pointed out, e.g., in [4 1, Section 2.9], see also Definition 6.34. We refer to [55,
Chapter 4] for a careful investigation and classification of points failing to be regular.

The class of regular linear DAEs comprises exactly all those DAEs that can be transformed equivalently
into a structured SCF from Theorem 5.15, that is, the inner algebraic structure of the subspace N4y (1), t €
7, which represents the pointwise canonical complement to the flow-subspace S.4,(#), does not vary with
time. Correspondingly, there is a homogenous structure on the whole interval .# of how the solutions
depend on derivatives of the right-hand side g. In particular, the perturbation index does not change if
one turns to subintervals.

The class of almost regular linear DAEs established in Definition 6.35 coincides with the class of solv-
able DAEs by Definition 2.1, see also Remark 6.13, and it is actually more capacious than the class of
regular linear DAEs, which are all solvable, of course. Almost regular systems possess a well-defined
differentiation index p%// and they satisfy the SF-Hypothesis with I = u%// — 1. They feature a dense
set of regular points. More precisely, they satisfy the above regularity issues (1), (2), and (4). Issue
(5) is not valid. Almost regular systems allow for so-called harmless critical points which do not affect
the flow in sufficiently smooth problems. Instead of issue (3) one has merely a flow-subspace S.4, () of
constant dimension d and a pointwise canonical complement N, (¢) of constant dimension a = m — d,
but the inner algebraic structure of the latter is no longer constant. The perturbation index may vary on
subintervals.

8.3 Regularity, accurately stated initial condition, well-posedness, and ill-posedness

Let {E,F}, E,F : . = [a,b] — R™, be a regular pair with index y and canonical characteristics r and
6p>--->6y 2> 6, 1 =0. The DAE has the dynamical degree of freedom d. Obviously, for fixing
a special solution from the flow one needs precisely d scalar requirements but also a right way to frame
them. We consider the initial value problem (IVP)

EX +Fx=q, (103)
Gx(a) =7, ye€imgG, (104)
with sufficiently smooth data and the matrix G € R**™, s > d, rank G = d.

The initial condition (104) for the DAE (103) is said to be accurately stated, e.g. [32, Section 5], [42,
Definition 2.3], if there is a solution x,, each IVP with slightly perturbed initial condition,

EX' 4+ Fx=gq, (105)
Gx(a)=yv+Ay, Ay€imgG, (106)
has a unique solution x, and the inequality

max |x(1) —x.(1)] < K|Ay|
t€(a,b]

is valid with a constant K. As pointed out in [32], the two canonical time-varying subspaces, the flow-
subspace S.4, and its canonical complement N,,,, which are for a long time established in the context of
the projector based analysis, e.g., [41], are well-defined for regular DAEs and the initial condition (104)
is accurately stated, exactly if

kerG = Nygn(a). (107)
This assertion is evident, if one deals with a DAE in SCEF, that is,

W +Qu=f,
NV +v=g, (108)
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and

la 0 Q0 . a . [0
E:[O N:|’F:|:O Ia]’Sc‘mzlm[O:|7Ncan:1m|:la:|,G:[ld 0].

To achieve easier insight we suppose a constant N in (108). Denoting by Py: a projector matrix along the
nullspace of the power N, such that N° = N'Py, the unique solution v, corresponding to g is given by
formula

u—1 ) )
vo=g+ Y (=N)'(Pyg)", (109)
i=1

which precisely indicates all involved derivatives of the right-hand side g. It becomes evident that each
initial requirement for v, (a) would immediately passed to consistency condition for the righthand side g
and its derivatives. Condition (107) has to prevent this.

If the initial conditions are stated accurately, small changes only have a low effect on the solution. Un-
fortunately, this can look completely different if the right side of the DAE itself is changed. The smallest
changes in g can cause huge amounts in the solution. We take a closer look to the initial value problem
with perturbed DAE,
EX +Fx=q+Aq, (110)
Gx(a)=v, y€imG,

and suppose kerG = N,4,. Again we turn to the SCF, which decomposes the original problem into an
IVP for a regular ODE living in R¢ and an index-u-DAE with zero-dynamical degree of freedom,

W+Qu=f+Af, ula)=y,

NV +v=g+Ag. (111)
Again, to easier understand what is going on, we suppose a constant N. Then the unique solution of (111)
reads

u—1 ) )
v=g+Ag+ Y (—N) (Pyi(g+A4g)". (112)
=1

According to the traditional definition of Hadamard, an operator equation Ty = z with a linear bounded

operator T between Banach spaces Y and Z is called well-posed if T is a bijection, and ill-posed other-

wise. In the well-posed case, there is a unique solution y € ¥ to each arbitrary z € Z, and the inverse T~

is bounded, too, such that, if z tends to z, in Z, then y := T~z tends in Y necessarily to y, := 7 ~'z,, and
by =yslly < N7~ zy llz—zell2-

Whether a problem is well-posed or ill-posed depends essentially on the choice of the function spaces Y
and Z, which, however, should be practicable with respect to applications. It is of no use if errors to be
investigated are simply ignored by artificial topologies, see [44, Chapter 2] for a discussion in the DAE
context.

What about the operator L : Y — Z representing the IVP (103), (104) with accurately stated homogeneous
initial condition, that is ¥ = 0. It makes sense to set

Lx= (Ex)! —E'x+Fx, x€Y
Y ={yc%(la,b],R™) : Ey € €'(la,b],R™),Gy(a) =0}, Z=%[a,b],R™).

If the DAE has index u = 1, then N.,, = kerG = ker E, in turn

Y ={ye€(la,b],R™) : Ey € €' ([a,b],R™),Ey(a) = 0},
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and L is actually a bijection, e.g., [29, 41, 44]. A particular result is then the inequality

max |x(¢) —x.(¢)| <M max |Aqg(t)], (113)
t€[a,b] t€la,b]

for x, and x corresponding to g and g+ Ag, respectively. For higher-index cases, thatis £t > 2 and N # 0
in the SCEF, the situation is more complex. Then the operator L is by no means surjective anymore. Its
range im L C Z is a proper, nonclosed subset so that L is not a Fredholm operator either. This can be
recognized by the simplified case E = N,F =1, d = 0, x = v. Regarding that

p—l el

rank Py = rank N = Z 0j, rankPy =rankN' = Z 0;, i=2,....1,

j=0 j=i—1

formula (109) leads to the representation
imL = {g € €([a,b],R™) : Pyig € €' ([a,b],R™), i=1,...,u—1},

which rigorously describes in detail all involved derivatives. This representation also reveals that the
DAE index is only one important aspect, but that the exact structure can only be described by all the
canonical characteristic values together. Moreover, from (109), (112) it results that

u—1
Vv =Ag+ Y (—N) (Pu(ag) ",

i=1

which makes an inequality like (113) impossible.

We emphasize that an IVP (103), (104) with accurate initial conditions is a well-posed problem in this
setting only in the index-one case. In the case of a DAE (103) with a higher index y > 2, an ill-posed
problem generally arises. Thus, a higher-index regular DAE always has a twofold character, it is on the
one hand a well-behaved dynamic system and on the other hand an ill-posed input-output problem.

To give an impression of this ill-posedness, we will mention a very simple example elaborated in [44,
Example 2.3], in which E and F are constant 5 x 5 matrices, the matrix pencil is regular with index four,
the input is ¢ = 0, the corresponding output is x, = 0, the perturbation Aq has size en~! and tends in Z
to zero for n tending to oo, but the corresponding difference x — x, shows size £n?, growths unboundedly
for increasing n, and tends in ¥ by no means to zero.

For more profound mathematical analyses, for instance in [33] to provide instability thresholds, individ-
ual topologies specially adapted to im L can be useful. Then one enforce a bounded bijection L: Y — Z
by setting Z = im L and equipping Z with an appropriate norm to become a Banach space, however,
you need a precise description of im L for that. Of course, in this decidedly peculiar setting the problem
becomes well-posed in this solely theoretical sense [44].

At this point it must also be mentioned that in some areas of mathematics the question of continuous
dependencies is completely ignored and yet the term formally well-posed is used, e.g. [56, p. 298].
Unfortunately, this can lead to considerable misunderstandings, as the above mentioned simple example
[44, Example 2.3] shows already.

The aim of [56] is to make results from the algebraic theory of linear systems usable for DAEs, in par-
ticular methods of symbolic computation together with the theory of Grobner bases to provide formally
well-posed problems. Among others it is figured out with a size-three Hessenberg DAE that the first
Grobner index 7, recovers the strangeness index p’ and the differentiation index by 7 = %/ —1.
Moreover, [56, Proposition 5.3] provides the relation p, <y + 1 as upper bound of the perturbation
index for DAEs being not under-determined. Clearly, it is well-known that u, = u = u’ = uS+1 for
regular linear DAEs, and u, = u4irf for DAEs being solvable in the sense of Definition 2.1. However, for
DAE:s being over-determined the differentiation index is not defined, but strangeness index and tractabil-
ity index are quite different, [31, 41]. It seems to be open whether any of them is recovered by an Grobner
index.

76



Estévez Schwarz, Lamour, Médrz | The Common Ground of DAE Approaches QDAE

8.4 Other views on regularity that we do not adopt

In early work, when less was known about DAEs, regularity was associated with special technical re-
quirements. But there are also different views on the matter in current research. We pick out just a few
of the different versions.

At the beginning it was assumed that the so-called local pencils AE(r) + F(t), for fixed ¢, and their
Kronecker index were relevant for the characterization not only of DAEs with constant coefficients. The
associated term is the so-called local index. In contrast, then the further index terms were given the suffix
global. Today it goes without saying that our index terms in this sense are of a global nature, i.e. related
to an interval, and we avoid the global suffix.

 In the famous monograph [7, Page 23] regularity of the DAE Ex’ + Fx = q is considered as regularity
of the associated local matrix pencils AE(t)+ F (t),t € .#. The intention behind this is to obtain feasible
numerical integration methods. However, it is ibidem pointed out that this regularity does not imply
solvability in the sense of Definition 2.1. For instance, the DAE with coefficients

E(t)= [:i ﬂ , F(t)= [(1) ﬂ , te g =[-1,1],

features solely regular local pencils, det(AE(r) + F(t)) = 1,t € .#. However, it can be checked that,
given an arbitrary smooth function y: . — R,

solves the homogenous DAE. This specific pair {E, F } is pre-regular (r = 1,6 = 1) but not regular in our
context, since the next pair {Ej, F} } is no longer pre-regular, im [E; F;] = {0} # R".

Apart from the inappropriate definition of regularity, the focus at the time on numerical methods bore
many fruit and, with the exclamation ”Differential/Algebraic Equations are not ODEs”, [47], generated
a great deal of interest in DAE:s.

* With a completely different intention, namely to obtain theoretical solvability statements, in the
monographs [6, 59] it is assumed for regularity, among other things, that there is a number ¢ such that
cE(t)+ F(¢) is non-singular for all t € .#. Even for the pair

0=y o Fo=[}

that we recognize today as regular with index two and characteristic r =1, 6y = 1, 0; = 0, this requirement
is obviously not met. Nonetheless, in [6, Chapter 5], [59, Chapter 2] devoted to this kind of regular system
some statements about solvability are provided. However, these results are very restricted by the then
current working tools such as the Drazin inverse and the like.

* In [3] regularity is understood to mean equivalent transformability to SCF. The class of DAEs that
can be transformed into SCF is more comprehensive than the regular DAEs defined by Definition 4.4,
and also includes DAEs with harmless critical points, which we have excluded for good reason. On the
other hand, the class of DAEs being transformable into an SCF is only a subclass of almost regular DAEs
according to the Definition 6.35, which contains DAEs featuring further harmless critical points.

*  We quote from [37, p. 154], in which Hypothesis 3.48 is the local name for the SF-Hypothesis 6.27:

“...Hypothesis 3.48 is the correct way to define a regular differential-algebraic equation. Regularity here
is to be understood as follows. A linear problem satisfying Hypothesis 3.48 fixes a strangeness-free
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differential-algebraic equation.... The underlying differential-algebraic operator ... with appropriately
chosen spaces, is invertible and the inverse is continuous.”

This definition de facto declares the solvable DAEs to be regular, against what we already argued in the
Subsection 8.2. What is more, the attempt to justify this is somewhat confusing. Surely, strangeness-free
DAE:s, i.e. index-zero or index-one problems, are well-posed operator equations in natural spaces, which
is well known at least through [29, 41, 44], see also Subsection 8.3 above. In detail, the original DAE
ExX + Fx = q which satisfies the SF-Hypothesis®” is remodelled to

Y*EX' +Y*Fx=Y"q,
Z"Fy_yx=Z"qy_1) =: p-

But to analyze the original equation, perturbations of the right-hand side g + Aq are appropriate, which
leads to p +Z*Aq[,_y) within the transformed DAE. This fact is not recognized and only continuous
functions A p are applied, which actually hides the DAE structure. In the context of local statements on
nonlinear DAESs, e.g. [37, p. 164] this seems to be even more critically.

* Recently, in the textbook [38], that is the second edition of [37], the following regularity definition
(that we adapted to our notation) is emphasized as central notion.

[38, Definition 3.3.1]: The pair {E,F} and the corresponding DAE Ex' + Fx = q are called regular if

(i) the DAE is solvable for every sufficiently smooth ¢ ,
(ii) the solution is unique for every 7y in a compact interval .# and every consistent initial condition
xo € R™ given attg € .7,
(iii) the solution depends smoothly on g , #y, and xg .

The items (i) and (ii) capture the solvable systems, see Definition 2.1, and almost regular DAEs, see
Definition 6.35, since harmless critical points are allowed. However, item (iii) is inappropriate:

* On the one hand, for DAEs continuous dependency or even smooth dependency on consistent
values x( cannot be assumed in general, not even for index-one DAEs. For arbitrary perturbations
Ag € R™, the vector xp + Ag is not necessarily consistent. Indeed, the perturbation Ay has to be
restricted accordingly such that Ay € Sean(1)-

* On the other hand, as sketched in Section 8.3, starting from corresponding spaces of continuous
and differentiable functions, continuous dependence of the DAE solutions on the inhomogeneity
q is exclusively given for index-one problems (e.g. [29], [41], [44]). For higher-index DAEs,
surjectivity needs sophisticated, strongly problem-specific function spaces, see. [44].

* In the monograph devoted to algebro-differential operators having finite-dimensional nullspaces [14]
DAEs are organized in the framework of a ring .#4 of linear differential and integral operators acting
in €. In this context, the first order operator Ajx = Ex’' + Fx is called regular if E(t) = I on the given
interval. If it exists, the minimal order v of a differential operator A, belonging to the ring .#4, which
serves as left regularization operator for A| such that A, o A is regular, is called non-resolvedness index
of the operator Ay, see also Remark 6.15. This is nothing else than the differentiation index.

35See Subsection 6.6
361 [38] xo € C™ is considered.
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9 About nonlinear DAEs

There are numerous important studies of nonlinear DAEs that are based on special structural require-
ments, in particular, such as for simulating multibody system dynamics and circuit modeling, which are
not to be reflected here in detail. We refer to [1, 54] for overviews. Here we look solely at general
unstructured non-autonomous DAEs

flt,x(1),X(¢))=0, te.?, (114)

given by a sufficiently smooth function f: 7y x Zy x R" = R™, r x Py C R x R™ open, and ask
about their general properties. The only exception to the restriction of the structure, which is allowed in
some cases below, is the assumption that the subspace ker D, f (¢, x,y) is independent of the variables y or
(x,y). If circumstances require, a change to the augmented form

f@,x(0),y()) =0, y(t) =X'(1) =0 t1€.7.
can be made’’.

As we have already seen with linear DAEs, certain subspaces play a crucial role, which will also be the
case here. However, while in the linear case the subspaces only depend on one parameter, namely ¢ € R,
there are now the parameters (z,x) € R"*! and more. These subspaces are handled by means of both
projector functions and base functions. If such a subspace depends only on ¢ varying on a given interval
# and has there constant dimension, then both smooth basic functions and smooth projector functions
defined on the entire interval are available. In contrast, if a subspace depends on a variable z € R", n > 2,
and has constant dimension, then there are globally defined smooth projector functions, but smooth base
functions only exist locally, e.g., [41, Sections A3, A4]. This must be taken into account. It facilitates
the use of projector functions, which are usually more difficult to determine in practice, and it makes the
practically often easier way of dealing with bases in theory more complicated.

It should be recalled that, in the case of nonlinear ODEs, the uniqueness of the solutions is no longer
guaranteed with merely continuous vector fields. A vector field of class %' is locally Lipschitz and
hence ensures uniqueness. The same applies to vector fields on smooth manifolds. This must be taken
into account when it comes to a regularity notion, which should include uniqueness of solutions to the
corresponding initial value problems.

We can only give a rough sketch of the approaches for nonlinear DAE and confine ourselves to the rank
conditions used in each case.

In the present section, in order to achieve better clarity in all of the very different following approaches,
we use the descriptions g'(¢) but also d%g(t) for the derivatives of a function g(¢) of the independent
variable ¢ € R. For the partial derivatives of a function g(u,v,¢) depending on several independent vari-
ables u € R",v € R¥,r € R we apply the description g, (u,v,1), g,(u,v,t), g (u,v,t), but also D,g(u,v,t),

DVg(M7v’t)’ ng(u?v7t)'

9.1 Approaches by means of derivative arrays

The approaches via derivative arrays and geometric reduction procedures have been developed for non-
linear DAEs almost from the beginning [24, 7, 27, 51, 50, 37, 16, 20]. To treat the DAE

f(t,x(0),¥ (1) =0, 1€.7, (115)

3"However, this is accompanied by an increase in the index!
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on ¥ x P xR" C Irx Py xR™, one forms the derivative array functions [24, 7, 27, 37, 16]

f[()] (tvxlel )2
f t?x7x ’x
ﬁz—’ :
YK f[k}(t,x,xl,'“ 7xk+1)
xl
for (r,x) € ¥ x92, =y E RE™HM k>0,
xk+l

in which
f[o}(t,x,xl) = f(t?x7'x1)7

. . J .
Sintxx s o) = f gl x o)+ g x yga)Y! +;ﬁj_l];,.(t,x,y[j_u)x’“,

Y1l Yij-1]

such that, for each arbitrary smooth reference function x, : .# — R™ whose graph runs in . x Z it results
that

f(t,x.(1),x.(2))

S (12 (0), 2 (0), - V() = &/ (6x(0),X,0))

/ k ‘
X %f(t,x*(t),xi(f))

By construction the sets £,
Ly = {(tx,yp) € F x 2 x RETIM 0 (1,x,y30) =0}, k>0, (117)

house the extended graphs of all smooth solutions x, : .# — Z of the DAE (115). The partial Jacobians
of the matrix function §J with respect to y and to x show the structure,

fx‘ Jx

* fxl *

&y = Dy Sy = . v T =DiS=| .
* - * fxl *

Using again the arbitrary reference function x, being not necessarily a solution and denoting

E,(t) = fu(t,x:(1),x.(1)), Fu(t) = fuolt, x. (1), X, (1)), t € S,

one arrives at matrix functions as introduced by (49) in Section 6.1, namely

Sy (1) = S (x4 (1), X,y (1)) = ;

T (t) = Ty (t,x.(), X,y (1)) =

This opens up the option of using linearization for handling and tracing back questions to the linear case.
Here too, as in the linear case, there are different views on rank conditions for the Jacobians. As we will
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see below, again, in the concepts of the (standard) differentiation index and of the strangeness index there
is no need for the Jacobians &) with lower & to have constant rank. In contrast, for the regular differ-
entiation index and projector based differentiation index, each of these Jacobians is explicitly supposed
to have constant rank which allows to use parts of the geometric operation equipment such as manifolds,
tangent bundles etc.

9.1.1 Differentiation index

What we now call the differentiation index was originally simply called the index and was introduced
into the discussion in [24, p. 39] as follows: Consider (116) as a system of equations in the separate
dependent variables x',... X" and solve for these variables as functions of x and t considered as
independent variables. If it is possible to solve for x' for some finite k, then the index, W, is defined as
smallest k for which (116) can be solved for x' (x,t). We quote the corresponding definition [7, Definition
2.5.1] that incorporates this idea:

Definition 9.1. The index v of the DAE (115) is the smallest integer v such that §,) uniquely determines
the variable x' as a continuous function of (x,t).

Unfortunately, this definition is rather vague, which triggered a lively discussion at the time. There were
subsequently a series of attempts at a more precise definition partly with a variety of new terms, see e.g.
[9]. We will come back to this below when dealing with the perturbation index, see also Example 9.19.
It should also not go unmentioned that what we call regular differentiation index below was also simply
called index in [27], and it was explicitly intended as an adjustment of the index notion in [24].

We underline that in [7] the above definition [7, Definition 2.5.1] is immediately followed by a propo-
sition [7, Proposition 2.5.1] from which we learn that the matter of the standard differentiation index of
nonlinear DAEs can be traced back to properties of the partial Jacobians as follows:

Proposition 9.2. [7] Sufficient conditions for
S (t,%,y) =0 (118)

to uniquely determine x* as a continuous function of (x,t) are that the Jacobian matrix of § k) With respect
10 yy) is 1—full with constant rank and (118) is consistent.

1

In the meantime, this has become established as one of the possible definitions being at the same time
the straightforward generalization of Definition 6.8:

Definition 9.3. The index Vv of the DAE (115) is the smallest integer V such that &) is 1—full with
constant rank and (118) is consistent.

9.1.2 Strangeness index

There is also a straightforward generalization of the SF-Hypothesis 6.27 with the strangeness index. We
adapt [37, Hypothesis 4.2] and [37, Definition 4.4] to our notation.

Hypothesis 9.4 (Strangeness-Free-Hypothesis for nonlinear DAEs). There exist integers fl,d, and
d = m— 4 such that the set

Ly = {10, y) € F x 2 xR Fy (1,3, y1gy) = 0}

associated with f is nonempty and such that for every (t,x, y[m) € Ly there exist a (sufficiently small)
neighborhood in .y x 9y x READ™ in which the following properties hold:
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(1) We have rank &g (t,x,y(a)) = (L + 1)m—d on £y such that there is a smooth matrix function Z of
size (L +1)m) x @ and pointwise maximal rank, satisfying Z* &g = 0 on £g).

(2) We have rank Z*(t,x,y(n))F|p) (t,%,Y(a)) = @ such that there exists a smooth matrix function C of size
m x d, and pointwise maximal rank, satisfying Z* &3 C = 0.

(3) We have rank f', (t,x,x")C(t,x,ya)) = d such that there exists a smooth matrix function Y of size
m x d and pointwise maximal rank, satisfying rankY* f; C=d.

Definition 9.5. Given a DAE as in (115), the smallest value of [l such that f satisfies the SF-Hypothesis
9.4 is satisfied is called the strangeness index of (115). If L = O then the DAE is called strangeness-free.

9.1.3 Regular differentiation index

Next we follow the ideas of [27] to a nonlinear version of the regular differentiation index described for
linear DAEs in Subsection 6.4, which will turn out to be closely related to the geometric reduction and
thus to the geometric index. Suppose that the partial Jacobians &[ have constant rank for all k > 0. The
set

Ciy ={(t.x) € I x Z: Jypy € R¥™ Ty (t,x,y) = 0}

is called constraint manifold of order k, and to each (¢,x) € C‘[k] one obtains the manifold M (t,x) and
its tangent space given by

My (t,x) = {yp € R 2 T (6,5, y9) = 0%, TM (1,3, y7) = ker & (£,%, yi)-

The following generalizes Definition 6.16 via linearization.

Definition 9.6. The DAE (115) has regular differentiation index v if the partial Jacobians & have
constant rank for k > 0, CN’M is non-empty, Ty )My, (t,x)* is a singleton for each (t,x) € C‘M, and v is the
smallest such integer.

We note that, analogously to Subsection 6.4, TMMM(t,x) is a singleton, if and only if
T[V] keré"[v] (t,x,y[v]) =0 for all Yv) € MM

The main intention in [27] is giving index reduction procedures a rigorous background. In particular,
owing to [27, Theorem 16], the transfer from the DAE (115) to

(T=W (,x(2),x' (1)) £ (£,.x(1),x'(¢))
+W (t,x(t),x () Dy f(t,x(2), X (1))x'(t) + D, f(2,x(t),x' (1)) =0, te .7, (119)

subject to the initial restriction f(¢o,x(t),x’(f9)) = 0, reduces the (regular differentiation) index by one.
Thereby, W (z,x,y) denotes the orthoprojector function along im Dy, f(z,x,y).

Finally, in this segment it should be mentioned that in [13] for autonomous quasi-linear DAEs (with €™
functions) the version of the (regular) differentiation index from [27] was recast in a rigorous geometric
language and shown to be consistent with the geometric index, cf. Remark 9.11 below.

38 As in Section 6.4 Tjy) = [In0---0] € RmMX(m+mV) ig 3 truncation matrix.
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9.1.4 Projector-based differentiation index

Next we turn to the concept associated with the projector based differentiation index. Supposing that the
nullspace ker f,1 (¢,x,x!) is actually independent of the variables (x,x!) and does not change its dimen-
sion, with the orthoprojector P(¢) along ker f,1(,x,x") it results that

) = Flx PO, (1xx) €7 x 2 xR,
and the DAE (115) rewrites to
ftx(t),(Px) (1) = P(t)x(1)) =0, t€.7.

This makes clear that the given DAE accommodates an equation (Px)’(z) = ¢ (x(¢),¢). The idea now is
to extract only the remaining component (I — P(¢))x in terms of (P(z)x,t) from the derivative array. As
in the linear case, the further matrix functions % : .% — R (mk+m) < (mk+m)

P 0
B —
“ [%—u @@[k—u}

play their role here.

Definition 9.7. The DAE (115) has projector-based differentiation index v if the matrix functions %
have constant rank for k > 0, v is the smallest integer such that ) is 1-full.

In contrast to Definition 9.3, we do not assume the consistency of (118) in the above definition. Never-
theless, to compute consistent initial values, of course

3[v71](t7x7)’[v71]) =0

has to be consistent.

9.2 Geometric reduction

The geometric reduction procedures are intended right from the start for nonlinear DAEs [53, 51, 27, 55].
While [27], see Definition 9.6 above, still uses a rather analytical representation with the rank theorem as
background, [51] and [53, 50] use the means of geometry more consistently. The explicit rank conditions
from [27] become inherent components of the corresponding terms, the rank theorem is replaced by the
subimmersion theorem etc.>® A clear presentation of the issue for autonomous DAEs is given in [50].
Here we follow the lines of [51] whose depiction of nonautonomous DAEs fits best with the rest of the
material in our treatise.

The stated intention of [51] is to elaborate a concept of regularity for general non-autonomous DAEs
(115) considered on the open connected set .# x 2 x R™.

Recall some standard terminology for this aim. For a p-dimensional differentiable manifold M we con-
sider the tangent bundle TM of M and the tangent space T,M of M at z € M. We deal with manifolds M
being embedded in R x R™, that is, sub-manifolds of R x R™, and we can accordingly assume that 7,M
has been identified with a p-dimensional linear subspace of R x R™.

Denote by 7 : R x R™ — R the projection onto the first factor in R x R™, and let ¢ be the open set
of R with m(M) = _#. Introduce further the restriction 7 : M — ¢ of m to M, that is & = m|M.
Then the tripel (M, 7, #) is a sub-bundle of R x R™, if 7(T}, ,yM) = R for all (¢,x) € M. The manifolds
M(t) C R™ defined by {t} x M(t) = (M N {t} x R™) are called the fibres of M atr € 7.

39We recommend [55, Section 3.3] for a nice roundup.
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The origin of the following regularity notion is [51, Definition 2]. We have included the explicit require-
ment for %! classes to ensure the uniqueness of solutions to initial value problems. According to the
context, we believe that this was originally intended.

Definition 9.8. The DAE (115) is called regular if there is a unique sub-bundle (¢',7,.7) of R x R™ and a
unique vectorfield v: € — R™ on €, both of class €', such that a differentiable mapping x : 1 C .9 — R™
is a solution of the vectorfield v if and only if x is a solution of the given DAE.

The manifold € is called configuration space and v the corresponding vector field.

A technique is stated in [51] by means of which the configuration space and the corresponding vector
field for a given DAE can be obtained. In more detail, one starts from the set

L=A{(t,x,p) € I xZxR": f(t,x,p) =0}.
A differentiable map x : I C .# — R™ is a solution of the DAE if and only if
(t,x(t),x'(t)) e L forallz €.
We form the new set
61 =ma(L) CRxR",

where 715 : R x R" x R"™ — R x R™ is the projection onto the first two factors in R x R™ x R™. This
set reflects algebraic constraints on the solution of the DAE. If the triple (47, 7,.¥) is a differentiable
sub-bundle of R x R™, then the differentiable map x : I — R" is a solution of the DAE if and only if

(t,x(t),X(t)) e LNS€ CL forallt el

Thereby, S%1 = U v {(t,%)} X S and S 061 = {m € R" : (1,p) € T;; y61} denote the so-
called*’ restricted tangent bundle of €, and restricted tangent space of €, at (t,x), respectively. Then
we form the next set

6 :ﬂl’z(LﬂSCfl). (120)

This procedure leads to a sequence of sub-manifolds %} of R x R™ associated with the DAE. We quote
[51, Definition 8] and mention the modification for linear DAEs in Section 4.2 to compare with.

Definition 9.9. Let L be the corresponding set of the given DAE (115). We define a family {€j }i—o.... s of
submanifolds 6. of R x R™ by the recursion

(50 =7 x .@,
G = 71172(LOS(€;€_1), k=0,...,s,

where s is the largest non-negative integer such that the triples (¢, p,-¥) are differentiable sub-bundles
and €1 # €. In case of €\ = .9 x 9 we define s = 0. We call the family {6} }r—o,. s the family of
constraint manifolds and the integer s the degree of the given DAE.

It is shown that the degree, if it is well-defined, satisfies s < m. Furthermore, by [51, Theorem 9], the
DAE (115) is regular, if it has degree s and, additionally, for each fixed (¢,x) € %, the set

LN {(tax)} X S(t,x)Cs

40This notion is motivated by the fact that the variable ¢ in (115) satisfies the differential equation # = 1. In autonomous DAEs,
the variable 7 is absent in (115) and the set %) such that one operates by the usual tangent bundle 7% and tangent space
T, at x.
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contains exactly one element, L N SCs is of class &', and, for all (t,x,p) € LN SC,, dimCs =
rank 7t 27, , ,) (LN SCy). Then, € = € is the configuration space and the vectorfield is uniquely de-
fined by

(t,x,v(t,x)) € LNSE.

Owing to ([51, Theorem 12]) regularity of the DAE is ensured by properties of the reduced derivative
arrays given by

8o (t,x,p)

g (t,x, p)

By (1,x,p) = . (t,x,p) €I X D xR", (121)

g[k](tvxvp)
for k > 0, with
80] (t7x7p) = f(taxap)a
8] (t)x’p) = W[j—l](tvxvp)(Dtg[j—l](tvxap) +ng[j—1](taxap)p)7

in which W[;_y)(z,x, p) denotes a projector along im D,g(;_y)(¢,x, p). Aiming for smooth projector func-
tions the Jacobian D,g(; 1 (t,x, p) is supposed to have constant rank. In contrast to the array functions
introduced in Section 6.1, not all equations are differentiated, but only those that are actually needed,
namely the so-called derivative-free equations on each level. This leads to overdetermined systems of
equations with regard to the variables (x, p) which then have to be consistent. This tool is often used in
structured DAEs, e.g., in multibody dynamics. A comparison with the index transformation from (115)
to (119) shows that this makes sense in general.

Using the sets
Ly ={(t,x,p) € I x P xR": y(t,x,p) =0}, k >0,
the above constrained manifolds %} can be represented by
Cr=maly) ={(t,x) e I xP:Tpe Rm,ﬁ[k_l](t,x,p) =0},

which is verified in [51].

Owing to [51, Theorem 12] the DAE (115) is regular if there is a non-negative integer v such that the
matrix functions D, & and [Dx(’5[k] Dp(’5[k]] have constant ranks for 0 < k < v, and the row echelon form

of D, &y is [I(ﬂ independent of (¢,x,p) € _# x 2 xR™. Then the DAE (115) has regular differentiation

index v if this is the smallest such non-negative integer.
Remark 9.10. Let us briefly turn to the linear DAE

Ex' +Fx=0. (122)
We have here

L=A{(t,x,p) € I xR"xR": E(t)p+ F(t)x =0},
¢ ={(t,x) € S xR": F(t)x € imE(r)},
G (1) ={xeR" : F(t)x € imE(r)} =: S(¢),
Sux@ ={p € R™: p=Ps(t)p+D,Ps(t)x},
S61 ={(t,x,p) € S xR"xR" :E(t)p+F(t)x=0,p € S, 161},
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in which Ps(t) :=1— (WF)"WF denotes the same projector function onto S(t) = ¢, (t) as used in Sub-
section 6.4 since the set S(t) = kerW (t)F (t) from Subsection 6.4 obviously coincides with € (t).

If x: % — R™ is a solution of the DAE, then it holds that
x(t) = Ps(t)x(1),

X' (t) = D, Ps(t)x(t) + Ps(t)x'(¢),
(t,x(t),x'(t)) = (t,x(t), D Ps(t)x(t) + Ps(t)X'(t)) e LNG,, te L.

This leads to the new DAE
EPsx' + (F +EP))x =0,

and this procedure is shown in [51] to reduce the degree by one. We underline that the same procedure
is applied in Subsection 6.4 for obtaining (79). Furthermore, as pointed out in Subsection 6.4, there is
a close relationship with our basic reduction in Section 4.1, see formulas (80) and (81). Supposing the
DAE (122) to be pre-regular in the sense of Definition 4.2 we find that rank EPy = r — 0 which sheds
further light on the connection to the basic reduction in Section 4.1.

Remark 9.11. In [50, Chapter IV] the geometric reduction of quasilinear autonomous DAEs (but class
6>),
E(x)x' 4+ h(x) =0, (123)

given by functions E € €7 (2, R" xR™), h€ €=(2,R™), 2 CR" open, is best revealingly developed in
the spirit of reduction of manifolds. Among other things, the corresponding dimensions are also specified,
which more clearly emphasizes the connection with our basic reduction procedure in Section 4.1 that has
its antetype in [50, Chapter 11].

First, a general procedure to specify the associated configuration space is created. Starting from a
smooth Fyo-dimensional submanifold ¢y of R", Ty becomes a smooth 2Fy- dimensional submanifold of
TR" = R" x R". For any given functions Ey € € (%o, R" x R"), hy € €~ (%0,R™), set

Sfo(x,p) = Eo(x)p+ho(x) e R", (x,p) € T%y,
and form
Lo={(x,p) € T%y: fo(x,p) =0},
1 = n(Lo) = 7|, (Lo),
with the projection © : R™ x R™ — R™ onto the first factor.
The following two assumptions play a crucial role in this approach:

Al: The set Ly is a smooth Fo-dimensional submanifold of T 6y with tangent space T, ,) Lo = ker T, ) fo

for every (x,p) € Lo.
A2: There exists a nonnegative integer 7y < o such that rank Ey(x)|1,4, = F1 for all x € 6.

In particular, these two assumption ensure that |y, : Lo — R™ is a subimmersion with rank 7, and an
open mapping into 6. In turn, 6, is a smooth r\-dimensional submanifold of both 6y and R™.

This shows how manifolds 6; and L;, i > 0, can be defined inductively. We introduce
fl(X,p):Eo(X)p+h0(X) ERma ('xup) ET(gl
and form

L= {(x,p) eT® :fl(x,p) = 0} =T% NLy,
6 = n(L1) = 7|, (L),
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and so on. If the requirements of the above two assumptions hold at each step, one obtains sequences
of manifolds Lo DLy D---DL;D...and 6o D61 D D6 D ..., where Ly is an iy |-dimensional
submanifold of L; and 6;11 is an 7iy|-dimensional submanifold of TG}, satisfying the relation

Civ1 =7n(Li), Liy1 =T%1NL;.

The pair of manifolds (6o,Ly) is said to be completely reducible if the sequence is well-defined up to
infinity, and hence ry > ¥y > --- > r; > ---. The nonincreasing sequence of integers must eventually
stabilize. Owing to [50, Theorem 23.1], if Ly # 0 and ¥, = ¥y for some integer v > 0, then L; = Ly,
Fj =Ty, for j>Vv,and €; = Cy41 for j > v+ 1.

The described reduction applies to the DAE (123) by letting
E()()C) = E(x), ho(x) = h(x), =9, rp=m, Ly= f&l(O)

By [50, Definition 24.1] the quasilinear DAE (123) has (geometric)41 index v, 0 < v <m, if the pair
(0, Lo) is completely reducible and has index v with L, # 0.

A DAE (123) with well defined geometric index features locally existing and unique solutions [50, Theo-
rem 24.1], and hence regularity.

At this point, it makes sense to compare once again with linear DAEs. In [50, Chapter 1] the DAE Ex' +
Fx = q is called completely reducible in the given interval, if our basic reduction procedure described
in Section 4.1 and starting from Eqg = E,Fy = F is well-defined up to infinity, with constants r_; := m,
rj:=rankEj, j > 0. The smallest integer 0 < v < m such that ry_ = ry is the (geometric) index of the
DAE. Then E\ remains nonsingular, and rank|[E i F j] =rj_1, j = 0. This means that complete reducibility
is the same as regularity in the sense of Definition 4.3. On the other hand, if E and F are constant
matrices, then this becomes a special case of the above autonomous geometric reduction with rj =7;_
forall j > 0.

9.3 Direct approaches without using array functions

Direct concepts without recourse to derivative arrays should be possible starting from the fact that deriva-
tives of a function can not contain information, which is not already present in the function itself. Deriva-
tive arrays or their restricted versions are not longer used here. Instead, sequences of special matrix func-
tions including several projector functions are pointwise build on the given function and their domain.

In the context of the dissection and tractability index more general equations,

(500, 5 9(63(0))) =0, (124)

given by the two functions g : .y X Zy x R" — R™ and ¢ : I, x Yy — R", n < m, are investigated.
This has advantages both in terms of an extended solution concept and corresponding strict solvability
statements with lower smoothness [41, 34]. Since we deal with smoothness more generously here and
assume C! solutions, this equation can also be written in standard form

Ft,x(t),x (1)) := g(t,x(t), @, (t,x(t)) + @c(t,x(t))x'(t)) = 0. (125)

For each smooth reference function x, : .# — R™ not necessarily being a solution, but residing in the
definition domain .%, x %, it results that

Fx(0),x.(0) = f(t,2:(8), (8,2 (1)) + @8, ()) L (1))

= g0, (1), 5 005 (0)

4110 [50] the suffix geometric is still missing, it was added later in [55, Section 3.4.1] to distinguish it from other terms.
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Below, linear DAEs
A (1)(Dx) (1) + B (t)x(t) = q(t), t€ .7, (126)

with coefficients

A*(l> - g)’(tvx*(t)7 %QD(Z,X*U))), D.(t) = (px(t7x*(t))7 B*(t) - gx(tvx*(t)7%¢(t7x*<t)))7

which arise from linearizations of the nonlinear DAE (124) along the given reference function, play
an important role. Roughly speaking, we will decompose the domain ., X %, into certain so-called
regularity regions so that all linearizations along smooth reference functions residing in one and the
same region are regular with uniform index and characteristic values. Then the borders of a maximal
regularity region are critical points.

The DAE (124) has a so-called properly involved derivative, if the decomposition
kerg,(t,x,y) ®im @ (t,x) =R", t€ F, x€ Py, y € R, (127)

is valid and both matrix function g, and ¢, feature constant rank r.

At this place it is worth mentioning that there are weaker versions, namely the quasi-properly involved
derivative in [4 1, Chapter 9 | admitting certain rank drops of g, and the semi-properly involved derivative
in [34] requiring constant ranks but merely im g, = im g, ¢, instead of (127).

The simplest version already applied in [29] starts from the standard form DAE

Fle,x(0),X(1) =0

and supposes that the partial Jacobian fi(t,x,x') has constant rank r and ker f,: (¢,x,x') = N(¢) is in-
dependent of the variables x and x!. Using a smooth projector function P : .# — R"™ ™ such that
kerP(r) = N(t) we set n = m, @(t,x) = P(t)x. and g(¢t,x,y) = f(t,x,y — P'(t)x). Then one has
O«(t,x) = P(1), gy(t,x,y) = fu(t,x,y — P'(t)x), and kerg,(z,x,y) = N(¢), and hence we arrive at a DAE
with properly involved derivative.

We turn back to the general case (124) and suppose a properly involved derivative. Analogously to
Section 5.4 for linear DAEs we associate to the DAE (124) a sequence of matrix functions built pointwise
now fort € .J,, x € Z,, x! € R™. It will provide relevant information about the DAE, quite comparable
to the array functions above. We start letting

) = @l,x),

) == gy(t,%, @ (t,x) + D(t,x)x"),
(t,x,xl) = A(t,x,x")D(t,x),

) i= gx(t,x <Pr(f x)+D(t,x)x").

D(t,x

A(t,x,x!

Let Py(r.x) € R™™ denote a smooth projector such that ker Py(¢,x) = ker D(¢,x) =: No(t,x) and
Q()(l,x) :I—P()(t,x), H()(l,x) :P()(t,x), (128)
and introduce the generalized inverse D(t,x,xl)* being uniquely determined by the four relations

=D(t,x,x")",

():()
(
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Since the derivative is properly involved, it holds that ker Gy (t,x,x!) = ker D(t,x) = Ny(t,x). We form

Gl (tvxvxl);: GO(tvxvxl) +BO(I7X7X1)QO(I7X)>
Ni(t,x,x") :=ker G, (t,x,x"),
Ni(t,x,x") := Ny (£,%,x") NN (2,x),

and choose projector functions Qy, Py, IT; : ., X Py x R™*™ such that pointwise

imQ; =N;, kerQ; DX, withanycomplementX; C Ny, Ny :1/\}1 b X,
Py =1—0y, I, = ILP,.

We are interested in a smooth matrix function G and require constant rank. From the case of linear DAEs
we know of the necessity to incorporate the derivative of DIT| D™ into the next expressions. Instead of
the time derivative (DIT}D~)" in the linear case, we now use the total derivative in jet variables [DIT;D~]’
given by

[DILD7 ] (t,x,x",x*) := (DIT;D ™), (t,x,x") + (DI, D™ ) (t,x,x")x"
+ (DILD™) i (1, x,x")x°.
The subsequent matrix function By = BoPy — G1 D~ [DII;D~)'DITy depends now on the variables ¢, x, x!,

and x>. On each following level of the sequence a new variable comes in owing to the involved total
derivative.

Now we are ready to adapt [41, Definition 3.21] and [4 1, Definition 3.28] concerning admissible matrix
function sequences and regularity. Both are straightforward generalizations of the linear case discussed
in Section 5.4 above.

Definition 9.12. Let & C %, x 9, be open and connected set. For given level k € N, we call the sequence
Go, ..., G an admissible matrix function sequence associated with the DAE (124) on the set ®, if it is
built by the rule:

Gi=G, 1+Bi1Q; 1:6xR™ 5 R" I =rankG;,
B;=B;_|P_—G,D~[DIL,D"|'DII;_; : & x RE+m _ g
Ni=kerG;, N;=(No+---+Ni_1)NN;, ul =dimN;,

fix a complement X; such that Ng+---+N;_| = IV,' DX,

choose a smooth projector function Q; such that im Q; = N;, kerQ; O X;,

set Bp=1—Q;, II; =11; 1P,

i=1,....,x—1,
Gk =G 1+Bx 10k 1: 6 xR 5 R, L =rank Gy,

and, additionally, all the involved functions r; and u; are constant.

The total derivative used here reads in detail:

[DI_IiD_]’(t,x,xl,...,le) = (DHiD_),(t,x,xl,...,xi) + (DHiD_)x(t,x,xl, . ,xi)xl
i
+ Y (DILD ™) i (r,x, %L, ... XD/
i=1

At this point, the general agreement of this work on the smoothness of the given data ensures also the
existency of these derivatives. Then the required smooth projector functions actually exist due to the

demanded constancy of the ranks ] and the dimensions u/ .
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The inclusions

imG; Cim Gy, i <rig,

are meant point by point and result immediately by the construction. We refer to [41, Section 3.2] for
further useful properties. In particular, it is possible to determine the projector functions Q; in such a way
that the II; and II;_; Q; are pointwise symmetric projector functions [41, p. 205].

Definition 9.13. Let & C .7, x 9, be open and connected set. The DAE (124) is said to be regular on
® with tractability index y € N if there is an admissible matrix function sequence reaching a pointwise
nonsingular matrix function G, and r£71 < rz = m. The rank values

r=rp <<y <rj=m (129)

are said to be characteristic values of the DAE.
The set & is called regularity region of the DAE with associated index |1 and characteristics (129).%

If & has the structure & = .7 x4, ¥ 94 open, then simply 94 is called regularity region, too.

Definition 9.14. The point (f,X) € .7, X D, is called a regular point of the DAE, if there is an open
neighborhood ® > (f,%), & C .9, x 9, being a regularity region.” Otherwise, the point is called a
critical point of the DAE.

If this & has the structure ® = 9 x4, .79 open, then simply % is called regular point, too.

Regularity goes along with u! = 0 for all i > 0. It is important to add that both the index and the
characteristic values do not depend on the particular choice of projector functions in the admissible
sequence of matrix functions. They are also invariant with respect to regular transformations, cf. [41].

The main result in the framework of the projector-based analysis of nonlinear DAEs is given by [41,
Theorem 3.33] that claims:

e The DAE (124) is regular on & if all linearizations (126) along smooth reference functions residing in
& are regular DAEs, and vice versa.

e If the nonlinear DAE is regular on & with index u and the characteristics (129), all linearizations built
from reference functions residing in & inherit this.

e If all linearizations built from reference functions residing in & are regular, then they feature a uni-

form index p and uniform characteristics (126). The nonlinear DAE has then the same index and
characteristics.

This allows to trace back questions concerning the DAE properties to the linearizations.

We underline that the concept of regularity regions does not assume the existence of solutions. However,
if a solutions resides in a regularity region, then for d > 0 it is part of a regular flow with the canonical
characteristics from the regularity region. In any case, also for d = 0, the solution has no critical points.

In the dissection index concept in [34] similar results are reproduced by using smooth basis functions
instead of the projector functions. For the linear parts the decomposition described in Section 5.2 above
is applied, and this is combined with rules of the tractability framework to construct a matrix function
sequence emulating that from the tractability concept. This is theoretically much more intricately but

420ne can also understand G4 = & x R¥™ as a regularity region. We refer to [41, Section 3.8] for a relevant refinement of the
definition.
#3n case of a regularity region & = & x R¥" we speak of regular jets (7,%,z',... 7).
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maybe useful in practical realizations. However, when using basis functions instead of projector func-
tions, it must also be taken into account that there are not necessarily global bases in the multidimensional
case, e.g., [41, Remark A.16].

Regarding linear DAEs, the dissection concept in Section 5.2 and the regular strangeness concept in Sec-
tion 5.3 are closely related in turn. In contrast to the basic reduction for linear DAESs in Section 4.1, which
encompasses the elimination of variables and a reduction in dimension, the original dimension is retained
and all variables stay involved. This is one of the cornerstones for the adoption of the linearization con-
cept. We quote from [34, p. 65]: The index arises as we use the linearization concept of the Tractability
Index and the decoupling procedure of the Strangeness Index. This way, the regular strangeness index
also finds a variant for nonlinear DAEs by means of corresponding sequences of matrix functions and
linearization.

9.4 Regularity regions and perturbation index

The perturbation index of nonlinear DAEs is an immediate generalization of the version for linear DAE:s.
We slightly extend [30, Definition 5.3] to be valid also for nonautonomous DAE:s, cf. also Definition 2.2
above:

Definition 9.15. The equation (114) has perturbation index 1, = v € N along a solution x, : [a,b] — R",
if v is the smallest integer such that, for all functions x : [a,b] — R™ having a defect

S(I) = f(t7x([)axl(t))7 IS [avb]a
there exists an estimation
_ _ .. (up=1)
() =% ()] < eflx(a) —x.(a)| + max [5(z)[+- -+ max |57 (1)[}, 1 €7,

whenever the expression on the right-hand side is sufficiently small.

Because of its significance, we adopt the authors’ comment in [30, p. 479] on this definition: We de-
liberately do not write “Let x(-) be the solution of f(t,x(t),x'(t)) = 8(t),t € |a,b] ...” in this definition,
because the existence of such a solution for an arbitrarily given d(-) is not assured.

Actually, we are confronted with a problem belonging to functional analysis, with mapping properties
and the question of how solutions and their components, respectively, depend on perturbations and their
derivatives. Some answers concerning linear DAEs are given by means of the projector-based analysis in
[41, 44, 31]. In the case of nonlinear DAEs, this most significant question has hardly played an adequate
role to date. Among other things, it is associated with the relationship of the differentiation index to
the perturbation index and the controversies surrounding it, e.g., [9, 57], see also Examples 9.18, 9.19
below. The attempts made in [9] to clarify the relation between these two different index notions did not
achieve the intended goal. A number of additional index terms is introduced in [9] (so-called uniform
and maximum indices), however, this is not helpful because quite special solvability properties of the
DAE are assumed in advance.

The geometric reduction approaches concentrate exclusively on the dynamic properties of unperturbed
systems. The approaches via derivative arrays are based on the assumption that all derivatives are or can
be calculated correctly. They are primarily intended to figure out and approximate particular solutions of
an unperturbed DAE.

For linear DAESs, the nature of the sensitivity of the solutions with respect to perturbations § is deter-
mined by the structure of the canonical subspace N4y, i.e., not only by the index, but just as much by
the characteristic values, see Subsection 8.3. The projector-based analysis and the decoupled system in
the tractability framework allow a precise and detailed insight into the dependencies. For regular linear
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index-u DAEs, both the differentiation index and the perturbation index are equal to ut, and the homoge-
nous structure of N, ensures homogenous dependencies over the given interval. In contrast, for linear
almost-regular DAEs featuring differentiation index u, on subintervals the perturbation index and the
differentiation index may both be lower than .

Of course, nonlinear DAEs are much more complicated. As shown in the previous section, the sequences
of admissible matrix functions for nonlinear DAEs allow the determination of regularity regions. All
points where the required rank conditions are not fulfilled are critical points.

Regarding the related method equivalencies obtained for linear regular DAEs by Theorem 8.1, the lin-
earization concept of the previous section can be utilized in all these cases. It seems that on each regular-
ity region, the perturbation index coincides with the differentiation index and the other ones as it is the
case in the examples below. We emphasize again that regularity regions characterize the DAE without
assuming the existence of solutions.

Naturally, the maximal possible regularity regions are bordered with critical points. Then the definition
domain of the DAE may be decomposed into maximal regularity regions. Each regularity region com-
prises solely regular points with the very same index and characteristics. But different regularity regions
may feature different index and characteristics. Since the matrix function sequence is built from the par-
tial Jacobians of the given data, the same sequence evidently arises for the unperturbed and the perturbed
DAE.

We emphasize once again, that regularity regions characterize the given DAE without supposing the
existence of solutions. If solutions exist, then they may reside in one of the regularity regions, but they
may also cross the borders or stay there. If they cross the border of regularity regions with different index
values, then the perturbation index of the related solution segments changes accordingly as in Example
9.18 below.

9.5 Some further comments

In [45] it is pointed out that the requirements of Hypothesis 9.4 and that of a well-defined differentiation
index are equivalent up to some (technical) smoothness requirements. Harmless critical points are not at
all indicated. It may happen that the differentiation index is much lower up to one on partial segments.
For details we refer to [37, Remark 4.29].

A comparison of the regular differentiation index, the projector-based differentiation index, and the geo-
metric index shows full consistency with regard to the rank conditions and a slight difference in regards
to smoothness. All kind of critical points are excluded for regularity, but they are being detected in the
course of the procedures.

9.6 Nonlinear examples

We give a brief outlook for nonlinear DAEs considering some small, representative, and easy-to-follow
examples and emphasize again the importance of taking account of all canonical characteristic values in
addition to the index.

The first two Examples 9.16 and 9.17 have a positive degree of freedom and show expected singularities
from a geometric point of view. The next Examples 9.18 and 9.19 are classics from literature and show
harmless critical points as well as changing characteristics. With the next Example 9.20 we emphasize the
fact that problems with harmless critical points do not allow the geometric reduction. Our last Example
9.21 shows the so-called robotic arm DAE, a problem with zero degree of freedom, which nevertheless
has serious singularities.
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Example 9.16 (Singular index-one DAE with bifurcation and impasse points). Consider the very simple
autonomous DAE

xi—Yxl = 07
(1) + () =1 = 0 } (130

their perturbed version

! _ —

and the associated functions

_ xjp —yx — 61 (1)
f(l‘,x,xl) = [(xl)z 1+ (xz)z 1= 52(1‘)

0

1 -y 0 . .
| 1
fult,x,x') = [O 0] . feltx,x') = [le ij , Y€ R isa given parameter.

} . teRxx eR?

1.5 1.5

1.01 /—‘\ 1.01 /—‘\

</ \> </ \}

~1.0 S~ — ~1.0 S~ —

=15 T T T T T
-15 -1.0 -05 0.0 0.5 1.0 15

-15 T T T T T
-15 -1.0 -05 0.0 0.5 1.0 15

Figure 3. Behavior of solutions for the DAE (130) from Example 9.16 for v > 0 (left) or 7 < 0 (right),
critical points (red) and stationary solutions (blue).

Obviously, the points {(l)] and [_01

for each initial point xo € R? lying on the unit circle arc, except for the two points on the x1-axis, there
exists exactly one solution to the autonomous DAE (130) passing through at tg = 0, namely:

} serve as stationary solutions of the autonomous DAE (130). Further,

* if y<0and x>0 then

exp (¥1)xo,1
x: (1)

_ - (1) = 0 7
= \/l_exp(zy;)xal , 1 €[0,00), (t)—>H

e ify<0andxpp <O then:

exp ()30,
x(t) =
—\/1 —exp (2}/t)x571

* if y> 0andxoo > 0 then

exp (¥t)xo,1

x*(t) ’te[o’tf]a

\/1 —exp (2yt)x371
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e if y>0andxpr <O then:

exp (t)xo,1
X (1) = , 1 €[0,14],

—\/1 —exp (Zyt)xgjl

whereby, the final time t; of the existence intervals is determined by the equation exp(Yt) = 1/|xo.1| and

x(ty) = [g)] forxg1 >0, x(tf) = [_01} forxp1 <0.

0
points, two solutions start, but, for y > 0, these points are so-called impasse points, cf. Figure 3. From the
geometric point of view the DAE has degree s = 1 and the unit circle arc can be seen as the configuration
space.

1
It is now evident that merely the two points [O} and [ ] are critical. For y < 0O, from each of these

In case of nontrivial perturbations 8, 0,, the situation is on the one hand quite similar but on the other
hand much more intricate. In particular, the configuration space becomes time-dependent, and we are
confronted with different configuration spaces for different perturbations &, see Figures 4 and 5. The
final time t7 also depends on the perturbations and seemingly the place of the critical points varies. The
solution representations allow the realization on correspondingly small time intervals [a,b) that this is a
DAE with perturbation index one apart from the critical points.

X% 2
A

08 , s

1.0 n,
056

04 05 :

02 =0\ ' t-00

> A

-15 -1.0 -05 05 1.0

-1.0 -05 0.5

Figure 4. Solution of the DAE (130) from Example 9.16 for y = —1 and initial value x ; = 0.98 (left),
as well as solution of (131) for §;(¢t) = 0, &,(¢) = ¢* (right), both for ¢ € [0, 1].

R

X

1005 10,0,
08 B 08} )
06 06
0.4 0.4
0.2 =0 4 0.2 1=0 ¥
: ‘ : X ‘ : : X
-10 —05 05 -10 -05 05

Figure 5. Solution of the DAE (130) from Example 9.16 for y = —1 and initial value xo; = 0.98 (left),
as well as solution of (131) for 8;(¢) =0, & (¢) = 0.7 sin(¢) (right), both for t € [0,27].

Note that the partial derivatives f, and f, are independent of the perturbations Jy,0,. Applying the

94



Estévez Schwarz, Lamour, Médrz | The Common Ground of DAE Approaches QDAE

projector-based analysis we form the matrix function

Gi(t,x,x") = fu(t,x,x") + fe(t,x,x") Q0 = [(1) 2())62} o= [g (1)} '

Obviously, Gy(t,x,x") is nonsingular if and only if x, # 0.
On the other hand, the inflated system §|1) = O yields the partial Jacobian

1 0 00

Lo |0 0 00
éﬁ]avxax X )‘_ —y 0 1 ol

2X1 ZX2 0 0

that undergoes a rank drop from 3 for x, # 0 to 2 for x, = 0. Now it becomes clear that x, = 0 indicates
critical points, which splits R? into the two regularity regions

G ={xcR*:x,>0} and 4 = {xcR*:x; <0},
see Figure 7 (left). The border set consists of critical points,
G ={x € R?:x, = 0}.

On each of these regularity regions, the DAE is said to be regular with index i = u” = uPt4iff = ydiff —
1 and canonical characteristics r = 1, 8y = 0. This means that for all perturbed versions of our DAE, the
intersection of the corresponding configuration space with 94,.,;; contain the singular points of the flow.

Example 9.17 (Singular index-one DAE with critical-point-crossing solution). Given the value y=1 or
Y= —1, let us have a closer look at the simple autonomous DAE

x’l —Yx =0, (132)

B3 -1=0,

This DAE possesses obvious solutions, namely

s ify=1L

X, (1) = [Sint] , Xex (1) = H , and X (t) = [_01} , t€[0,2n],

cost

. ify=—1:

cost
sint

(t) = [ ] x(t) = m and xon (t) = [_01} . reo,2q],

together with phase-shifted variants. It is evident that the first solution crosses the other ones at t = %

1
_ 3 :
and att = 7”, thus the points [O} ) [ 0

} appear to be singular, see Figure 6.

Similarly as in the previous example, applying the projector-based analysis we form the matrix function

cl<z,x,x1>—fx1<z,x,x1>+fx<f7x7xl>Qo—[5 2_xﬂ’ QO‘[g ﬂ'
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15 15

1.04 T 1.04 T

0.5 1 0.5
0.0 1 { } 0.0+ { }
-0.51 —0.51

-1.0 S~ -1.0 S~

=15 T T T T T 5 T T T T T
-15 -1.0 -05 0.0 0.5 1.0 15 -15 -1.0 -05 0.0 0.5 1.0 15

Figure 6. Behavior of solutions for Example 9.17 and critical points (violet) that are also stationary
solutions.

Again, Gi(x,p) is nonsingular if and only if x, # 0 and, on the other hand, the array function

1 0 00
0 0 00
2x1 2x 0 0

undergoes a rank drop from 3 for x; # 0 to 2 for x; = 0. It becomes clear that x, = 0 indicates critical
points, which splits R? into the two regularity regions

G, ={xcR?:x,>0} and 9 = {x € R?: x, < 0},
see Figure 7 (left), and the border consisting of critical points
gcrit = {X € R2 Xy = 0}

From the geometric point of view the DAE has degree s = 1 and the unit circle arc can be seen as the
configuration space. On each of the regularity regions, the DAE is regular with index yu = pu” = upbdi/f =
u4irt =1 and canonical characteristics r = 1, 6y = 0. The intersection of the configuration space with
4.,y contains the singular points of the flow.

Indeed, for instance, if we simulate the first solution x, from above, then we start in a regularity region.
%, this solution crosses the constant solution x.., and at t = 37” the other constant
solution x..., which are flow singularities. In terms of the characteristic-monitoring, at these times the
canonical characteristic value 6y changes, and this indicates that the solution crosses the border of a

regularity region.

However, at t =

Regularity regions Regularity regions for € = 0.5
1.00 1.00
[0 Regular points I Regular points
0.751 —— Critical points 0.751 —— Critical points
0.50 A 0.50
0.25 1 0.251
< 0.00 < 0.004
—0.251 —0.251
—0.50 1 —0.50
—0.751 —0.751
-1.00 T T T -1.00 T T T
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
X1 X1
Examples 9.16 and 9.17 Example 9.18

Figure 7. Regularity regions of three examples with m = 2.
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Example 9.18 (Index change and harmless critical points). We revisit now [9, Example 12] that plays its
role in the early discussion concerning index notions.

For € >0, let y: R — R be an infinitely differentiable function which has the property
Y(2)=0 for|z| <k,
Y(2) £0 else,

and consider the DAE

Y(x2)xh +x1 = &y,
X2 = 62)

by means of the associated given functions

1
flt,x,xh) = [Y(x2)§2+x]] —8(1), teR, xx' eR?
2

0 ¥(x2) 1 7(x)

1y _ 1y _

fx] ([,X,X )_ |:0 0 ’ fx(t7x7x >_ 0 1 .

The DAE is solvable for each arbitrary smooth perturbation 8. The solutions are given by

Xy =01 — 7(52)52/,

X2 = 617

which indicates that the perturbation index is not greater than one and the dynamic degree of freedom is
d=0.

Not surprisingly, using the projector-based analysis, we observe three regularity regions showing differ-
ent characteristics,

G, ={xeR*:xy>¢e} and 4 ={xcR*:x, < —¢},

and
G = {x e R?: x| < €},

see Figure 7 (right), and in detail

on 9Y.: r=1, 6=1, 06,=0, u=2,
on Y. r=0, 6,=0, pu=1,
on ¥4 . r=1, 6=1, 6,=0, u=2.

The borders between these regularity regions consist of critical poitns. All these critical points are
obviously harmless. If a solution fully resides in G, or 4_ then the DAE has perturbation index |, = 2
along this solution. In contrast, if a solution fully resides in 9, then the DAE has perturbation index |1, =
1 along this solution. Of course, there might be solutions crossing the borders and then the perturbation
index changes accordingly along the solution.

Example 9.19 (Campbell’s counterexample). This is a special case of [9, Example 10] which was picked
out and discussed in the essay [57, p. 73]. It is about the relationship between the differentiation index
and the perturbation index. Consider the DAE

x3x’2+x1 = 51,

/
x3X3 + X2 = 02,
x3 = 83,
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and the associated functions

-X3x%—|—x1
ft,x,xh) = x3xy +x0 | —8(t), reR, x,x' eR3,
[ 3
[0 x3 O 1 0 x
fat,x,x)=10 0 x|, flt,x,x")=|0 1 x}
0 0 0 0 0 1

The DAE has obviously a unique solution to each arbitrary smooth perturbation o, namely

X3 :637
X2 = 62 - 63;53)
X1 =8 — 83(8:— 8583) = 8 — 83685+ 83(84)> +

(53)25”,

which clearly indicates perturbation index W, = 3 and zero dynamic degree of freedom. In contrast, by

Definition 9.1 (that is controversal) the unperturbed DAE with 6 = 0 has

differentiation index %/’ =1,

with the underlying ODE x' = 0 given on the single point x = 0. Note that the related array function &

in Definition 9.3 undergoes a rank drop at x3 = 0,

[0 x3 0 0 0O O]
0 0 x3 0 0 O
0O 0 0 0 0 O
&) = 1 x; 0 0 x3 0}’ riy) = rank &y = {
0 1 x1 0 0 x3
00 1.0 0 0]

4 forxz #0
3 forx3=0"

In particular, the rank function ryy) fails to be constant on each neighborhood of the origin, which would
be necessary for an index-1 DAE in the sense of the precise Definition 9.3. According to our understand-

ing the DAE has the regularity regions

G ={zeR:x3 >0}, ¥ ={zcR’:x3<0},

and the critical point set
G i = {Z S R? X3 = 0}.

At the points of the regularity regions we form the admissible matrix fun
framework,

ctions from the projector-based

000 0 x3 1 0 x
A=fa,D=P=|0 1 0|,Gy=AD=|0 0 x3|,r)=2,Bp=1{0 1 x}|,
0 0 1 0 0 0 00 1
and
1 0 0 1 x3 0 0 0 x
Q=10 0 0/,Gi=|0 0 x3|,r{ =2,B;=1{0 1 x|,
0 0 0 0 0 O 00 1
[0 —x3 O 1 x3 0 0 0 x%
01=10 1 0|,G=10 1 x3|,7=2,B=0 0 xi|,
0o 0 0 0 0 0 00 1
0 0 (x3)° I x3 0
0=10 0 —x3|,G3=|0 1 x3|,rl =3
0 0 1 0 0 1
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Therefore, on both regularity regions, the DAE is regular with index u’ = Up = w4t and canonical
characteristics

r=2, 6=1, 6,=1, 6=0, d=0.
All points from 9,.;; are harmless critical points as the above solution representation confirms.
It should also be added that the further array functions &y and &3] feature constant ranks, and the

differentiation index is well-defined and equal to one on the entire domain.

Example 9.20 (Riaza’s counterexample). The following example is part of the discussion whether prob-
lems with harmless critical points are accessible to treatment by geometric reduction from [50]. It is
commented in [55, p. 186] with the words: There is no way to apply the framework of [50] neither
globally nor locally around the origin.

We apply the perturbed version of the system [55, (4.6), p. 186],
xll - a(.Xl,xz,X?,) = 617

x1x5 —x3 = 82,

X2 = 83,
in which « denotes a smooth function. We recognize that
X2 = 637

X3 = _82 —|—X16§,
xll - a(x17637782 +x163{) = 617

such that it becomes clear that the DAE is solvable for all sufficiently smooth perturbations 8 and initial
conditions for the first solution component.

To apply the projector-based analysis we use the associated functions

_x} —a(xy,x2,x3)
ft,x,x') = X1 — X3 . teRxx eR3,

L X2

1 0 0 —Otxl(xl,xZ,)Q) —OCXZ(XI,)CZ,)Q) —OCX3()C1,XZ,X3)
fat,x,x)y=10 x 0|, flt,x,x')= x} 0 -1

0 0 0 0 1 0

Supposing x; # 0 we form the admissible matrix functions. We drop the arguments of the functions
whenever it is reasonable. We obtain

00 0 1 0 —ay]
Q=10 0 0|,Gi=fa+fQo=|0 x; —1|,r =rankG; =2, 6= 1,

00 1 00 0

0 063/)61 0 1 x % ]
0= 1|0 1 0l,G, =G +B1@01=|0 x; -1 ,rzT:rankG2:3, 06, =0.

0 1/x; 0 01 0]

Consequently, the DAE has the two regularity regions
G ={zeR:x; >0}, ¥ ={zeR®:x, <0}
and the critical point set
Gy ={z€R>: x; =0}.

Regarding the solvability properties we know the critical point to be harmless. The perturbation index
is two around solutions residing in a regularity region. If a solution does not cross or touch the critical
point set, then the perturbation index is two along this solution. Obviously, along reference functions x,
with vanishing first components, the perturbation index reduces to one.
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Example 9.21 (DAE describing a two-link robotic arm). The so-called robotic arm DAE is a well un-
derstood benchmark for higher-index DAEs of the form

([’6 02] x>/—|—b(x,t) 0.

that is well described in literature, see [10], [23] and the references therein. It results from a tracking
problem in robotics and presents two types of singularities. Without going into the details of the m = 8
equations and variables with r = 6, here we interpret them in terms of the characteristics 6;.

The DAE describes a two-link robotic arm with an elastic joint moving on a horizontal plane, see Figure
8 (left). The third variable x3 of the equations corresponds to the rotation of the second link with respect
to the first link.

20 Two Link Robotic Arm with prescibed path Prescibed path and singularity circles
: 2.0 —— .
15 —— path //// ,,,,,,, \\\.
Bl | - . ) N\,
1.5 * Co L /,/ \,\. N
1.0 104 = Cinse / NN
. ——c WA
0.5 \ 0.5 N A
N | i o ‘ ‘
i \ . i H 7 N\,
0.0 ! N 0.0 |\ i f \ ﬂ i
-0.51 i Y ~0.51 L\ \ vl
o2 \ /i ' W N AT
~1.01 NS’ i -1.0 A NI S
/ RN 9%
a7
-151 N 7 -1 SN, ;//’/
. R NSO <N
S - —2.04 S~ T

=2.0 -+

The blue marker corresponds to the elastic joint If the prescribed path crossed a singularity cir-
of the two links. At the black marker the end of cle C, with radius r, then singularities of the
one link is fixed to the origin. The position of DAE arise. Cy and C; correspond to sin(x3) =0
the red endpoint of the outer link is prescribed and cos(x3) = z, leads to Cj 7159 for certain
by a path. model parameters.

Figure 8. As x3 is the angle between the two links, the singularities can be interpreted geometrically, see
23], where also the original figures and the discussion of the parameters can be found.

In [23] it has been shown that critical points arise at
cos(xz) =z, or sin(x3)=0,

whereas the constant value z, depends on the particular parameters of the model. In the consequence,
the original definition domain of the DAE % x 9 = % x R® decomposes into an infinite number of
regularity regions whose borders are hyperplanes consisting of the corresponding critical points. Owing
to [23, Proposition 5.1] the canonical characteristics are the same on all regularity regions. If the
component x,3 of a solution x, crosses or touches such a critical hyperplane then this gives rise to
a singular behavior. In case of the robotic arm, this happens if the prescribed path crosses so-called
singularity circles, see Figure 8 (right).

In regularity regions, we obtain u7 = uP*4f =5 and

90:8—r1T:rankT1 =2, 0, :8—r2T:rankT2:2,
6, =8—r] =rankT; = 1, 6;=8—r) =rankTy = 1,
0, =8 —r! =rankTs5 =0, d=0.

Indeed, monitoring these ranks is how the singularities cos(x3) = z, were detected, which to our knowl-
edge had not been described before.
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10 Conclusions

Until now, DAE literature has been rather heterogeneous since each approach uses quite different starting
points, definitions, assumptions, leading to own results. This diversity of the frameworks made it difficult
to compare them. Although a few equivalence statements were proven, a general and rigorous framework
was missing so far.

To get our Main Equivalence Theorem 8.1 for linear DAEs with its canonical characteristics we revised
and compiled many results from the literature and closed several gaps. By doing so, a characterization
of regularity and almost regularity that is interpretable for all approaches resulted straight forward.

The given classification of regular and critical points in terms of the canonical characteristic values now
appears to be independent of the specific background approach. Any change in a canonical characteristic
value indicates a critical point and vice versa, and there seems to be something special happening at every
critical point. So far we are aware of two categories of very different phenomena in linear DAEs arising
from critical points: Harmless critical points and serious isolated flow singularities. As a rough classifica-
tion, in the first group the flow subspace has a constant dimension while in the other group this dimension
changes. A more detailed classification of critical points in terms of the canonical characteristics must
be left for future research. Our aim here was to study regularity and find common ground. In doing so,
it was facilitating and useful to work with so-called pre-regular pairs in the basic reduction procedure in
Section 4 and not to extra emphasize the corresponding configuration spaces on the respective reduction
levels. If there are critical points, the situation becomes much more hidden. In this case, it is advisable to
work with so-called qualified pairs instead of pre-regular ones and to mark relevant configuration spaces
separately.

As far as non-linear problems are concerned, there was only room here for a brief overview showing a
number of open issues, in particular with regard to the influence of perturbations and the perturbation
index. We pay particular attention to linearizations and convincing examples, and we worked out aspects
for possible further investigations. We think that the canonical characteristics together with linearizations
and the concept of regularity regions will also play an appropriate role for nonlinear DAEs.

Overall, Main Equivalence Theorem 8.1 with the canonical characteristics is, in our opinion, the common
ground of all the considered approaches and it holds the potential for new insights.

11 Appendix

In this appendix we compile technical details about block matrix functions in a self-contained form, some
of which were used for several results in the article.

11.1 1-full matrix functions and rank estimations

The matrix M € ROTDmx(s+Dm which has block structure built from m x m matrices is said to be 1-full,

if there is a nonsingular matrix 7 such that TM = [I("; I(-)I] .

Let M : .7 — Re+Dmx(s+Dm e 3 continuous matrix function which has block structure built from m x m
matrix functions. M is said to be smoothly 1-full, if there is a pointwise nonsingular, continuous matrix

. _In O
function T such that TM = [ 0 H] .

Lemma 11.1. Let M : .# — ROTVmX6+0m bo g continuous matrix function which has block structure

built from m X m matrix functions.

The following assertions are equivalent:
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(1) M is smoothly 1-full and has constant rank ry;.
(2) M has constant rank ry; and M(t) is 1-full pointwise for eacht € 7.
(3) There is a continuous function H : .& — R > with constant rank ry such that

kerM:{[vzv] eER"xR™:z=0,w € kerH}. (133)

(4) M has constant rank ry and
Tig kerM =0,

with the truncation matrix Tjy = [I,,0---0] € R (s+1Dm,

Proof. (1)<>(2): The straight direction is trivial, the opposite direction is provided, e.g., by [37, Lemma
3.36].

(3)>(4): The straight direction is trivial, we immediately turn to the opposite one. Let M have constant
rank ry and Tj; kerM = {0}. Denote by Qp the continuous orthoprojector function onto kerM. Then,
Oy must have the special form

0 0
o= ¢

K=K": 9 - R"™""  rankK =rank Qy = (m+sm) —ry.

:| N R(m+km)><(m+km)7

Let Z : .# — R (=) denote a continuous basis of (im K)* such that rank Z = rj; — m. Then the
assertion becomes true with

H= [ZO] o — REMX6M - rank H = rank Z* = ry —m.

(1)<>(3): Since the straight direction is trivial again, we immediately turn to the opposite one. Let
H: . — R be a continuous function with constant rank rgy such that (133) is valid. Then ker M
has dimension dimker H = sm — ry which is constant. Therefore, M has constant rank ry; = (s+ 1)m —
(sm—ry)=m+ry.

The projector-valued matrix functions

0 0
Wy = Lyntm — MM*  and Om = Lom+m — MM = [0 Lom — H+H:|

are continuous and have constant rank sm+m — ry; =: p both. Then there are continuous matrix functions
Uw,Vw,Up,Vp being pointwise orthogonal such that (e.g. [37, Theorem 3.9])

Yo O Xw O
QM:UQ[OQ O]VQT, WM:UW[(;V 0:|VV€7

with nonsingular sigma blocks of size p. Set

rlrt o
- o =w T
such that
I, 0] 7 . .
QM%WM = UQ 0 0 VW7 1m QM%WM =1m QM, kCI'QM(gWM = kerWM,

and the matrix T = QyéWy +M™ is continuous and nonsingular. It follows that TM = I, ,,, — Oy =
M*M = diag(1,,, H" H) which means that M is smoothly 1-full. O
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Lemma 11.2. For m € N, a matrix function E : .¢ — R™*™ and matrix functions
Mo (1) =E 1), My S — REDmE e

defined in a way that the structure

M) (1) = [%@ ) E(()t)] (134)

is given, for r(t) := rank E(t) and ry(t) := rank .y (t) it holds
() +r(t) <y () < rgg() +m, 1€ 5, k>0,

Proof. The structure (134) obviously leads to

Pier1) () = rpg (1) +7(2)
and

g] < dimim [y (t)] +m = r(t) +m.

11.2 Continuous matrix function with rank changes
We quote the following useful result from [ |, Proof of Theorem 10.5.2]:

Theorem 11.3. Let the matrix function M : [a,b] — R™" be continuous and let
¢ = {to € [a,b] : rank M (t) is not continuous at to}
denote the set of its rank-change points.

Then the set @ is closed and has no interior and there exist a collection & of open intervals {(a’,b") }es,
such that

U@, p!) =[a,b), (a",b")N(a",b")=0 for ¢+,
le®

and integers ' >0, 0 e, such that

rankM(t) =" forall te(d'b’), (€6.

As emphasided already in [11], the set ¢ and in turn collection & can be finite, countable, and also
over-countable.

11.3 Strictly block upper triangular matrix functions and array functions of them

In this part, for given integers v > 2,1 > v,[; > 1,...,I, > 1, such that [ = [; +...+[,, we denote by

SUT = SUT (1, v,11,...,1,) the set of all strictly upper triangular matrix functions N : .% — R**! showing
the block structure

—0 N12 * x|

0 N3 * *
N = , Nij:(N)ijIj%Rlinj, Nl‘j:O for i>].
Nv—l,v

- 0 -

Ifl=vand/;=---=1[, =1 then N is strictly upper triangular in the usual sense.

The following lemma collects some rules that can be checked by straightforward computations.
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Lemma 11.4. N.N € SUT and N, ... Ny € SUT imply

(1) N+N € SUT.
(2) NN € SUT, and the entries of the secondary diagonals are

A

(NN)iis1=0, i=1,...,v—1,
(NN)iiz2 = (N)iig1 (V)isrin, i=1,...,v=2.
(3) N' =0and Ny ---N =0 for k> v.

(4) I— N remains nonsingular and (I —N)"' =I+N+---+ NV,
(5) I-N)"'N=N+NN+---+(N)" 2N and

((I—N)ilN)l}H,l:(N)LH,I, i:l,...,v—l.
The following two subsets of SUT are of special interest because they enable rank determinations and
beyond.

* Supposing [} > --- > [, we denote by SUT,,1mn C SUT the set of all N € SUT having exclusively
blocks (N); ;41 with full column rank, that is

rank(N),-J-H :li+1, i= 1,...,V—1. (135)
* Supposing /; < --- <[, we denote by SUT,,,, C SUT the set of all N € SUT having exclusively blocks
(N)i i+1 with full row rank, that is

rank(N)ijo1 =1, i=1,...,v—1. (136)

Lemma 11.5. Each N € SUT,o1ymn has constant rank | — 1| and, for k < v — 1, one has

I

1

kerN =im [Il'} . kerN* =im

0 I,

0 0
Moreover, for the product of any k elements Ny, ...,Ny € SUT, o1y it holds that
I

1

kerN;-- Ny =im ! R I'al’lkNl~--Nk:l—(ll+--~+lk).
I

0 0
Proof. This follows from generalizing Lemma 11.4 (2) for products of several matrices and (135). [

Lemma 11.6. Each N € SUT,,,, has constant rank | — [, and, for k < v — 1, one has
im N =im . imN*=im
Moreover, for the product of any k elements Ny, ...,N; € SUT,,, it holds that

imAN;---N, =1im , rankNy---Ny=UL+---+1, .
Ilv—k
0 0
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Proof. This follows from generalizing Lemma 11.4 (2) for products of several matrices and (136). [

Next we turn to the derivative array function .Afy : . — R®FDxKH) ggsociated with N € SUT, that

is,

N

I+ Otz,lN(l)
(X}’]N(z)

| g1 1NW

0
N

I+o3oNY N

O i1 kNP T+ 0 N N

Since the derivatives N) inherit the basic structure of S UT, too, we rewrite

N

I+M>,
M3

| Mi+1,1

0

N
I+M3z, N

and keep in mind that M; ; € SUT for all i and j.

0

Miyik—2 1+Miy1x N|

0

(137)

0

; (138)

Lemma 11.7. Given N € SUT, there exist a regular lower block triangular matrix function £, such

that ~ _
N O 0
I N
0 I N s
LMo = | . = M,
: . . 0
_O 0 I Nk+1_
whereas the matrix functions Ny, . .., Niy1 again belong to SUT and inherit the secondary diagonal blocks
of N, that means (Ny); i1 =Nijt1, i=1,...,v—1,5s=2,... k.
It holds that
NNy -Neyy =0 if k>1—1.
Moreover, fori=1,...,l, as long as i+ k+1 < [, it results that
(NN Nig1 )i j = (N iy j =0, j=1,....k,
(NNy -+ Ny )iiprsr = (N

Proof. Since I + M, ; is nonsingular, with the nonsingular lower block-triangular matrix function

[1 0 0 0]
0 (I+M271)_1 0 - 0
0 —M371(1—|-M271)71 I 0 --- 0
zl =
KM=10 —My (I+Mpy)™t 0 I
: : .0
_0 —Mk+]71(1+M271)71 0 0 I_

4See (67) in Section 6.2.
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we generate zero blocks in the first column of .47 such that

N 0 0
I N,
| 0 I—|—M372 N
Ly Ma=1. . . :
: .. .. . 0
10 M2+ Mk I+Mix N

with N, = (1 —|—M271)*1N . According to Lemma 11.4, N; has the same second diagonal blocks than N
and / +A7I3,2 is regular with the same pattern than N. If we make & such elimination steps, we obtain

k 1 _
Ly LM = M
analogously to an LU-decomposition, and Zj := .,2”[’;] ----- .f[}d
The remaining assertions are straightforward consequences of the properties of matrix functions belong-

ing to the set SUT. 0

Proposition 11.8. Given N € SUT the associated array function Ny has the nullspace

Yo
ker My ={y=|:|¢€ RV NN, - Ny = 0,y = (= D Ny - Ny, i = 0, k— 13,

Yk

and

dimker A4} = dimker NN, - - - Ny,
rank Ay =kl + rank NN, - - Ny 1.

Moreover, if N belongs even to SUT,,,, or to SUT .jmn, then
rank A = kl + rank Nt = constant. (139)
Proof. Lemma 11.7 implies kerc/i/fk] = ker Afy and rank,/i/fk] = rank 4. We evaluate the nullspace
ker,/i/fk],
ker Ay = {y e RETV: Nyy = 0,y; = —Niyoyis1,i =0,... .k — 1}
= {y e RED NN, - Ny paye = 0,30 = (= D Ny - Npaye, i = 0,k — 17,
which yields

dimker ‘/V[k} = dimkerNN; - - - Niy 1,
rankz/V[k} =kl +rank NN, --- Ny 1.

If, additionally, N € SUT,ojymn, then owing to Lemma 11.5 it results that also dimker NN, - - ‘Nk+1 =
dimker N¥*! =1 — (Iy +--- 4+ I;,1) such that rank NN, - - - Nj .| = rank N¥*! = [ +--- + [, |, and hence

rankJi/Ik] = kI +rank N¥1.

If, contrariwise, N € SUT},,, then owing to Lemma 11.6 it results that also rank NN, -- Ny | =
rank N1 = [} +--- +1,,_ 44 1) and hence

rank J/fk] = kI + rank N+
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Corollary 11.9. If N € SUT then, for k > v,

Yo
ker’/’/[k}:{y: ER(kH)m3)’O:0a)’i:Ni+l"'Nk+1)’kai:17~--ak_1}~
Yk
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