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Abstract: We study the problem of state transition on a finite time interval with minimal energy supply
for linear port-Hamiltonian systems. While the cost functional of minimal energy supply is intrinsic
to the port-Hamiltonian structure, the necessary conditions of optimality resulting from Pontryagin’s
maximum principle may yield singular arcs. The underlying reason is the linear dependence on the
control, which makes the problem of determining the optimal control as a function of the state and the
adjoint more complicated or even impossible. To resolve this issue, we fully characterize regularity
of the (differential-algebraic) optimality system by using the interplay of the cost functional and the
dynamics. In case of the optimality DAE being characterized by a regular matrix pencil, we fully
determine the control on the singular arc. In case of singular matrix pencils of the optimality system,
we propose an approach to compute rank-minimal quadratic perturbations of the objective such that
the optimal control problem becomes regular. We illustrate the applicability of our results by a general
second-order mechanical system and a discretized boundary-controlled heat equation.
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1. Introduction

Since their introduction in [31] and especially in recent years, port-Hamiltonian systems have been suc-

cessfully applied in the modeling of a wide variety of physical processes: mechanics [5, 0, 43, 29],
electrical engineering [39, 42], thermodynamics and fluid dynamics [1, 37, 38, 15], economics [28], see
also [47, 10, 16] and the recent survey [33].

Recently, optimal control of port-Hamiltonian systems has also been given some attention, see, e.g.,
[19, 50]. Since port-Hamiltonian modeling is energy-based, the energy supplied to the system is readily
available as a mathematical expression in terms of the ports and it is natural from an application point
of view to employ it as the objective minimized in optimal control problems (OCPs), cf. [40, 12]. For
an application to energy-optimal building control we refer to [41]. Entropy-optimal control is consid-
ered in [34, 35], see also the recent preprint [11] showing existence of solutions leveraging an exergy
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functional. However, the resulting OCP is singular and standard solution techniques, e.g. construction
of Riccati state feedback, are not directly applicable, see e.g. [32, 22]. One could instead employ gen-
eral techniques for singular optimal control like those studied in [2, 3]. But these approaches would not
exploit the particular structure of the port-Hamiltonian system and the chosen cost function. Instead we
apply and extend techniques developed in [8] to derive, under weaker conditions than regularity of the
optimal control problem, a condition that guarantees the existence of an optimal solution with a closed
form for the associated optimal control. This weaker condition is related to the regularity of the matrix
pencil, which is associated with the necessary optimality condition arising from a Pontryagin maximum
principle. The derivation of this general existence condition using the port-Hamiltonian structure of the
OCP is at the center of our work. In the case where this existence condition fails to hold, we provide
a regularization procedure via minimal-rank perturbations of the cost functional such that the pencil
associated with the optimality condition becomes regular.

For a fixed time horizon T > 0, the problem of transferring an initial state xg € K" of a port-Hamiltonian
system under control constraints to a desired state x7 € K" with minimal energy supply can be formulated
as

min Km)/oT Re (y(t)Hu(t)) dt

ueL! ([0,7),
s.t. Sx(t) = (J—R)Qx(t)+Bu(t) forae.t€[0,T], (D
x(0) = xg, x(T) = xr,
y(t) =B0x(t), u(t)€U forae.r€]0,T],

where U C K", m < n, is a non-empty, convex and compact set, and
(.R.Q.B) € By i= { (/R Q. B) € (K™")* x K™ |J = —J" ,R=R" 20,0 = 0" > 0}.

We note that to any control u € L' ([0, T],K™) there is a unique state x € W1 ([0, T],K") such that in (1),
as usual in optimal control, we may only optimize over controls. The OCP (1) was studied in [40, 12], see
also [34] for a particular infinite-dimensional case. While in these papers it has been shown that, under a
reachability condition of the terminal state, an optimal solution of (1) typically exists, one can, a priori,
neither expect its uniqueness nor that the associated optimal control can be expressed as a state or output
feedback in terms of the optimal trajectory and the associated Lagrange multiplier (also called costate or
adjoint) in a unique way. To illustrate this issue, we consider the particular case of box constraints, that
is,

U= {ZG K™ ‘ Rezj € [yj,Vj], Imz; € [Epwj] forall j € {1,...,m}},

where v;,w;,v;,W; € R with v; <v; and w; <W; for all j € {1,...,m}. By the Pontryagin maximum
principle, see e.g. [26, 36, 25], for an optlmal state-control pair (x,u) € W1 ([0, 7], K") x L' ([0, T]; K™)

there exist A € W!'1([0,T],K") and a constant Ay € K such that (A(t), ) # O for all # € [0, T] and

§2(0) = (= R)1Q)"A (1) - 20QBu), (2)
§x(0) = —R) X(t)+Bu() (2b)
u(t) Eargrgln Re (@B (A0Qx(t) + A (1)) (2¢c)

for a.e. t € [0, T). Using the switching function ¢(t) = B (29Qx(t) + A(t)), the pointwise minimization
in (2c) yields the following componentwise characterization for almost all ¢ € [0, 7]

Reg;i(t) >0 implies Reu;(t)=y; and Img;(r) >0 implies Imu;(t)=w;j,

3
Reg;(t) <0 implies Reu;(r)=v;  and Img;(t) <O implies Imu;(t) =w;. ©)
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However, if Reg;(-) vanishes on a set with non-zero Lebesgue measure, then (2c) does not provide any
information on Reu;(-) on that set. The same holds analogously for the imaginary part. The nondegen-
erate connected components of the set

{rel0,T]|3j€{1,...,m} :Reg;(t) =0 V Img;(r) = 0}

are called singular arcs, cf. [2, 51].

In [40, Theorem 8] it was shown that the simple condition imBNkerRQ = {0} allows for the unique
characterization of the optimal control on singular arcs in terms of the optimal state x and the adjoint A.
In Proposition 3.9 below, we prove that the condition im BNker RQ = {0} can be characterized in terms of
the Jordan structure associated with the eigenvalue oo (the Kronecker index) of the differential-algebraic
optimality system along singular arcs.

In this paper, we are mainly interested in characterizations of the optimal control on singular arcs, i.e.
intervals on which some components of the switching function vanish. To illustrate our approach, let
us assume the control constraints are inactive on an interval [to,#1], 0 <1y <17, < T, i.e. u(t) ¢ dJU
for all 7 € [fg,1;]. Consequently, all components of the switching function vanish on [fy,#;] due to the
contraposition of (3). Then, the pointwise inclusion (2c) may be replaced with the algebraic condition
g(r) =0 for all 7 € [to,1] such that (2) is a differential-algebraic equation (DAE). Conversely, by the
Pontryagin Maximum Principle, this DAE is the optimality system of the unconstrained counterpart of
(1),1.e.,

min /tt1 Re (y(t)"u(r)) dr

ueL! ([to,11],K™) J1o

s.t. %x(t) = (J—R)Qx(t)+Bu(t) forae.r € [ty,1], )

x(t9) =, x(11) =x!,

y(t) =B Qx(t) forae.r € [to,1],

where x” € K" and x! € K" are the states at which the optimal solution of (1) enters, respectively, leaves
the singular arc.

Typically, only some (and not all) of the control constraints are inactive, i.e. u is in a face of dU of nonzero
dimension or, equivalently, the indices {1,...,m} are partitioned by the (nonempty) sets of active indices

o ={ie{l,....m} |Reu;(r) € {v;,v;} and Imu(r) € {w;, w;} }

and inactive indices .# = {1,...,m} \ o/. After suitable permutation one can split the control into u =
T .
[u}, u;} , which yields the dynamics

Ex(l‘) = —R)Ox(t)+Byuy(t)+Byuy(t). (3)

dt
Here, u,(t) is determined by the pointwise minimization (2) and can, thus, be treated as in inhomogene-
ity f(t) = Boyu . (t) in the state equation of (4). This splitting has to be adapted whenever the active set </
changes. However, for simplicity of exposition, we will analyse the homogeneous case, i.e. & = &, so
that the optimal control problem that is considered throughout the note is equivalent to the unconstrained
problem (4). All our considerations are generalizable to characterize the inactive controls u_ » in case of
active constraints as the inhomogenities only enter the differential equations in (2).

The approach in [8] studies the optimality conditions associated with (4) obtained by the Pontryagin
maximum principle. When this optimality system is regular in the DAE sense, then the optimal control
is linearly determined by the optimal state trajectory and associated adjoint. Moreover, criteria on the
existence and uniqueness of an optimal control can be deduced, see also [32] for a detailed discussion
and numerical methods.
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For cases where this regularity is not given, one can resort to regularizations of the OCP via “small”
perturbations of the original cost functional by a “small” quadratic term in the control and obtains the
regularized optimal control problem

min /tl [Re(y(t)"u(t)) +u(t)" Su(t)] dt

ueL([to,t1],K™) J1o

s.t.  dx(t) = (J—R)Qx(t)+Bu(t) forae. t € [to,1], ©6)

x(ty) :xo, x(t)) = x!,

y(t) =B Qx(r) forae. t € [to,1]

for some S € K™ with S = § > 0. In order to stay “close” to the original problem (4), we aim
to choose S “minimally” (in the sense that the rank of S is minimal) so that the associated optimality
DAE is regular. This desirable feature results from the intricate interplay of the cost functional and the
port-Hamiltonian dynamics in the corresponding optimality conditions and thus is referred to as “hidden
regularity” in the title of this work. An alternative type of smallness of the regularization would be to set
S = al with small o > 0, which corresponds to a Tikhonov regularization as is typical in optimal control
of partial differential equations [46].

This work is structured as follows. First, we recall the necessary and sufficient optimality conditions
obtained from the Pontryagin maximum principle. These conditions are given as a linear DAE in the
state, the adjoint, and the control. Solution formulas for this DAE in terms of the Drazin inverse can be
applied if the associated pencil is regular. Therefore, we study the properties of this pencil in Section 3.
Our results are summarized in Figure 1. In particular, in Subsection 3.1, we provide characterisations
of regularity which extend Campbell’s results [8] and relate them to the sufficient regularity condition
kerRNimB = {0} proposed in [40, Theorem 3.8]. Then, in Subsection 3.2, we use the characterisations
of regularity to find a rank-minimal regularization term S. In Subsection 3.3, it is shown that the condition
kerRNimB = {0} characterises the case that the index of the optimality pencil is three. In Section 4, we
study existence and uniqueness of an optimal solution under the assumption of a regular optimality pencil.
In particular, a state-feedback law is deduced. Lastly, we illustrate the results with some examples.

Nomenclature

K either R or C

Kmm the set of n x m matrices with entries in K

AH the conjugate transpose of a matrix A € K"*"

G(A) the spectrum of A € K"*"

A>0 for A € K" means that xX’Ax > 0 for all x € K"

A>0 for A € K™ means that x7Ax > 0 for all x € K"\ {0}

S ={.R0.B) € (K™) x K| J = —JH, R=R¥ >0,0=0" >0}

L'([0,T],K") the vector space of all Lebesgue measureable and absolutely inte-
grable functions f: [0,7] = K", T >0

flw restriction of the function f: V—R"toW CV

EF(1,K") the set of k-times continuously differentiable functions f: I — K" for
a nonempty open interval / C R

€*(0,T],K") ={flor|3e>0:feC ((—&,T+¢),K")}

wli([o,T],K") the set of absolutely continuous functions f : [0, 7] — K" with (weak)
derivative f' € L'([0,T],K"), T >0

Vt] the vector space of all polynomials with entries in the vector space V

VI([t]] the vector space of all formal power series with entries in the vector
space V
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2. Necessary optimality condition

Before we derive necessary optimality conditions, we transform the objective into a quadratic cost func-
tional without mixed terms. Since the dynamics of (6) have port-Hamiltonian structure with quadratic
Hamiltonian energy function x %xH Ox, we have the well-known energy balance equation, see e.g.
[47],

S50 0x(n) — 5300 0xtt0) = [ [Rey(o)u(r) —(1)" QROx(1)] %

for all tuples (x,y,u) € W' ([tg,11], K") x Wl ([to, 1], K") x L' ([to, 1], K™) satisfying the system

$x(1) = (J = R)Qx(t) + Bu(t),

(1) = B 0x(1) ®

for a.e.t € [to,#;]. Thus, again for tuples (x,y,u) satisfying (8), the cost functional of (6) can be rewritten
as

/ " [Rey(r)"ult) + u(t)Su(t)] dt = %x(zl)HQx(tl) _ %x(to)HQx(to)

Io

+ [ " [(0)" QROx(r) + u(t) Sul)) dr.

The OCP (6) includes the initial condition x(#p) = x° and the terminal constraint x(t;) = x!. Thus,
Ix(t1)" Ox(t1) — Sx(to)" Qx(to) is a constant on the set of feasible trajectories of (6) and can be neglected
in the minimization. Therefore, we may equivalently consider the linear-quadratic optimal control prob-
lem

. I n H H
. (I[I%IJIIILKm) 2 ) [x(1)" ORQx(t) + u(t)" Su(r)] dr
st Sx(t)=(J—R)Qx(t)+Bu(t) forae.t€ [to,t],

x(to) = x%, x(n) = x',

€))

which has the same optimal solutions as (6)'. The stage cost (also commonly called Lagrange term or
running cost [26]) of (9) is the quadratic function

1 [x]" [orQ ©
g:K'xK" - K, (x,u)Hz[z] [QOQ S} B]

Then, the associated optimal control Hamiltonian function reads
H:K'xK"xK'xK—=K, (x,u,A,%)~ A7(J—R)Qx+ A" Bu+ Aog(x,u).

By the Pontryagin maximum principle (see e.g. [20, p.102]), one has the following necessary optimality
condition: If (x,u) € W'([ty,#1],K") x L' ([to, 1], K™) is an optimal trajectory of (9), then there exists a
function € Wh!([to,;],KK") and a constant Ay € K so that (A(¢),29) # (0,0) for almost all ¢ € [t ]
and the DAE

— 42 = ((J—R)Q)" A + A QRQx, (10a)
%= (J = R)Qx+Bu, (10b)
0= —BY) — ASu (10¢)

I As stated previously, we consider a trivial set of active constraints .2/ = @ for expository reasons. Active constraints would
lead to a source term in the dynamics of (9) in view of (5). This source term does not change the structure of the underlying
pencil which is the main focus of this work.
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with boundary conditions x(fy) = x and x(t; ) = x! is fulfilled for almost every t € [t,#;]. We briefly state
a result on normalization of the stage-cost adjoint Ag under a controllability assumption.

Lemma 2.1. Let J,R,Q € K", B € K™ and S € K™, and let (A,x,u,A) € W ([to,11],K") x
Whi([to,t1],K") x L'([to,t1],K") x K be a solution of (10). If ((J — R)Q,B) is controllable, i.e.
rank [B,(J—R)QB,...,((J —R)Q)""'B| = n, then the scalar multiplier in (10) satisfies Ay # 0.

Proof. We abbreviate A = (J — R)Q and assume that A9 = 0. Then, (10c) yields B A = 0 and (10a) reads
as %)L = —A"}, hence BYA" ) (t) = —B! %l(z‘) = 0 for almost every 7 € [to,#;]. From the continuity
of A, we conclude that BYA¥A = 0 on [tg,#;]. Inductively, one obtains B (A¥)#A = 0 on [tg,] for
k=0,1,...,n— 1. By the controllability of (A, B), this implies that A(¢) = O for all ¢ € [to,#;]. With the
non-triviality condition (A(z),A) # (0,0) for all 7 € [fy,#;] of the Pontryagin maximum principle, we
conclude that A # 0. O

In view of the previous lemma, in all theoretical discussions below we assume that Ay # 0. In this case,
dividing (10a) and (10c) by Ay and rescaling A, we can without loss of generality normalize Ao = 1.

An important result, establishing a one-to-one relationship of the optimality system (10) with A9 # 0
and the optimal control problem (9) is the following theorem ensuring also sufficiency of the necessary
optimality conditions.

Theorem 2.2 ([8, Theorem 1]). Let (A,x,u) € (W1>1([to,t1],K”))2 x L2([to,11],K™) be a solution of (10)
with Ay = 1 satisfying x(to) = x° and x(t;) = x'. Then (x,u) is a solution of the optimal control prob-
lem (9).

Taking additionally the structural properties of (J,R,Q,B) € ¥, ,, into account, the optimality system (10)
is equivalent to the following self-adjoint DAE, see [21, 23]:

d Onxn I, Onxm A Onxn (]—R)Q B A
o | 7l O O | [ x| = [(U=RIQ)T  ORQ  Opxm| |x (11)
Omxn Omxn Omxm u B O0xn S u
:‘iréa =45

for a.e. t € [fy,#1] and for consistent boundary conditions at 7y and #,.

Since we are in the constant coefficient case, we can analyse the properties of (10) via the properties of
the optimality pencil s& — <fs, which actually has a special symmetry structure that can be effectively
used in numerical methods for solving the boundary value problem, see [7]. Before we continue with the
analysis of the pencil, we first consider an example of a second-order mechanical system.

Example 2.3. A large class of systems from elastomechanics (possibly after a suitable finite-element
discretization) can be formulated as a second-order control system

MEq+DYg+Kg=u (12)

4 axdT8q

with symmetric matrices M,D,K € Rt ¢ € N, where the mass matrix M and the stiffness matrix K
are positive definite, respectively, and the damping matrix D is positive semi-definite.In the following we
consider the fully damped case such that D is positive definite. Typical initial conditions at t = ty are
given by the position q(to) and the velocity ¢(ty). Performing a first-order formulation by composing the
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state x = [y}] € R from momentum x; = M and position x» = q, the system (12) can equivalently be
written in the form

dy_ [Oexe —Ie}[l) 02><£:| [Ml Oexe]x+[lz]u
dr I Ouxe]  [Ooxe Opxe Oce K Orxe]

——
J R 0 B

see for example [48] for an application in the control of high-rise buildings. We observe that kerRQ N
imB = {0} holds; that is, the sufficient condition for regularity derived in [40] is satisfied. Thus, we can
inspect the corresponding optimal control problem (6) for any 0 <ty < t; < T without regularization
term, i.e. S = 0. This optimal control problem then characterizes the optimal solutions of (1) on singular
arc. Whenever the switching function is nonzero G(t) # 0, any optimal input u*(t) € dU is readily
obtained via the Pontryagin Maximum Principle, i.e. from (2c). Further, using the Hautus Lemma, see
e.g. [44], it is immediate that the pair ((J — R)Q,B) is controllable. Hence, we may assume that Ay = 1
in (10).

Decomposing also A = H; } € R* analogously to the state, (10c) is equivalent to

Ai(t) =0 forallt € [t,t]. (13)

The adjoint equation (10a) reads
d [Al} B [MID —Ml] [Al} B [MIDMl 0} [xl}
dt || | K 0 A 0 0] [x2
and inserting (13) yields
d2:() =0 forae.t € [to,1] and (1) = =DM 'x,(t) forallt € [ty,11].
From this, we further conclude

dx1(t) =0 forae.t€lto,t;] with x(t)= X0 and  xi(t)=x] forallt € [to,1].

This already vields the condition x(l) = x} on the entry and exit point of the singular arc and A (t) =
—DM *lx(l) for all t € [ty,t1]. Inserting this into the second row of the state equation yields %xz(t) =

M= for a.e. t € [to, 1] and thus

x2(t) =3+ (t—to))M XY forallt € [1y,1].

From this we get the additional condition xé = x(z) + (1 —to)M *lx?, coupling the entry and exit point with
the time at which the solution leaves the singular arc. In particular, if X° # x', an optimal solution only

exists for one particular length t| — ty of the singular arc.

Finally, the first row of the state equation implies the formula for the optimal control, which is the
feedback law

u(t) =DM 'xi (1) + Kxy(t) = (D+ (t —t0)K)M XY+ KXY forallt € [to,11],

where the last part of the equation is an explicit solution formula in terms of the initial value.

In Example 2.3 we observed that, for second-order mechanical systems, the control on the singular arc
can be expressed directly via the entry point x. The aim of this paper is to provide a generalisation of this
approach to optimal control problems of the form (4) or, if a regularization is necessary, its regularized
counterparts (6), or (9). To derive an explicit solution formula, we recall the concept of the Drazin
inverse.
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Definition 2.4 (Drazin inverse, see [24, Definition 2.2.2]). Let M € K"™*". The unique matrix MP € K"™"
with the properties

(i) MPM = MMP,
(ii) MPMMP = MP,
(iii) there exists v € Ny : MPMY! = M"Y,

is called the Drazin inverse of M. The minimal v satisfying (iii) is called the (Riesz) index of M and
coincides with the nilpotency index of M, which is the size of the largest Jordan block associated with the
eigenvalue zero.

Recall further the well-known solution formula for initial value problems associated with linear time-
invariant differential-algebraic systems with commuting coefficients using the Drazin inverse, see
e.g. [24, Lemma 2.3.2 and Theorem 2.3.4] for a proof.

Proposition 2.5. Let I C R be an interval with ty € I and consider the homogeneous system
(§E—4)z=0, (14)

with E,A € K™ satisfying EA = AE and kerE NkerA = {0}. A function z € €'(I,R") is a solution of
(14) if, and only if, z(ty) € imEPE and

7= eEDA(._tO)Z(tO). (15)

Unfortunately, the matrices & and <% in the optimality system (11) commute if, and only if, B =0 in
which case the optimal control problem (9) becomes trivial, since the boundary value problem either
possesses no solution (which is generically the case) or every control is optimal. However, if the pencil
s& — ofs is regular (i.e. det(sé — f) € K[s] is not the zero-polynomial), then there exists u € K so
that & — o is invertible and the coefficient matrices of the transformed pencil (u& — o75) ™! (s& — o7s)
commute as the following elementary result shows.

Lemma 2.6 ([9, Lemma 2, p. 418]). Let E,A € K"*". Then for every i € K such that WE — A is invertible,

[(LE —A) "' E|[(LE —A)'A] = [(LE — A)'AJ[(LE — A)"'E].

It is then clear that the interplay of Proposition 2.5 and Lemma 2.6 leads to a solution formula for (11)
if the pencil s& — o7 is regular, see [24] for a detailed analysis. However, it should be noted that this
formula characterises only continuously differentiable solutions, while we initially considered weak solu-
tions in, e.g., (6). On the other hand, we ultimately seek for an optimal control which is a linear feedback
of the state or the state and associated adjoint. In this case, the solution of the optimality system (11) is
smooth and can be obtained from the solution formula.

3. Analysis of the optimality pencil s& — <7 g

In this section, we study properties of the pencil associated to the optimality DAE (11). In particular,
we consider its regularity, which is strongly connected with the solution formula in terms of the Drazin
inverse, the index and rank-minimal choice of the regularization term S. The main results of this section
are summarised in the Figure 1.



Timm Faulwasser et al. | Hidden regularity in singular optimal control of pH systems QDAE

3.1. Regularity

Conditions that characterize the regularity of the pencil s& — % via normal and staircase forms are
well studied, see [7, 8, 32]. The next proposition contains such conditions in the special case of port-
Hamiltonian systems.

Proposition 3.1. Let (J,R,0,B) € £,,, and S € K™ with S = S > 0. Then the following statements
are equivalent:

(i) The pencil s& — < is regular.
(ii) There exists L € K\ (6(—((J —R)Q)")Uc((J —R)Q)) such that the matrix

- 0 (J—R)Q—‘LLI B B mxm
Su=S=[8" 0|\ _ oy 4 i ORO } MGK (16)

is invertible.
(iii) There exists ® € R such that

io ¢ 6((J—R)Q) and kerSNkerRQ((J—R)Q—iol) 'B={0}. (17)

(iv) There exists @ € R such that
io ¢ c(JQ) and kerSNkerRQ(JQ—iol) 'B={0}. (18)

(v) There exists @ € R such that

io ¢ o(JQ) and kerSNB~'(JQ—iwl)kerRQ = {0}, (19)

Proof. The equivalence of (i)—(iii) follows directly from Proposition 1 and Theorem 5 from [8], and the
equivalence of (iv) and (v) is straightforward. It remains to prove that s& — .o% is regular if, and only if,
(iv) holds. To this end, we first show that for all z € C\ (¢(JQ)Uo ((J —R)Q)) we have

1

—1 —1 —1 -
(JO—z) RO((J—-R)Q—z) =(J—-R)Q—z) RQUQO—z) .
This follows immediately by applying (J 00—z ) ! from the left and from the right to the equality

RQ((J—R)Q—zI)‘1 (JO—zI) =RQ(JQ—RQ—zI) ' (JQ—2zI)
=RO(JQ—RQ—zI)"'(JO—RQ -zl +RQ)
=RQO+RO(JQ—RQ—zI)"'RQ
= (JQ—RQ—z+RQ)(JO—RQ—zI)"'RQ
= (JQ—2)(JQ—RQ—2I)"'RQ
= (JQ—2)((J-R)Q—2)”'RQ.

Hence, for all z € C\ (G(JQ) U G((J—R)Q)),

kerRQ((J —R)Q —2I)"'B=Yker ((J—R)Q—2I)) 'RQ(JQ—2I)"'B
—=kerRQ(JQ—zI)"'B.

Since the spectrum of matrices is continuous with respect to the Hausdorff distance, cf. [18, Theorem
I1.5.14], we conclude that if (17) holds for some @ € R, then it holds in a neighborhood of this @. The
same holds for (18). Since 6(JQ)U o ((J —R)Q) is finite, we conclude that (17) implies (18) and vice
versa. 0
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Remark 3.2. In [8, Theorem 7] it is proven that regularity of s& — s is also equivalent to the uniqueness
of optimal controls for the OCP (9), if they exist.

Typically, the necessary and sufficient conditions for the regularity of the pencil s& — .o/ in Propo-
sition 3.1 are hard to verify in applications, since all of them are existence statements which contain
resolvents. Therefore, we seek to find explicit or resolvent-free conditions. A necessary condition, that
meets both requirements is the following result inspired by [8, Proposition 6].

Proposition 3.3. Let (J,R,Q,B) € £, ,, and S € K™ with S =S > 0. If s& — s is regular, then

n—1
kerS N () kerRQ(JQ)'B = {0}. (20)
r=0

The converse implication holds for single-input-single-output systems (i.e. the case m = 1), but not in

general.

Proof. If s& — < is regular, then (18) holds for all but finitely many @ € R due to Proposition 3.1 (iv),
and since the set of all u € K so that u& — % is invertible is either empty or co-finite. Thus, there
exists some Q > ||JQ|| so that for all ® € R\ (—Q,Q) one has that i® ¢ ¢(JQ) and kerSNkerRQ(JQO —
iol)~'B = {0}. Hence, for all ® € R\ (—Q,Q) the Neumann series

o0 .\ k+1
Vo—ioh) ' =-Y <_l> (JO)
k=0

converges absolutely and

I .\ k+1
RQ(JQ—iol) 'B=-Y (_’) RQO(JQ)*B. (21)

=0 \ @

Using the Cayley-Hamilton Theorem, see e.g. [27, Theorem 8.6], we have that for all r > n there exist
coefficients ay, ...,a,_; € K, such that

n—1
(JQ)" = ;)a§(JQ)j-

Hence, we conclude that for all » > n

n—1 n—1
() kerRQ(JQ)PB C ker ) a,RQ(JQ)B = kerRQ(JQ)'B.
p=0 p=0

This shows that kerS N ﬂ’;;é kerRQ(JQ)'B = kerSN(N_okerR(JQ)"B. Therefore, for all v € kerSN
N'—y kerRQ(JQ)'B and for all @ € R\ (—Q,Q), we have that

o0 .\ k+1
P k -t _
RQ(JQ—iol) 'Bv=—Y RQ(JQ) Bv<w> =0

k=0
and hence v = 0.

Consider the case that m = 1, i.e. S € K!*! and B € K"™*!. If § is non-zero, then the pencil s& — o is
obviously regular. If S = 0 then Proposition 3.1 (iv) yields that s& — .@% is regular if, and only if, there
exists ® € R, with i® ¢ o(JQ) and RQ(JQ —iwl)~'B # 0. Seeking a contradiction, assume that (20)
holds and that RQ(JQ —iwl) !B =0 for all ® € R with i®w ¢ 6(JQ). In this case, the representation (21)

10
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and the identity theorem for power series [20, Corollaries 1.2.4 and 1.2.7] yield that RQ(JQ)"B = 0 for
all r € Ny, which contradicts our assumption. Therefore s& — .o/ is indeed regular.

The following example shows that the converse implication does not hold in general. Let n = m = 2,

Q:B:12,S:02X2and
0 -1 1 0
Gl

Then for € R\ {41} we have
kerRQ(JQ —iol) ' = (J —iol)kerR = { (z,iw2) [z€ C} # {0}

Since kerS = C™, Proposition 3.1 (iv) yields that s& — .7 is singular. On the other hand, we have, for all
o,ueR\{£1} withow #pu

kerR(J —iol) ' NkerR(J —iul)~' = {0}.

Using the Neumann series, this yields that (20) holds; for details see the upcoming Lemma 3.4. This
shows that (20) is, in general, not sufficient for regularity of s& — of5. O

We have seen that the condition (20) is necessary but not sufficient for regularity of s& — ofs. The
following lemma reveals the underlying reason for this shortcoming: s& — o7 is regular if, and only if,
kerSNkerRQ(JQ — iwl)~'B = {0} for one fixed @ € R, whereas the condition (20) holds if and only
if the intersection of the kernel of RQ(JQ — iwI) ' B over infinitely many @ € R has trivial intersection
with ker S.

Lemma 3.4. Let (J,R,Q,B) € £, ,, and S € K™ ™ with S = § > 0. Then (20) holds if, and only if, there
exists > 0 such that all @y > wg > Q fulfil the property

kerS N () kerRQ(JQ—iwl) 'B={0}. (22)

W <D<

Proof. Let ¢ := L. Then, the series (21) is a formal power series F € K""[[¢]] with non-vanishing

convergence radius p > where we use the convention 1 = co. Each v € K” induces then the formal

1
o[ 0
power series F(-)v € K"[[¢]] whose convergence radius is at least p. By definition of F, we then have
forall ¢ € (—p,p) and for all v € K™ that

. -1
F(¢)v=RQ <JQ - (;1> Bv.

Therefore, the identity theorem for power series [20, Corollaries 1.2.4 and 1.2.7] yields the equivalence

n—1
v € kerSN () kerRQ(JQ)'B <= v € kerS and F(-)v = 0.
r=0

The latter is equivalent to

vekerSN () kerRQ(JQ—iwl) 'B

w<|wl<a

for all wy < w; € (1/p,e0). This shows that (20) and (22) are indeed equivalent. d

As we have demonstrated, the inverse-free necessary condition (20) is not sufficient for regularity of
s& — ofs. However, the next proposition presents an inverse-free necessary and sufficient condition.

11
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Proposition 3.5. Let (J,R,0,B) € ¥, ,, and S € K™ ™ with S = S > 0. The pencil s& — s is regular
if, and only if, there exists @ € R such that

io¢o(JQ) and BkerSN(JQ—iwl)kerRQ ={0} and kerBNkerS={0}. (23)

Proof. Assume that the pencil s& — 7 is regular. By Proposition 3.1 (iv), there exists some ® € R with
io ¢ o(JQ) such that kerS NkerRQ(JQ — iwI)~'B = {0}. In particular, this implies that kerSNkerB =
{0}. Let v € BkerSN (JQ —iwI)ker RQ. Then, there exists u € kerS so that v = Bu and (JQ —iwl) " 'Bu €
ker RQ or, equivalently, u € kerRQ(JQ — iwl)‘lB. Thus, u = 0 and hence v = 0, so that (23) holds.

Conversely, let @ € R be such that (23) holds for this particular ®. Let u € kerSNkerRQ(JQ —iwl)~'B
and set v := Bu € BkerS. Then RQ(JQ —i®wI)'v =0, i.e. v € (JQ —iwl)kerRQ. Hence, we obtain
v =0 or, equivalently, u € ker B. Since ker BNkerS = {0}, we conclude that u = 0 and Proposition 3.1 (iv)
yields that s& — s is regular. O

Condition (23) implies, in particular, that the block matrix [B,JQ — iwI] acts injectively on the cartesian
product ker S x ker RQ. This immediately yields a rank criterion for the regularity of s& — 7.

Corollary 3.6. Let (J,R,0,B) € L,y and S € K™™ with S = S > 0. Then the pencil s& — s is regular
if, and only if, there exists @ € R such that

dim (BkerS + (JQ — iwl) kerRQ) = m+ n — (rank S + rank RQ) (24)

Proof. Let Zg € Kmx(m=—rankS) andq 7, ¢ K"*(n—rankRQ) pe matrices with full column rank such that
imZg = kerS and im Zgz = ker RQ and we have the formula

dim(BkerS+ (JQ — iwl) ker RQ) = rank [BZs, (JQ — i®w] ) Zg].

Let s& — 75 be regular. In view of Proposition 3.5, this is the case if, and only if, the restriction of B to
kerS is injective and BkerSN (JQ —iwl)kerRQ = {0} for some @ € R so that JQ — iw! is invertible.
Hence, for this particular @ we have rank BZg = dimBkerS = dimkerS = m — rank S and rank (JQ —
iol)Zg = dim(JQ — il ) ker RQ = dimker RQ = n — rank RQ and the sum BkerS+ (JQ —iwl) kerRQ is
a direct sum. Thus, (24) holds, i.e.

dim(BkerS+ (JQ —iwl) kerRQ) = dim(BkerS) + dim((JQ — iwl) ker RQ)
=n+m— (rank S +rank RQ)

Conversely, assume that (24) is satisfied. The set of all ® € R such that rank [BZs, (JQ — i®l)Zg] <
n+m — (rank S + rank RQ) either coincides with R or is finite. By condition (24), the former does not
hold. In particular, there is some @ € R so that i® ¢ o(JQ) such that (24) holds at this @. Then, we
can conclude analogously that (23) holds. From Proposition 3.5, we conclude that the pencil s& — o is
regular. O

Whereas the previous characterizations of regularity required the choice i@ ¢ o (JQ), condition (24) can
be verified without computing the spectrum of JQ.

3.2. Rank-minimal regularization of the cost functional

Recall that one of our goals is to choose a positive semidefinite matrix § € K™*™ of minimal rank, to
achieve regularity of the optimality system. This is different compared to the common regularization of
the optimal control problem by S = €l,,,, € > 0, see e.g. [14], which produces a regular optimal control
problem. Here, if possible, we seek to ensure a regular optimality DAE without full rank penalisation

12
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that inevitably penalizes all control directions (even though this is not necessary from a theoretical point
of view to ensure feedback-type controls).

Lemma 3.7. Let (J,R,Q,B) € ¥, ,, be such that the pencil s& — /s is singular for S = 0. Let ® € R with
i0 ¢ o(JQ) and consider the subspace

V :=B ' (JQ—iwl)kerRQ.

Let S € K™ with § = S" > 0 and kerS = V* (e.g. the orthogonal projection onto V). Then s& — <5 is
a regular pencil. Moreover, if ® is chosen such that

dimB~'(JQ —iwl)kerRQ = min {dimB ™' (JQ — zl)kerRQ |z € C}, (25)
which holds for all but finitely many @ € R with io ¢ ¢(JQ), then

rank S = min {rank§ ‘ 5E — g regular} . (26)

Proof. Since VNV+ = {0}, Proposition 3.1 (v) yields that s& — 42/5 is regular. Assume now that (25)
holds We show that S is rank-minimal in the sense of (26). Let S € K™ ™ with rank S < rank S so that
S§=5">0and s& — a5 is regular. By Proposition 3.1 (v), we find some @y € R so that iay ¢ 6(JQ)

and kerSN B~ (JQ — iyl ) kerRQ = {0}. Since (25) holds if, and only if,
dim (imB+ (JQ — iol) kerRQ) = max {dim (imB + (JQ —zl) kerRQ) |z € C},

the condition (25) is fulfilled for all but finitely many @ € R. Therefore, we may choose wy so that
dimB~!(JQ —iayl) ker RQ = dimV. We conclude that
m > dim (kerS+ B~ (JQ — il ) kerRQ)
= dimkerS + dimB~' (JQ — iawpl) ker RQ
> dimkerS +dimV = dimV* +dimV = m.

Therefore the inequalities are equalities and we conclude dimkerS = dimkerS or, equivalently, rank § =
rank S. Thus, S is indeed rank-minimal in the sense of (26). ]

The following result extends [40, Theorem 8] to regularized cost functionals and not necessarily invert-
ible matrices Q, providing a sufficient condition for regularity of s& — .o7s.

Proposition 3.8. Let (J,R,Q,B) € X,,,, and S € K™ with S = S? > 0. If
BkerSNkerRQ = {0} and kerBNkerS = {0}, (27)

then s& — s is regular. The converse is false, in general. Moreover, if (27) holds, then optimal controls
for the OCP (9) (if they exist) are unique.

Proof. In the following, denote by My 7(A) the minor of a matrix A with row and column index sets S
and T, respectively, where |S| = |T|.

Let Zg € Km*(m—tankS)anq 7 e K< (n—rankRQ) gy ch that imZp = kerS and im Zg = ker RQ. Then assump-
tion (27) yields that [BZg, Zg] has full column rank T = n+m — (rank S +rank RQ). Hence, there exists a
non-zero minor Ms r([BZs,Zg|) of [BZs,Zg] with |S| = |T| = 7 . By continuity, there exists € > 0 such
that M; x ([BZs, (irJQ +1)Zg]) does not vanish for r € (0,¢€). Hence,

t = rank [BZs, (i§JQ +1)Zg] = rank [BZs, (JQ — i21)Zg| = dim(BkerS+ (JQ —iZI) kerRQ),

13
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which is (24) with @ = 2.

To show that the converse is, in general, not true, considern =2 and m = 1. Let S=0 and let B = [(‘)]
which certainly fulfills ker BNkerS = {0}. Further, set

0 1 00
J—[_l 0], R—[O J, and o=1

Then, kerR = imB # {0} and (27) is violated. For all z € R and v = v; [(1)] € kerR we have

—v [lﬂ = (J—iwl)v €imB

if, and only if, v = 0 and hence we conclude that (23) holds. Proposition 3.5 yields that s& — % is
regular. 0

The previous result included a condition which is sufficient but not necessary for regularity. In the
following we show that it is indeed necessary for regularity with an additional condition on the index.

3.3. Index of the optimality DAE (10)

An important property for the numerical solution of the optimality boundary value problem (10) is the
Kronecker index, i.e. the size of the largest block associated with the eigenvalue o in the Kronecker
canonical form [13] of the pencil s& — @%. The next proposition characterizes condition (27) in the case
S = 0 in terms of the Kronecker index.

Proposition 3.9. Let (J,R,Q,B) € £, and S = 0y,,n. Then
imBNkerRQ = {0} and kerB = {0} (28)

holds if, and only if, the pencil s& — s is regular with Kronecker index three.

Proof. First of all, since S = 0 we have that (28) is equivalent to (27). Hence, by Proposition 3.8, the
pencil is regular in both logical directions of the proof. Therefore, we may assume that the pencil is
regular. By Proposition 3.5, there exists ® € R with iw ¢ ¢(JQ) N o(—JQ) such that

imBN (JQ—iwl)kerRQ =imBN (JQ+iwl)kerRQ = {0} = kerB.

We now have to prove that V := imBNkerRQ = {0} if, and only if, the pencil is of index three. We set
A:=(J—R)O.

One easily computes the first four elements of the increasing Wong sequence (see [4, Definition 2.1]
or [49]), defined by #4 = {0} and %, = &' IsH for k € Ny, as #7 = {0} x {0} x K", #; =
{0} ximB x K™,

W5 = { [_QRQV} VW E imB} x K™

Av+w
_ J|QRQJQv—OROwW| - m
%—{[ Ayt Awty veV,wyeimB  x K"

Note that here &' denotes the preimage of the map defined by & and not the inverse of &. Hence, #( #
W1 and #) #£ W>. Moreover, #, # #3, since #3 = #4 is equivalent to im B C kerRQ and JQ imB C imB,
which leads to

(JOQ—iwl)imB C imBN (JQ —iwl)kerR = {0},

14
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i.e., B =0, contradicting ker B = {0}. From [4, Proposition 2.10], we conclude that the Kronecker index
of the pencil index is at least three, and that the index is three if, and only if, #3 = #4.

Now, #3 = #4 is easily seen to be equivalent to the statement that for each x € V there exist v,w €
imB such that RQJQOx = RQv and JOJQOx = JQv+w. Hence, V = {0} obviously implies #3 = #4.
Conversely, assume that #3 = #4 and let x € V. Then there exist v,w € imB such that RQJQx = RQv
and (JQ)%x = JQv+w. Since RQx = 0 and thus RQ[(JQ + il )x — v] = 0, we have

(JQ—iwD)[(JQ+iolx—v] = ((JQ)* + &*)x — (JQ —iol)v
=w+ @’x+iov € imBN (JQ — iol) kerRQ = {0},

and hence
(JQ+iwl)x=v eimBN (JQ+iwl)kerRQ = {0}.

Thus, x = 0 follows which shows that V = {0}. O
In the case that S # 0, the index of the pencil s& — /s does not need to be three if (27) holds.

Example 3.10. Observe that, for all (J,R,Q,B) € ¥, ,, and Hermitian positive semidefinite S € K"*",
W ={0} x {0} x K™, #, = {0} x imB x K" and

_ J|—ORQv| - m.
%_{[Av—kw}v’welmB}XK’

in particular the first three entries of the increasing Wong sequence of s& — s do not depend on S. The
fourth entry can be calculated as

Wy = { [_(QRQJ%;_V%_JIL‘QV‘I}QE)})V_ QRQW} ;v E€imBN (BHQRQ)flimS, w,y € imB} x K™,

Consider now the case n =2, m =1 and (J,1,,1,,B) € X, ,, with to be determined skew-Hermitian
J € K" and B € K"*™. Then, (27) is equivalent to kerBNkerS = {0}. Consider B = [(1)], which has

trivial kernel so that (27) holds, and S = 1 € K'*!. Further, imBN (B?QRQ)~'im§ = imB = {0} x K
and hence

_ —2v—w | . . m
%_{[Az\H—Aw—i—y] .v,w,y€1mB} x K™,

ForJ = [_01 (1)} it is easy to see that Wy # W5 and hence the index of s& — /s is at least four.

It may be observed that the condition (28) is fulfilled for the choice (E,J,R,B) = (J,1,,1,,B). Therefore,
the pencil s& — 2y is regular with index three. By Proposition 3.1, each pencil s& — <fs with invertible
S is regular, so that in the presented example all pencils s& — o5 with S € K1 are regular. Moreover,
the first four entries in the increasing Wong sequence of & — /s for nonzero S € K'*! do not depend
on the value of S so that it may be concluded that the index of the pencil & — <fs is three for S = 0, and
at least four otherwise. When we interpret this example for the associated optimal control problem(s),
then S in the pencil s& — ofs corresponds to the summand Su® in the stage cost. Since the optimality
DAE is regular for S = 0, there is no need to implement a nontrivial quadratic term in the control u as
a regulariser. If we do this nevertheless, then the index of the optimality DAE is higher that the index of
the “non-regularised” optimality DAE.

Of course, the condition (27) is only sufficient and not necessary for regularity. In particular, the index
of a regular pencil is not necessarily equal to three. Moreover, the presence of a nontrivial regulariser S

15
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does not imply that the index needs to be higher than three. In the following examples, we illustrate this
circumstance.

Example 3.11. If S = I,,, then Proposition 3.1 implies that the pencil s& — /s is regular for all
(J,R,Q,B) € X, . In particular for (J,R,Q,B) = (0,0,0,0), we have

0 I, 0 00 O
s&—Hs=s|—-1, 0 0| —10 0 O
0 0 O 0 0 I,

In this case, <fs leaves #) = {0} x {0} x K™ invariant and the preimage of #1 = {0} x {0} x K™ under
& is ker& = #\. This shows that the Kronecker index of s& — <75 equals one. The same holds for any
positive definite S.

Example 3.12. Consider S = I, and (0,0,0,B) € ¥, ,, with B # 0; in particular, s& — <fs is a regular
pencil. Then, we have #; = {0} x {0} x K™ and #> = {0} x imB x K™ for the first two entries of the
increasing Wong sequence of s& — <fs. Further

Wy = E s = & 'imB x {0} x K" = #4

and hence the Kronecker index of s& — ofs equals two. Again, the same holds for any positive definite S.

Of course, the optimality pencils in Examples 3.11 and 3.12 are singular for all non-invertible S so that
we may at this point not conclude that the introduction of a regularising term with higher rank than
necessary can lead to an optimality DAE with lower index than the optimality DAE with minimal-rank
regulariser.

We summarize our results and we illustrate further equivalences and implications in Figure 1.
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0 (J-R)Q B
- [(U-R)Q)" QRQ 0] is regular
B 0 S

Proposition 3.1 (ii) and [8, Proposition 1]

There exists u € C such that

0 ul—(J-RQ| '[B]. . .
S—[B" 0] {ﬁulf((JfR)Q)H ORO ] {0} is invertible

Proposition 3.1 (iii) and [8, Theorem 5]

There exists @ € R such that
io ¢ o((J — R)Q) and kerS NkerRQ((J — R)Q — iw)~'B = {0}

Proposition 3.1 (iv)

There exists @ € R such that
io ¢ o(JQ) and kerS NkerRO(JQ — iwl)~'B = {0}

Proposition 3.5

There exists @ € R such that
iw ¢ o(JQ) and BkerS N (JQ — iwl)kerRQ = {0}and kerBNkerS = {0}

Proposition 3.1 (v)

There exists @ € R such that
io ¢ o(JQ) and kerS N B~ —iwl)kerRQ = {0}

Proposition 3.3
Proposition 3.8

BkerSNkerRQ = {0} and
kerS N N kerRQ(JQ)'B = {0
kerBNkerS = {0} ° ,O erkQUQ) {0}

Figure 1. Equivalent, sufficient and necessary conditions for regularity of the optimality DAE (10).

17



Timm Faulwasser et al. | Hidden regularity in singular optimal control of pH systems QDAE

4. Existence of an optimal trajectory

In our considerations so far, we have only focused on the regularity of the pencil associated with the
necessary and sufficient optimality conditions of the port-Hamiltonian optimal control problem (6). Us-
ing the general solution formula that we presented in Proposition 2.5, we can derive a solution formula
for (11) along the lines of [8, pp. 1096].

Recall the Drazin inverse from Definition 2.4 and note that MPM = MMP coincides with the spectral
projection onto the direct sum of the generalized eigenspaces (root subspaces) of M corresponding to its
non-zero eigenvalues.

Proposition 4.1. Let (J,R,Q,B) € £, and S € K™ ™ with S = S > 0 be such that s& — s is regular.
Choose 1 € K\ (6((J—R)Q)Uo(—((J —R)Q)M)) such that u& — s is invertible, define Sy, as in (16)
and

[ (J—R)Q—ul]l

((J Myt ORQ ’

:(Eu—i—Eﬂ[] ' [ O]E#> [(I’ ‘0’], 29)
st o) ). 0

A function [AT X MT]T € €' ([to,t1], K""+™) is a solution of (11) if, and only if, L?YO)] €

im(NJNy) and
I:A:| = ef[NE(I*#NM)]('*l‘O) I:)L(IO)]

X x(to) a1

u=MyN} m :

Proof. In view of the calculations in [&, pp. 1096] and Proposition 2.5, [AT T uT]T is a solution
of (11) if, and only if, there are v;,v, € K" so that

A — o INPU=pNL)(—10) Dy VA
X utvH Vi )
(32)

u=MyN} m :

Note that NENH is the spectral projection onto the sum of the root subspaces of N, corresponding to

the non-zero eigenvalues. Therefore, every function with [j(gt%
0
tion (31) is indeed a solution of (11). Conversely, let [AT x" u”] Tegt ([to, 1], K"*"*™) be a solution
T
of (11) and let vy,v, € R be such that (32) holds. Then BT ((tfo))
0

))] € im(foNu) that has the representa-

] = NN, [VV’L} € im(N?N,), which
X

proves the assertion.

The statement of Proposition 4.1 shows that the subspace im(Nﬁ’Nu) determines the set of admissible
initial values for the boundary value problem (11). Since (11) does not depend on the particular choice
of u, the subspace im(N, E N, ) does not either, which is shown in the following corollary.
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Corollary 4.2. Let (J,R,Q,B) € ¥, , and S € K™ with SH =8 >0 be such that s& — s is regular.
Choose u,v € K\ (6((J —R)Q)Uc(Q(J+R))) such that both u& — fs and v& — <fs are invertible.
Then we have im(Nﬁ)N#) =im(NPNy).

The following proposition finally characterizes the existence of a solution of the optimality system with
prescribed initial and terminal values for the state, cf. [8, Theorem 4].

Proposition 4.3. Let (J,R,0,B) € X, and S € K™ with S =8 > 0. Let p € K\ (6((J —R)Q) U
o(—(J —RQ)1)) be such that u& — s is invertible and let E1,Ey,E3, E4 : R — K™ be such that for
allt eR

—INP(-uN))(—10) _ | E1(1)  Ex(t)
o ‘[Ezm Ey(r)| 33)

If E3(ty) is invertible, then (11) possesses a solution [AT x" u"] Teet ([to, 1], K" with x(19) =
10 and x(t)) = x' if. and only if.

[E3(t1)_1 [xl —E4(t1)x0]

0 ] € im(N/Ny). (34)

Proof. By Proposition 4.1, the system (11) has a solution (x,A,u) with x(t) = x° if, and only if,
T
KLT ((tto)) } = NEN# [\;’l ] € im(Nﬁ’N#) and (31) holds. If we evaluate the state of such a solution at time
0 X
t1, we obtain

x(tl) = E3(l‘1)7t(l()) +E4(t1 )xo,

and hence x(;) = x' if, and only if, A(t9) = E3(t;) "' [x" — E4(1)x°]. O

The optimal control that we have obtained in Proposition 4.1, cf. (31), is not a state feedback solution, as
it depends additionally on the adjoint. However, Proposition 4.3 enables us to eliminate this dependence
and to define the optimal control as a state feedback.

Corollary 4.4. Let (J,R,Q,B) € X,,, and S € K™ with S# =§ > 0. Let u € K\ (6((J/ —R)Q) U
o(—(J —RQ)")) be such that u& — s is invertible. Consider the decomposition (33), assume that
EéL (t1) is invertible and let the condition (34) hold.

Then, the unique optimal control of (9) is given by

Mo, N1l 0
u(t) = MuNDe 201Nl —10) [E3 (1) [xxo E; (t1)x ]}

forallt € [ty,t1] with Ny and M, as defined in (29) and (30).
Proof. The formula (31) implies that

_ g D~ INP (N (—10) | A (f0)
u—M,JNue I u L(IO) .

Inserting the formula A (f9) = E} (t) ' [x! — Ej (#1)x"] derived in the proof of Proposition 4.3 yields the
assertion. O
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5. Illustrating examples

In this section, we provide several examples to illustrate the theoretical results of the previous sections.
As shown in Proposition 4.1, more specifically in (31), the flow of the optimality DAE (11) can be
calculated by means of the matrix function Hy, : R — K227 defined by

Hy (1) := e NammNN(— 0 N Dy
Example 5.1. First, we revisit Example 2.3 and set £ =1 and M = K = 1, i.e. we consider the matrices

0 —1 d 0 1
J::[1 0], R::[O 0], 0:=1D, B::[O]

for some damping coefficient d > 0 and the corresponding minimal energy optimal control problem, cf.

(9) with § = 0:
51 i _
min d/ X2 dr s.t. %x: [ ld Ol] x4+ [(1)] u, x(t) =x°, x(1;) = x'.
To

The associated optimality pencil is then given by

s—d 1 d 0 0

-1 s 0 0 O

s&—p=1 0 0 s+d 1 -1
0O 0 -1 s O

1 0 0 0 O

As already noted in Example 2.3, the pencil is regular since the condition im BNker RQ = {0} is satisfied,
cf. Proposition 3.8. The flow of the associated DAE can be calculated along the lines of Proposition 4.1,

0 O

Ho R — R4 CINP—dNPNg)(—10) Dy L [0 d
1 R— , te Nde—d 0 —1
1 —t

=l e N
QU O OO

cf. Appendix A.1 for details. This flow maps an initial state and adjoint state
T . T
(20T 7" €im(NPN) = {[o —dz z {]'|z¢e R}
to the trajectories of the adjoint A and the state x. Especially, we conclude that each initial value x°
admits a unique A° € R? so that the optimality system corresponding to s& — <y possesses a solution
with initial conditions A(ty) = A° and x(t9) = x°. In particular, an initial condition [0 —dx] x xJ]
generates the state trajectory

(t) = X 35
W= x4+ (35)

Therefore, the optimality system yields an optimal solution if, and only if, x} = x(l) and xé = tlx(l) —i—xg.
Directly applying Proposition 4.3, we get from (34) the necessary and sufficient condition

Ll 0 1

Lixl —x9 — 4 x

d( 2 _fxl 1 1) 1 —h 1 xl— 0 0 xO T
;101 —lal_1 o 0 1 eimNj)Nd:{[O —dz z (] ‘Z,CGR}
0 0
2 *
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for the existence of an optimal trajectory that transfers the initial value x(ty) = x° to the terminal value
x(t) = x'. To calculate the associated optimal control, we refer to Proposition 4.1. Recall that

M, =-S;" [BH O}Ed:%[2d3+d -2 -1 -d* d?].

Therefore, we obtain the associated control

u(t) = MyN? B((ft))] = % (@ —a* 0 a*] [i((;))] = (t+d)x) +x9. (36)

The formulas for the optimal state (35) and control (36), and the consistent boundary conditions coin-
cide with the findings of Example 2.3 for this particular scalar case. We stress, however, that in Exam-
ple 2.3 we heavily exploited the structure of the second-order mechanical system, whereas the approach
of Proposition 4.1 employed here only hinges on the port-Hamiltonian structure of the OCP.

Next we draw upon two academic examples: The first one illustrates that we can choose S = 0, while the
second one shows how to compute the minimal pertubation.

Example 5.2. Consider the matrices

TS Sy

It is clear that J is skew-Hermitian, that R and Q are Hermitian and positive semidefinite. Using Propo-
sition 3.5, we verify that s& — <% is regular. Let ® € R\ {0,1}. Then we have

(JO—iol) 'kerRQ = [i(lgw) __lio]l { Lj |z€ (C} = { [:lfj |z € (C},

see Appendix A.2 for the calculation of kerRQ. Since B has full column rank and imB = C x {0}, we
have imBN (JQ —iwl)~'kerRQ = {0} and hence Proposition 3.5 yields that s& — /s is regular. In view
of Proposition 4.1, for given ty € R the solutions (x,A,u) have the form

e%(i7\/3+8i)(t7t0) 0 0 0
[Mt)] T 0 2 (i+V3+8)(1—10) 0 0f 71 [l(to)]
x(t)] 0 0 e1=0(=n) ¢ x(t0) |’ (37)
0 0 0 1
5 . .
) = 2 (1 (0) + (2= ) ~ (1)

forallt € R with T given in Appendix A.2. Given x°,x' € C? and ty < t; € R, we conclude that (37) has
a solution (x,A,u) with x(ty) = x° and x(t) = x' if, and only if,

| 1 (8+10i)eI=D1=10) _204+8i (8+ 10i)e!—D1—10) 120 —8i]

T (28i—12) | (8 + 10i)e1-D—10) — g —20; (84 10i)e1-)(1=10) 48 +20i| " - (38)

Therefore, we can use the presented method to find an optimal solution of the associated optimal control
problem (9) if. and only if. the boundary conditions x° and x' fulfill (38). To obtain the same result
from (34) in Proposition 4.3, we have

e%(i—\/3+8i)(tl—lo) O O O
Hi(n) =" =Te" ATT~ ' =T 0 e2 (V38 (=) 0 0|,y
e B B 0 0 e(1-D(t—10) ’
0 0 0 1
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where we omit the details of the calculation.

Next, we give an example in which the pencil s& — 27 is singular, and use Lemma 3.7 to find a rank-
minimal perturbation S so that the perturbed pencil s& — . is regular.

Example 5.3. Let J =i, R=0,Q=1and B=[1 i| € C"2 Then (J,R,Q,B) € ¥, . In this case
sE — oy =

is evidently singular. Since kerRQ = C, we have B~'(JQ — iowl)kerRQ = C? and by Lemma 3.7 the
pencil & — ofs with S € K™ symmetric and positive semidefinite is regular if, and only if, S is positive
definite. Recall that the DAE associated with the pencil s& — oy aims to determine the optimal solutions
of the optimal control problem
min 0
s.t. %x = ix+u +iu, x(tg) = x°, x(t) = x!

and we see that every solution of the ODE which fulfills the boundary conditions is optimal. If t| —ty is
no multiple of 27, then the function

i (1 —1 0 1
’ ielt=t0) —

is an optimal solution with constant control. However, our perturbed problem associated with the regular
pencil s& — ofs is the optimal control problem

11
min / u Sudt
4]
S.t. %x — (]—R)QX+BM, )C(l’o) :x()’ X(tl) :xl.

Consider e.g. S = I,. Then for all u € C we have that L& — s is invertible if, and only if, U # i. Taking
e.g. W =72i, we get

i 0 0 0 i 0 0 0
0 i —1 —i 0 —i i —1
1 —_— _1: p—
(2i& — <) 1 0 -1 —1 —i 0 -1 0]
i 0 0 —1 1 0 0 -1

and hence,
—i 0 1 i 0 —i 0
N2i = [0 —i] 5 NZDI :N2i = [0 l':| y and M2i = |: 1 O:| .

Then Ng(l —2iNy;) = Ng — 2i and we can calculate, for all t € R,

, i(t=10) 0
—IND(1—2iN> ) (1 — e
Hy(t)=e [Ny (I=2iNy)](t—t0) _ [ 0 ei(tlo):| .

By Proposition 4.1, all solutions of the DAE (&& — o) (A, x,u) with the initial condition x(0) = x° are
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given as

In particular, we have a solution of the optimality DAE that fulfills the boundary values for x if, and only
if, x!' = /1=10)x0 Note, that Proposition 4.3 is not applicable as E5(t) = 0 is not invertible in this case.

As last example, we consider a boundary controlled heat equation.

Example 5.4. We consider the temperature distribution in a domain Q C R?, d € {1,2,3} with a Dirich-
let boundary control on a part of the boundary I'c C dQ. The model is given by

0(t,0) = kAO(t, ), weQ, te[0,T],
0(t,y) =u(t,y), yeTl., t€[0,7],
0(s,y) =0, yeT\It€[0,T],

where 0(t, ) is the temperature at time t € [0,T] at the space point @ € Q and x > 0 is a heat conduc-
tivity coefficient. Discretizing in space by central finite differences, see e.g. [45], with a regular mesh of
mesh size h > 0 and n € N grid points {@y, ..., ®,_1}, leads to a control problem

Zn(t) = —Rpzp(t) + Buu(t), t € [0,T],

where zj(t) € R" consists of the nodal values of the temperature profile, i.e. (zx(t)); = 0(t,®;) for
Jj€40,...,n—1}. The matrix R, € R"™" is the finite difference matrix associated with the negative
Laplace operator at all mesh points. The input matrix B, € R"™"™, describes the matrix with associated
with the m € N grid points on the control boundary I'.. Adding an output equation y = B;zh yields a port-
Hamiltonian system of the form (8) with R=R;, J =0, Q =1 and B = By, where R = Ry, is symmetric
and positive semidefinite with a kernel of the dimension of the number of grid points on the boundary.
However, as the values on the boundary points are fixed, the corresponding rows of By, are zero, such
that imB, NkerR;, = {0}.

We briefly illustrate this for the one-dimensional case with Q = [0,1], T, = {0} and T'\ T, = {1} with
equidistant grid 0 = @y < ... < @,—1 = 1. Fort € [0,T] we obtain the finite-difference approximation at
the interior nodes

9(1‘,(!)j+1) —29(2‘,(0]‘) + 9(2‘,0)]',1)
h? ’

AG([, COJ) ~

Moreover, incorporating the boundary conditions 0(t,@y) = u(t) and 6(t,w,—1) = 0, we get

0(t, ) —20(t, 1) +ult)
h2

26(t, wan) - e(ta (On,3)
h2

AG(Z‘,(O[) ~ and AG(Z‘,CO,,,Q) ~ —
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and thus

0 0 O 0 - 0]

0 2 -1 [0]

0 —1 0 !

R, = . o ER™™  B,= 0 e R™1,
1 2 0 0]

0 ... 0 0 0 o0

Here, clearly kerR;, = span{ei,e, } and imB;, = span{e, }, where e; € R", j € {1,...,n} is the canonical

unit vector. Thus, imBj NkerR, = 0. Considering the corresponding optimal control problem with
minimal energy supply, applying Proposition 3.8 yields regularity of the corresponding optimality system
and Proposition 3.9 implies that the associated DAE has index three. In particular this shows that a
regularization term in the cost penalizing the control is not necessary.

6. Conclusions and outlook

The optimality system associated with the problem of steering a port-Hamiltonian system from an initial
state to a terminal state on a given time interval with minimal energy supply has been studied. Regularity
of this differential-algebraic equation has been characterized exploiting the port-Hamiltonian structure.
Minimal rank quadratic perturbations of the cost functional have been characterized so that the perturbed
problem produces a regular optimality system. Assuming regularity, the solution formula for regular lin-
ear time-invariant differential-algebraic equations leads to a characterization of optimal solutions. More-
over, we have derived conditions which allow to characterize the optimal control as a state feedback.
Last, the results are illustrated by means of examples, including second-order mechanical systems and a
discretized heat equation.

Future works consider extensions to control of nonlinear or infinite-dimensional port-Hamiltonian sys-
tems, such as beam equations, building upon [34] are subject to future research. In the nonlinear case,
first steps were conducted by [17, 30]. In the infinite-dimensional case, we expect that the structure of
the descriptor matrix in the optimality DAE can help to generalize the results.

A. Detailed Calculations
A.1. Calculations for Example 5.1

We calculate Sy, at u = d. In view of [8, Formula (35)], we have

S¢=-B"(d—J—R)"'R(d—J+R)"'B

sl R I

and after some tedious, but straightforward calculations

283 +d —2d*—1 —-d*® d? 0 0 0 0
1 2d%+1 0 —d* d 110 d* 0 0
Ed: 2 _ 9 Nd:j 2 _
2d2 + 1 0 0 d 1 43 |d d 0 0
0 0 1 2d d -1 0 d&*
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using the definition N; = E; + Ey [g

] S;l [BH O] E,. To calculate the Drazin inverse, we transform Ny

in Jordan form

01 00 0 4 0 0
00 0O 0 0 0 —-d°
,1 _ . o
STNS = 0 0 é | with S = 1 0 0 &2
000 & 0 -1 1 0
Hence, its Drazin inverse can be calculated as
000 O 0 0 0 O
000 O 110 42 0 0
D __ -1 _ =
N_SOOd—dZS_dO—dOO
000 d d 1 0 d*
Thus, we get
0000
110 0 00
D Dar, =
N =dNaNa=7510 o o o
01 00

A.2. Calculations for Example 5.2

To verify that O = [—i l} is positive semidefinite, we calculate the characteristic polynomial as Yo (s) =

1
det(s — Q) = (s — 1)> =1 = s(s — 2) and hence 6(Q) = {0,2} so that Q is indeed positive semidefinite.
The kernel of RQ can be easily calculated directly from

0

kerRQ:ker[ (1)] ={(z.iz)|z€ C}.

To solve (11), we calculate S, for g = 1. By [8, Formula (35)], we have

12

Sy =-BI(I-Q(UJ+R)'QU-(—-R)Q)'B s £ 0.
Further, we have
0 -1 ‘—32"_ %2 24i —i 1 i
o o -2 H 0 0 —i 2

Hence, we have A := NP(I, — N) = NP — I,. The characteristic polynomial of A is given by
1 1
xa(s) =s(s+i—1) (s— 2(i+\/3+8i)> (s— 2(i—\/3+8i)> .

Thus, A is diagonalizable and a direct calculation verifies that the transformation matrix

2 2 2 0
_ 1 1—i(2++3+8i) 1—i(2—+/3+8i)) —-3-3i 0
V3 +8i(28i —12) 0 0 —-2-5i 1
0 0 —2—5i i
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diagonalizes the matrix A as T~ 'AT = diag(4 (i — v/3+8i), 3 (i ++/3+8i),1—1,0).
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