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Abstract. Delayed elasticity is a universal feature of glasses, manifesting as a recover-
able deformation accompanying viscous flow across the glass-transition domain. While
heuristic models have been proposed to explain its origin, the underlying mechanisms
remain poorly understood. Here, the origin of delayed elasticity is investigated using
a mesoscopic shear transformation (ST) model within the linear viscoelastic regime.
Glasses undergo continuous, thermally activated STs that generate long-range stress
fields, leading to a randomly fluctuating internal stress. In the linear viscoelastic regime,
applied macroscopic stresses are much smaller than the characteristic stress fluctua-
tions induced by interactions between shear transformation zones (STZs). The model
reveals that delayed elasticity emerges from the collective behavior of STZs rather than
from their individual mechanical history which cannot be preserved under such fluctu-
ating internal stresses. When STZs have no intrinsic distribution of energy barriers,
localization into shear bands mays occur, leading to faster inelastic strain accumulation
in certain regions and the generation of a certain counteracting "back stress.” However,
more realistically, when an intrinsic distribution of energy barriers exists, localization
is suppressed, and delayed elasticity arises instead from the cooperative dynamics of
STZs. The back stress, which drives delayed elasticity recovery, originates from these
collective interactions, through long-range stress fields, rather than from individual me-
chanical history/memory. Thus, the memory behind delayed elasticity, often considered
local, is fundamentally collective.

Keywords: Delayed Elasticity, Anelasticity, Glasses, Viscoelasticity, Shear
Transformation

1. Introduction

In a large temperature range, below their Littleton softening point, and under relatively
low stresses, all inorganic glasses behave as linear viscoelastic materials [1].

Meaning to say, their shear elastic moduli are still relatively high, and their viscosity
still relatively low. Consequently, under stress, they will exhibit both elastic and non-
elastic strains. The latter can be divided into two parts: the irreversible one, namely the
viscous strain, and a strain that will continuously recover once the stress is removed,
after the instantaneous elastic recovery, and thus originally named ”elastic aftereffect’
[2], [3], [4]. The microscopic origin of this phenomenon is still not well understood.
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1.1 Historical origins

This aftereffect still has various names in the literature, and this can be a source of
confusion. For a long time, the discovery of this effect was considered [5] to have been
made in Germany by Weber [6], [7] in the mid-19th century, but it can be assumed that
Cavendish' had already observed and described this effect before the end of the 18th
century (see also [9]), without understanding and naming it. When first "re-discovered”
in Germany, it has been named in German ”Elastische Nachwirkung” 7], [10], [11],
[12], [13] 2. The first article of Boltzmann on der Elastische Nachwirkung, being the
foundation of linear viscoelasticity [18], was published in German in 1874 [11], and
then in English two years later [2], with probably the first use of the terms "elastic after-
effect”, terms subsequently used for decades [19], [20], [21], and eventually translated
as "elastic after-working” [22], [23], [24], [25], [26], [27], [28] (see [15] for information
on when, where, and why these terminologies emerged). Griggs [29] introduced the
terms “elastic flow” instead ("elasto-viscous” strain has also been used [30]), which
would soon be roundly criticized by Washburn [31], but is still in use. The terms ”im-
perfect elasticity” have also been used for this phenomenon [32], [33], but were very
generic terms for any kind of non-elastic phenomena [34], such as plasticity [35]. Since
at least the 1930s it is also named, for inorganic glasses, "delayed elasticity” [28], [36],
[37], [38], [39], [40]. Then the term "anelasticity” is popularized by Zener [41] as a "non
permanent plastic deformation”, first for metals, but interpreted as due to a viscoelastic
deformation of amorphous grain boundaries [42]. It seems it has been applied to oxide
glasses first by Fitzgerald [43], [44], [45], [46] and Hoffman [47]. Argon has used many
of the terms mentioned above in his PhD thesis (as well as "elastic creep”) [48] and in
others of his work [49], but later used the term anelasticity for non-linear behaviors and
delayed elasticity for linear ones [4]. It is less often (in the field of inorganic glasses)
named "retarded elasticity” [15], [50]. In the 1960s oxide glass community, anelasticity
referred to reaching strain equilibrium under creep, whereas delayed elasticity denoted
recoverable deformation [51]. Nowadays, the term "anelasticity” is primarily used in
the metallic glass community, while the term “delayed elasticity” is primarily used in the
communities of other inorganic glasses, schematically.

1.2 Inelastic deformation in glasses

Glasses are often considered as archetypal brittle materials. However, it is now well es-
tablished that they can also undergo inelastic (irreversible) deformation, even at room
temperature. Under these conditions, the inelastic deformation is said plastic, meaning
that a stress threshold must be exceeded in order to produce an irreversible strain [35],
[52], [53]. Although plastic events are generally also thermally activated, when their
activation is dominated by the applied stress rather than by temperature they are com-
monly referred to as athermal [54]. In many amorphous materials, including metallic
glasses, it is now widely accepted that athermal plastic deformation originates from
localized shear rearrangements involving small groups of atoms, or particles. These
elementary events, usually called shear transformations (STs), correspond to local-
ized plastic shear rearrangements whose amplitude is essentially independent of the
applied stress [54], [55], [56], [57]. In oxide glasses, a well-known form of plastic de-
formation is densification [58], [59]. This process occurs above a certain pressure

It must be observed, that if a wire is twisted only a little more than its elasticity admits of, then, instead of setting,
as it is called, or acquiring a permanent twist all at once, it sets gradually, and, when it is left at liberty, it gradually
loses part of that set which it acquired.”[8]

2For background interest, the reader is referred to references [14], [15] on the rich history of the aftereffect, which
has also been interpreted as a possible property of the famous ethereal medium [16], [17]
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threshold and is associated with structural changes such as modifications of ring sizes
and coordination numbers. Densification can also occur in metallic glasses, but to a
much more limited extent [59]. Nevertheless, shear plasticity has also been reported in
oxide glasses [60], [61], involving spatially heterogeneous and strongly localized mech-
anisms consistent with shear transformation-like events [62]. Shear banding has also
been observed in silicate glasses [63], as in metallic glasses. When the temperature
increases, glasses progressively become more ductile. This transition is generally as-
sociated with the onset of viscous flow [64], which corresponds to a thermally activated
inelastic deformation. In metallic glasses, viscous flow is often assumed to also occur
through shear transformations [54], [65]. In oxide glasses, however, direct evidence
for such a mechanism remains limited. Goldstein proposed that viscous flow could
be described as a sequence of local structural rearrangements between metastable
configurations [50], and this description was not restricted to a particular type of glass
and therefore suggests a certain degree of universality. A similar picture has been
developed by Argon [40] for oxide glasses.

Below and within the glass transition range, glasses retain a high elastic stiffness
while thermal energy remains relatively low. Under these conditions, it is reasonable
to assume that local rearrangements occur individually within an essentially elastic
matrix. It should nevertheless be emphasized that local ionic or molecular motions (3-
relaxation) persist below the glass transition temperature [66], [67]. In the present work,
such localized motions are not considered, and the discussion is instead restricted to
the cooperative viscoelastic response of the network (associated with the a-relaxation).

Following these ideas, | assume that, in the glass transition range, viscous defor-
mation in oxide (or chalcogenide) glasses also involves thermally activated local rear-
rangements of a limited number of structural units, such as atoms, ions, polyhedra, or
rings. These events would therefore correspond to quantified inelastic shear rearrange-
ments: Because only a small number of atoms are involved in each rearrangement, the
number of accessible stable configurations is expected to remain limited. This is par-
ticularly true since viscous flow does not change the thermodynamic state of the glass
[50], and therefore does not significantly modify its overall structure. However, the
present work does not address whether these rearrangements also dominate at room
temperature or whether they are directly involved in the athermal plasticity of oxide
glasses.

Under a purely deviatoric stress, the viscous flow of inorganic glasses is gener-
ally considered to be nearly volume-conservative. This suggests that the elementary
rearrangements responsible for the flow correspond predominantly to shear transfor-
mations. At the microscopic scale, such rearrangements in metallic glasses may nev-
ertheless include a small dilatational component, although shear remains the dominant
contribution [54]. In contrast, when a hydrostatic pressure is applied, glasses exhibit a
time-dependent and reversible decrease in volume [68] that remains finite, i.e., under
imposed volume change, the pressure relaxes only partially [69], [70], [71], [72], [73].
Once the steady creep stage is reached, the flow of a glass becomes isochoric, which
is where Trouton’s law [74] originates (see also [68]). Shear deformation and volu-
metric relaxation may exhibit different relaxation spectra [73]. This difference suggests
that shear-driven rearrangements and pressure-induced volume-changing processes
may involve partially distinct microscopic mechanisms, although they may still share
some underlying structural features [75], but it remains unclear whether a universal link
between these two processes exists across all glassy systems.
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1.3 Physical origin of the delayed elasticity

Debye relaxation [76] refers to a relaxation process where the quantity of interest under-
goes a single exponential decay. In the context of viscoelasticity, if the stress exhibits
a pure exponential decay under constant strain, it indicates that the strain is simply the
sum of elastic and viscous strains, with no delayed elasticity: this is the viscoelastic
Maxwell model [77]. For glasses, viscous deformation is systematically accompanied
by delayed elasticity, that is highlighted by the "non-Debye” / "non-Maxwellian” stress
relaxation [3], [13], [39], [78] (interpreted early on as due to glass heterogeneities [79]),
from room temperature [80], to high temperatures, slightly above their glass transition,
where their delayed elasticity/non-exponentiality gradually vanishes [81]. Nonetheless,
the universal mechanisms behind this strain component are still rather speculative.

It is now well established, for various amorphous systems, that shear transforma-
tions (STs) will induce a stress redistribution in their neighborhoods, as an inclusion
bearing an eigenstrain (see [82] for the definition of eigen-strain/stress) does in the fa-
mous Eshelby’s problem [83]. This kind of mechanisms prevails even up to the glass
transition range [84]. In terms of potential energy landscape (see [50]), when a macro-
scopical shear stress is applied, the group of atoms undergoing the shear transfor-
mation (the "shear transformation zone”, hereafter STZ) overcomes an energy barrier,
biased by this stress, to reach a new potential minima, with a new configuration/state.
The issue raised by this picture was addressed by Orowan [85]: "If the [macroscopical]
stress is removed, the two potential energy minima of the initial and rearranged states
are no longer biased. [...] In short, the deformation produced by the biasing influence
of the stress on the relative energies of the two potential minima was not viscous flow
at all, but a retarded elastic deformation”. In other words, an individual ST does not
produce any viscous flow, as the STZ keeps a memory of its initial state, towards which
it tends to return, but it, therefore, produces only delayed elasticity.

This raises the question: How can delayed elasticity and viscous flow occur
simultaneously, whereas their creation processes seem antagonistic?

Orowan [85] solved this question by arguing that subsequent STs in the neighbor-
hood would modify the stress in the first STZ, "erase” the "memory”, and thus makes
it irreversible (see also [50]). This is, namely, using the words of Mazurin, a "memory
erosion” leading to a "forgetting effect’ [86]. This explanation is convenient to explain
the origin of the irreversible viscous flow, but on the other side, the explanation for de-
layed elasticity is lost. An escape to this issue is proposed by Goldstein [50]: "Each
[new] rearrangement has a double effect: on the one hand it tends to incorporate ir-
reversibly into the structure of the material the deformations associated with earlier
rearrangements; on the other it too represents in part a recoverable strain, which must
be converted to irrecoverable strain by rearrangements yet to take place.” 1t implies that
each STZ carries the memory associated with delayed elasticity only intermittently, be-
fore losing it to be re-created in its vicinity. However, a detailed explanation of the scale
transition from this local, intermittent memory to the macroscopic delayed elasticity has
never been provided.

1.4 Purpose of the model

On this basis, the present work proposes a model describing the viscoelastic response
of glassy networks under shear stress, based solely on local and isolated shear trans-
formations (STs), while disregarding other possible viscoelastic contributions. | as-
sume that this shear transformation mechanism is universal in inorganic glasses. The
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purpose of the present work is to show how delayed elasticity can arise from linear vis-
coelastic deformation within a shear-transformation framework. To this end, the model
is reduced to its most fundamental ingredients.

2. A Model of Shear Transformation
2.1 General framework

The purpose of the model presented here is to simplify a ST-based model, such as
those developed by Bulatov & Argon [87], Homer & Schuh [65], [88], or Van Loock
[89], into its simplest form, capable of simulating linear delayed elasticity. During tem-
perature changes, glasses are likely to undergo structural changes. Similarly, below the
glass transition temperature, they can relax and modify their structure. | will only deal
here with situations where glass remains isostructural: this hypothesis is required to
have identical kinetics of delayed elasticity creation and recovery during creep-recovery
tests. As previously mentioned, during uniaxial creep or relaxation tests, glasses re-
lax hydrostatic pressure, but only partially, so that the volume changes, but reversibly,
after stress removal. This aspect is neglected here for simplicity: rearrangements are
purely isochoric (pure shear transformations). Furthermore, the influence of the shear
stress on the energy barrier of a ST depends on the hydrostatic pressure in metallic
glasses [90]: for simplicity and because this dependence is not universal in all inorganic
glasses, this effect is neglected here.

STs are thermally activated processes, biased by shear stress [91]. So, very ba-
sically, at low temperature (athermal conditions) they are driven by the stress field,
whereas at high enough temperature they are also driven by the temperature. In this
latter case, if the elastic potential energy provided by external stress is much lower
than the energy barrier to overcome to produce a ST, and much lower than the thermal
energy, the viscoelastic behavior is linear (none of the viscoelastic constants depend
on stress or strain rate). | will restrict the study to the domain of linear viscoelastic-
ity. Studies on the rheology of amorphous materials using ST-based mesoscale model
exist in the literature [65], [87], [88], [89], [92], [93], but not in the domain of linear vis-
coelasticity, or with no focus on delayed elasticity, which, compared to plastic strain and
viscous flow, has received little attention [94].

Whereas a ST corresponds to a local rearrangement of a group of atoms, it is
assumed since a long time [50] that we don’t need to describe each atomic motion
to model the macroscopical strain they will induce. In a mesoscopical model, a STZ
can be modeled as an inclusion undergoing an eigenstrain corresponding to a shear
distortion ~7, in the framework of continuum mechanics. Consequently, finite element
analysis (FEA) can be used to model a sequence of STs [65], [87], [88], [89], [92], [93].

2.2 Linear viscoelasticity

Since STs are thermally activated processes, it means that in the glass transition do-
main, or above, even if no macroscopical stress is applied on the amorphous system,
they continuously, randomly and spontaneously occur [49], [56], [95], [96]. The shear
directions of STs are random, so that at no point do they induce macroscopic defor-
mation: they basically compensate each other and/or go back and forth [56], [96]. And
the other side, if a low macroscopical shear stress is added, STs are slightly biased
[40], [56], [95], [97]. It does not necessarily mean that STs become stress-activated,
but it means that the statistical distribution of shear directions of STs would be shifted
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toward the direction of the macroscopical stress [56]: more STs occur in the direction
of the applied stress and these are said to be concordant [50], [85] with this stress.
To compensate, less STs occur in orthogonal directions (the discordant event). Never-
theless it could also be assumed that the overall frequency of STs increases with the
stress. What is the contribution of both (increase of concordant/decrease of discordant
STs and overall increase of ST frequency) will be clarified here.

Let us consider a 2D problem in plane stress, where o;; is the stress tensor and
e;; the strain tensor, expressed in the coordinate system (z1,z,). A pure shear stress
012 is applied on a STZ. The STZ can undergo a ST where the distortion (1) itself is
not in the same direction: 6 is the angle between the direction of the shear stress (of
the maximal principal stress) and the one of the shear distortion. When 6 = 0, the ST
is fully concordant with the stress (see Figure 1) and when § = +7/2 the ST is fully
discordant (opposed to the shear stress). When 6 = +x /4 the ST is "neutral”: neither
concordant nor discordant.

initial state
of the STZ

Figure 1. Schematic representation of STs, concordant, discordant and neutral, regarding the shear
stress o1». ey is the horizontal direction, e, is the vertical one.

From the transition state theory, the frequency (or activation rate) of a concordant
event is given by [91]:

AG—PQoyy
S(o12) = foem AT (1)
Where AG is the Gibbs energy for activation of the ST ("energy barrier”), and €2 the
volume of the STZ, both possibly temperature dependent, but the investigations will be
isothermal. Normalizing s so that the activation rate of a ST is 1 (adimensional unit) for
012 = 0, the obtained adimensional activation rate is:

3(012) =e kT (2)
where 77 ~ 0.1 is a commonly accepted value for metallic glasses [4], [55], [91], [96].

From this equation, it is evident that the temperature range governs the extent of linear
viscoelasticity: linear behavior is only observed when T is high enough for $(o12) to

34



Gueguen | Glass Europe 4 (2026)

be approximated as a linear function. As T' increases, the linear viscoelastic domain
expands, extending to higher values of = (where 1 is the shear elastic modulus). For
oxide glasses, the linear viscoelastic domain corresponds to a2 < 1073 — 1072 [98],
within the glass transition range. This behavior is similar in metallic glasses, where
linear behavior is observed for a2 < 10~? at the glass transition temperature (7,), and

extends to higher stresses as the temperature increases [65], [99]. Now T needs to be
defined, with adimensional values. v?Q/kT unitis m®/J = Pa~" so that:

YR a
KT p
where a is an adimensional factor. Decreasing a increase the temperature.

(3)

2.3 KMC algorithm

The method to simulate ST sequences is as follows [65], [88], [89]: at a given time
step, as STZ is chosen and uniformly sheared in a given direction, one STZ at every
time step. When a ST occurs, the stress induced in the neighborhood propagates from
the STZ to the far field [100], [101]: it is assumed here that this stress field equilibrates
before the next ST occurs in the region significantly impacted by this stress. Accord-
ingly, the stress field resulting from a ST in its vicinity is calculated within the framework
of linear elasticity, with (Einstein summation convention) o;; ; = 0, Vi (static stress field)
[65], [88], [89]. A single STZ is chosen at every step & using a kinetic Monte Carlo
algorithm (KMC), as well as the time interval between two steps (At;). The method
used here is exactly the one described by Van Loock et al. [89], | will only described
the detail that differs: the adimensional ST activation rates. To select a given STZ "n”,
among N possible STZs, its probability and thus its activation rate s,, must be defined.
In the adimensional investigation, | define as s, as the activation rate of transformation
of the STZ n, without any stress applied. If the STZ n undergoes a maximum shear
stress T,..:-n, that is not necessarily 012, $,, is given by (Eq.2 & Eq.3):

P Tmaxz—n

. . (%Tmaw7n> . a
Sy = Son € = S € u (4)

and unless otherwise stated, s,, is 1. Simulations will be discussed in terms of adimen-
sional parameters « fixing the temperature and o2/ fixing the macroscopical stress
level.

2.4 Finite Element Analysis

Once every s, has been calculated at the end of the step £ — 1, a single STZ is se-
lected by the KMC algorithm, among the N possible STZs, for the new transformation
of the step k. Since the problem of this transformation can be treated using continuum
mechanics, it is solved by the finite element method, here using the Cast3M software
[102]. The problem is solved using exactly, step by step, the Eshelby’s method (see
also the Fig.1 of [103] for the step-by-step diagram of this method), using a "sequence
of imaginary cutting, straining and welding operations” [83], an STZ being an Eshelby’s
inclusion. A single STZ n is transformed per step time, and its transformation (the
“eigenstrain”) is imposed as a homogeneous inelastic pure shear distortion A = 0.1, in
the direction of its maximal shear stress 7,,.._. (average value across the STZ n), as
defined by the Mohr’s circle (see Van Loock et al. [89]).
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The elastic moduli are homogenous all over the mesh for simplicity, but this should
have little qualitative effect on results [92]. For simplicity, the bulk modulus is taken as
k — +o00, assuming incompressible strain. This choice reduces model complexity and
fixes a parameter. The problem is solved in 2D plane stress (0,3 = 0, Vi, corresponding
to a thin geometry) under the small strain assumption. Indeed, combining plane strain
conditions with incompressibility would lead to overly constrained deformation fields
(€11 = —e99), While the associated stress field o1, would remain localized within the
STZ, with no long-range elastic interactions. Periodic boundary conditions are applied.
The system is made of a square mesh, having an adimensional size of 1 x 1 in the
(e1,e7) plane, and a STZ corresponds to a part of this mesh made of some neighboring
elements. The mechanical loading investigated here is constant shear stress, namely
creep/recovery (the stress is null for recovery).

When 1, €/, (e}, = 7;;/2) or o12 are given, it corresponds to the average values
across the mesh, 1, (1, x2), €]5(x1,22) OF o12(x1,x2) refer to local values within the
mesh. z; is the horizontal coordinate, =, the vertical coordinate. z; = 0 and 25, = 0

correspond to the center of the mesh.

2.5 Rheological models
2.5.1 Maxwell fluid

The Maxwell fluid corresponds to a rheological model exhibiting no delayed elasticity
[77], [78]. To my knowledge, no glass shows such behavior in its glass transition range.
The purpose here is to try to develop such model, to highlight that obtaining viscous
deformation without delayed elasticity is complex, a key to understand why no glass
shows this behavior. The special feature of the Maxwell’s model is that it has only one
relaxation time. This relaxation time is related to the activation rate of transformation
events [3], [104]. That is to say, all STs are strictly identical. In order to satisfy this
criterion, one has to avoid any STZs superposition, creating domain intersections with
high apparent activation rates. Additionally, all STZs must have the same properties,
and consequently the same shape/size. One easy way to achieve this situation is to
use quadrilateral elements. The system is thus meshed by 10000 square elements, all
identical, with 4 nodes. A STZ consists of 4 elements sharing the same node, so that
the system is made of 2500 strictly identical STZs, with sy, = 1, VYn. The shape and
the number of element per STZ sounds maybe "unrealistic”, but | agree with Goldstein
[50] that "the changes in atomic positions in the [STZ] do not even approximately re-
semble displacements we might calculate from phenomenological elasticity” and ”may
be replaced by [...] whatever happens to be convenient’ to produce the long-range
stress field around the STZ, the keystone of the qualitative results | will discuss here.
Additionally, Sandfeld et al. [105] showed that using a relatively coarse quadratic mesh
has only a limited impact on the stress field near the STZ, and they emphasized that
an STZ cannot be characterized by a single, well-defined geometry (for molecular dy-
namics images of STZs and their shapes, see Zhen et al. [106]). However, the square
geometry of the STZ introduces an anisotropy, which will be discussed later. The pur-
pose of mesh refinement is to obtain a finite-element solution that matches that of
continuum mechanics (the Eshelby’s problem). However, an STZ comprises at most
a few tens of atoms, which is far smaller than the scale of a representative volume el-
ement. Consequently, further refinement cannot guarantee convergence to the actual
solution, as Goldstein statement implies.
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2.5.2 Viscoelastic solid

Viscoelastic solids are usually defined as viscoelastic bodies exhibiting delayed elastic-
ity without viscous flow [107]. In this respect, a viscoelastic solid is the exact opposite
of a Maxwell fluid. The simplest rheological model of a viscoelastic solid is the standard
linear solid [41], [43], [108]. The purpose here is to obtain such behavior, starting from
the Maxwell model previously described, by minimizing the modifications, to ensure
that -additional- delayed elasticity is only the result of these small changes. So | just
select randomly 1000 STZs of the Maxwell model, that become the only ones active
STZs. All other parameters of the model (STZ shape, method... and sy, = 1 for all
active STZs) stay the same. The map of active STZs is shown on Figure 2.

Figure 2. Map of slow (blue) and fast (red) STZs for the viscoelastic fluid model (respectively: inactive
and active domains for the viscoelastic solid model). The grid is the mesh.

2.5.3 Viscoelastic fluid

Viscoelastic fluids are usually defined as viscoelastic bodies exhibiting delayed elastic-
ity and viscous flow [107]. In order to create a viscoelastic fluid, the model must have a
distribution of relaxation times [13] (distribution of STZ activation rates). The purpose
here is to obtain such behavior, starting from the Maxwell model previously described,
by minimizing the modifications, to ensure that -additional- delayed elasticity is only the
result of these small changes. So | just select randomly 1000 STZs of the Maxwell
model, and keep sq, = 1 for these STZs (namely: “fast STZ”), the other 1500 STZs
(namely: "slow STZ”) are now defined by s, = 0.01: see Figure 2. Thus, the ingredient
added is a distribution of activation rates without any distribution of stress sensitivity or
eigenstrain (7).
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3. Results
3.1 Maxwell model
3.1.1 Simulation temperature selection

In order to extend the domain of linear viscoelasticity (the domain where kT > +PQo15)
up to at least ~ 1073, it is necessary that a be less than 500 (see Eq.4). In the case
of low values of 15/ (<< 7?), when a ST occurs, the activation rate s, inside the
corresponding STZ increases. This will be discussed in more detail later on. As a
result, this STZ is the optimal candidate for the next transformation. The higher the
temperature at given o1, /1, the smaller the increase of s, in the STZ. First simulations
show that, at o1/ < 1073, if the temperature is too low (¢ > 250), STZs just go
back and forth: In most cases, if a ST occurs at a given time step, it will revert to its
initial configuration at the next step. The deformation rate during creep is consequently
very low and very noisy. To extend the lifetime of a STZ in their transformed state, it is
necessary to reduce the value of a to 150. With this value, ~ 0.5% of STZs immediately
transform back (the lifetime of a STZ between two successive transformations is larger
than 100 steps).

For the sake of order-of-magnitude estimates only, with Q = 0.8 nm? for Vitreloy
1 [65], taking into account the decay of u is this temperature region: a« = 150 would
typically correspond for this glass to 1.2 to 1.4 7, (K) (Eq.3).

3.1.2 Dynamic Equilibrium

The mesh is initially free of any stress, and it sounds easy to consider this state as
the “reference state”, and to start creep simulations from this state. It is known that in
this situation the viscoelastic behavior is not stable, since the system is not equilibrated
[65]: the creep rate decays rapidly and unexpectedly after several thousand steps (sim-
ulation not shown). Actually, such a stress-free state has no reason to exist in a glass
[57], [65], [109]. When the first ST occurs, the corresponding STZ is not selected at
the next step, at « = 150: many STs occur before the first STZ is selected again. Con-
sequently, the stress becomes heterogenous, and it is unlikely that a sequence of STs
will cause a return to the state of zero stress. In order to create a (dynamically) stable
initial stress-state for further simulations, a first simulation is made with the Maxwell
model with no stress applied. A random STZ is selected for the first step of the sim-
ulation, transformed, and then the system is left free of macroscopical stress during
67 000 steps (t ~ 6.8). The system is considered stable because neither the standard
deviation of oi5(x1, z2) nor the total activation rate (s;,x = >y $,) evolves: see Figure
3. At first, as there is no stress applied, s;o0 = D o=y Son = 2500. Then, due to STs, the
stress becomes heterogeneous, 7., increases in every STZ, and thus s, increases
before decaying and stabilizing at $;,; ~ 9000.

This final state (¢ ~ 6.8) is stable but dynamic: its statistical parameters are stable,
but the stress field permanently fluctuates. Consequently, the creep-recovery tests will
be started from this state, considered as the reference state. In the following simula-
tions, t = 0 corresponds to the reference state, and the 1, (z1, z2) field shown for the
following simulations correspond to the actual 7, (x1, 2) field minus the v7,(x1, x2) field
of the reference state.
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Figure 3. Evolution of the total activation rate (s:.+, left, blue) and the standard deviation of o152 (21, x2)
(Std[o12(z1, 22)], right, red) of the Maxwell model under no macroscopical stress. The time has no unit:
it is relative to the inverse of the activation rate of a stress-free STZ (5,,!).

3.1.3 Boundary of Linear Viscoelastic Domain

By definition, the linear domain is the stress domain where creep compliance (y12(t)/o12)
is independent of stress. Consequently, the +1,(¢)/(c12/1) curves superimpose in this
domain (Fig.4). The limit of linear viscoelasticity ("newtonian region”) is somewhere
between oy5/u = 2.1073 and 015/ = 1072 at the temperature investigated here, which
is consistent with the simulation of Homer et al. [65]. At 015/ = 4.1073, we can already
see a slight deviation from linearity.

For all stresses in the linear domain, s, is close to ~ 9000 (Fig.5), but fluctuates
widely over time (as during the stabilization for ¢ > 3: Fig.3), with a standard deviation
around ~ 1000. It is rather stress insensitive. From Eq.2, as a rough estimate, if all
STZs support a stress of 015/ = 2.1073, $;,; would increase by ~ 875, compared
to 012/ = 0, a value less than the fluctuation of s, (see the blue curve on Fig.5).
Similarly, the standard deviation of oy9(x1, x2)/u is stable (0.0079 £ 0.0002) * whatever
the stress. Conversely, the ratio of concordant (| 6 |< 45°, see Fig.1) to discordant
(] 0 |> 45°) event rates (r./4) increases in proportion to the stress (Fig.5). In the linear
domain, STs are mostly thermally activated, and not stress-activated: they exhibiting
no change in their overall activation rate in response to stress, because this rate is
mainly due to random thermally activated events. The observed increase in creep rate
can be attributed to an increase in concordant event rates and a reduction in discordant
event rates: the distribution of events is biased. These two variations offset each other,
maintaining a constant overall event rate. This, in turn, gives rise to a linear viscoelastic
behavior.

3Model-wide stress standard deviations are computed over all nodes; thereafter, stress standard deviations re-
ported for STZs are computed using only the stress at the central node, excluding peripheral STZ nodes from
the calculation.
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Figure 4. Normalized inelastic strain (vV,(t)/(o12/1)) vs. time for the Maxwell model during creep, for
various stress applied. The colored strip highlights the linear domain. The data at o12/u = 5.1074,
which are rather noisy, are plotted with some transparency for clarity.

It must be noted that with no macroscopical stress, the system is in a dynamic
equilibrium, where STs are driven by a heterogenous stress field o15(z1, x2) /1 With a
quite large standard deviation (~ 8.1073). If a macroscopical stress is added, within
the linear viscoelastic domain (o1,/p1 < 4.1073), this stress is much smaller than the
average stress fluctuation supported by the STZs: the macroscopical stress can only
slightly bias the dynamic of STs, and this is the reason why s, is not impacted by the
stress.

On the other side, if we leave the linear domain s, the standard deviation of
o12(71, 2) both increase continuously over time, whereas r./; decreases continuously.
The simulation was not run long enough to see if they tend to stabilize: the nonlinear
domain is not the subject of this study. At o5/ = 4.1073 we can see signatures of
non-linearity: the standard deviation of o15(z1, 2,) slightly increases over times and /4
are not stable all over the simulation. Indeed, ./, ~ 1.2 for the first 10 000 steps and
ends at r./q ~ 1.09 for the last 10 000 steps.

To ensure that the simulation results are within the linear viscoelastic domain, fur-
ther simulations will be performed at a shear stress ratio of o15/1 < 2.1073,

3.1.4 Creep-recovery

A creep-recovery test is performed after equilibration. The creep test (o12/p = 1073)
stops at the step 50000 (¢ = 4.91), to start the recovery (o15/p = 0). The result is shown
on Fig.6. ~%, does not linearly evolve over time during creep, as expected for a Maxwell
model, instead, the creep compliance is the one of a Burger’s model [110]:

J(t):%Jri (1—exp <—Tid)) +% (5)
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Figure 5. Evolution of the total activation rate (s:.+) and the ratio of concordant (| 6 |< 45°, see Fig.1) to
discordant (| 6 |> 45°) event rates (r.;4) as a function of the normalized stress o1 /11 for the Maxwell
model. The values are stable all over the simulation for 015 /1 < 2.10~3, and error bars are the standard
deviations. For o15/1 > 4.1073, the values are calculated for the last half of the simulations, since they
continuously evolve.

with pg = /4.6, n = /3.6 and 7, = 1/2. In summary, a portion of the non-elastic strain
is attributable to delayed elasticity, which undergoes a recovery. The other component
of non-elastic strain is viscous strain, which, on average, increases during creep at a
rate of ~ +?/(114N) per time step (N is the number of STZ). This indicates that it is 114
times slower than if all ST were perfectly concordant.

During the whole simulation, the standard deviation of o15(x1, 25) is stable (0.0079+
0.0001) as well as s, (10* &= 10%). The stress distribution is Gaussian throughout the
simulation, but centered at o5/ = 1073 during creep and at 0 during recovery. On
the other side, if /4 is quite stable during creep (1.02), at the beginning of recovery
(4.91 < t < 5.94: 10000 steps) it decays down to 0.97 and then increases to stabilize at
r.;a = 1.00 at the end of recovery. The creep is thus due to an excess of concordant
events, the partial recovery to an excess of discordant events (regarding the stress
applied during creep), and a rebalancing of the ratio of concordant to discordant events
occurs as recovery progresses. At the final stage of creep, there are 1.16 times more
domain supporting positive 0,5 than negative, whereas at the end of recovery, the ratio
is 1.00, in agreement with the r., ratios.

The inelastic strain maps during creep are shown on Fig.7. At the onset of creep,
the inelastic strain ~%, is distinctly localized into two bands (one in the middle and one
at the top-bottom crossing the periodic boundary). However, ~%, rapidly homogenizes,
but in these two bands | 47, | remains larger. Interestingly, many STZs undergo STs,
but stay at a low level of 47, (white domains on Fig.7): they undergo mainly neutral STs
or/and they go "back and forth” and cancel their inelastic strain between two successive
STs. Similarly, at the end of creep, the maximum local inelastic strain is v, (x1, x2) /7* =
4, whereas some STs have occurred up to 100 times, underlying, as the slow viscous
strain rate does, the inefficiency of STZs to accumulate inelastic strain.
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Figure 6. Maxwell model. Normalized inelastic strain (v}5(t)/(c12/ 1), where o12 is the stress applied
during creep) vs. time for the Maxwell model during creep (t < 4.91) and recovery (t > 4.91) and its
best fit using the creep compliance of Eq.(5).

Comparably, when the recovery starts (Fig.8), the STZs in the same two bands are
first activated, the majority of them to recover their inelastic strain (~ 55% of them at
t = 5.38), and as time progresses, the new STs are more homogeneously distributed,
and the ratio of STs recovering inelastic strain to the STs creating new inelastic strain
equilibrates.

The distribution of inelastic strain (Fig.9) is not Gaussian. At the end of creep,
a very large fraction of STZs have virtually no inelastic strain, and the distribution is
clearly shifted to the right (positive 1%,), with some excess of elements having 77, ~ +*.
At the end of recovery, the fraction of STZs having significant inelastic strain increases,
the distribution shifts to the left (negative +%,), with a significant increase of STZs with
Wy < —7P, and a significant decrease of STZs with v}, ~ ~?, suggesting that these
latter STZs drastically tend to recover their inelastic strain.

t=2.45 t=4.90

. -0.75
]

-1.00

Figure 7. Maxwell model. Inelastic strain map (v}, (z1,22,t)) normalized by the inelastic distortion of a
ST (+?) during creep at various step time. The black lines delineate the boundary between the gray
domains where no ST has ever occurred since the beginning of creep and those where STs have
occurred. vV, (z1,z2,t) is calculated from the reference state (t = 0).
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Figure 8. Maxwell model. Inelastic strain map change during recovery
(ADy (21, T2, t) = APy (T1, T2, t) — VD5 (m1, T2, t = 4.91)) normalized by the distortion of a ST (*) at
various step time. Pink domains recovers a part of their inelastic strain, green domains create more
inelastic strain. The black lines delineate the boundary between the gray domains where no ST has
ever occurred since the beginning of the recovery (t = 4.91) and those where STs have occurred.
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Figure 9. Maxwell model. Histogram of inelastic strain (v}, /~") at the end of creep and at the end of
recovery.

At the end of creep, the average inelastic strain is v7,(t = 4.90) ~ 0.220~4?, and
recovers down to 77, (t = 14.2) ~ 0.174~?, so that the recovery is ~ 0.046+? (see Fig.6).
At the end of creep there is 1.77 times more domains with 47, > 0 than with ~7, < 0. At
the end of recovery, the ratio is 1.39. In the domains where ~7,(x1, xq, t = 4.90) is larger
than 0.21+? (deep blue domain in Fig.7), the average recovery is ~ 0.0794?. That is,
these domains recover much more than the others, and some of these other domains
actually create additional inelastic strain instead of recovering it. The delayed elastic
deformation that occurs for this "Maxwell model” is due to the formation of these two
initial bands where excess inelastic strain is generated during creep and then recov-
ered once the macroscopic stress is removed. The memory of the glass seems to be
spatially localized in these bands and rather permanently, not intermittently.

3.2 Viscoelastic solid

As for the Maxwell model, the system is first equilibrated, without macroscopical stress,
here during 138000 steps in order to reach a stable $;,; (7970 + 246) and a stable
standard deviation of o15(z1, x2) /1 (0.0058 0.0001). Only STZs produce inelastic strain
and have the ability to modify their stress by their own. However, their transformations
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generate a long-range stress field, thereby causing the elastic and inactive domains to
exhibit fluctuating stress, even those not in direct contact with a STZ.

| ran creep and creep recovery tests with o5/ = 2.1072 for creep. The result is
shown on Fig.10. The stress applied remained within the linear viscoelastic domain,
as evidenced by the stability of s,,; (7980 + 361).

8

—— data

m— (1 exp(~(t/Tg)?))

Y12
O12/U
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Figure 10. Viscoelastic solid. Normalized inelastic strain (%,(t)/(c12/1), where o12 is the stress
applied during creep) vs. time for the viscoelastic solid model during creep (t < 4.97) and recovery
(t > 4.97) and its best fit. The recovery was run up tot = 25 (190 000 steps), and %, (t) stays close to 0.

As expected for a viscoelastic solid, 77, (t) increases during creep and then reaches
a plateau. The creep compliance is:

J(t) = % +i (1 ~ oxp (— (%)b» (6)

with pg = 11/6.0, b = 0.7 and 7, = 0.19. As for the Maxwell model, this stress applied
for creep is much smaller than the average stress fluctuation supported by the STZs:
the stress applied just slightly biases the dynamic of STs. As seen on Fig. 11, as soon
as creep starts the average stress supported by the STZs decreases, and in return the
average stress supported by the elastic inactive domains increases. Both categories
show a Gaussian distribution of stresses, with statistical characteristics shown on Fig.
11.

The distribution of inelastic strain is shown on Fig.12. At the end of creep, not all
STZs have positive inelastic strain, most of STZs have accumulated almost no inelastic
strain, but the distribution is clearly shifted to the right (17, > 0). During recovery, the
distribution shifts to the left and centers at v, = 0.

3.3 Viscoelastic fluid

Again, the system is first equilibrated, without macroscopical stress, here during 1 047
000 steps in order to reach a rather stable s$,,; (4835 4+ 576) and a stable standard
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Figure 11. Viscoelastic solid. Average stress in the different domains of the viscoelastic solid (full
lines): the active domains (STZ), the inactive domains (purely elastic), and in all domains. The colored
filled areas of the graph represent the standard deviation (computed on the element field).

deviation of o5(z1, 22) /e (0.0078 £ 0.0001), with qualitatively the same evolutions as for
the Maxwell model (Fig.3). At the first time step, when the system is free of stress, a fast
STis ~ 66.7 times more likely to occur than a slow ST, considering the number of each
type of STZs and their respective activation rates. During the stabilization process, the
occurrence of fast STZs stabilizes at 79 + 27 times the occurrence of slow STZs (rolling
average on last 100000 steps).

| ran creep (250000 steps) and recovery tests with o5/ = 2.1073 for creep.
S0+ Mays decrease but not significantly (4211 + 656) and the standard deviation of
o12(x1, 22) /1 (0.0079 4 0.0002) stays stable, indicating that the stress applied falls within
the linear viscoelastic domain. The result is shown on Fig.13. The creep—recovery
curve is best fitted using the following creep compliance:

11 t\"* t
J(t)z;+/7d<1—exp<—<T—d> ))—F; (7)

With n = 8u, 7, = 12.45, ug = pu/5.1. Atfirst glance, it may appear that two shear bands
emerge at the very onset of creep (see Fig. 14). However, since inelastic strain initially
develops in fast domains, these apparent bands are more likely regions separated by
slow STZs rather than true shear bands. By the end of the creep phase, 99.8% of fast
STZs have undergone inelastic strain, compared to only 62.5% of slow STZs.

As expected, fast STZs initially produce inelastic strain at a higher rate. How-
ever, they support less and less stress over time, which is transferred back to slow
STZs (Fig.16). This stress transfer is similar to what is observed for the viscoelastic
solid (Fig.11). Consequently, the strain rate of the fast domains quickly decreases, ap-
proaching that of the slow domains (Fig.13), otherwise, the stress level would increase
in the fast domains. In other words, the fast domains relax their stress to nearly zero at
the expense of the slow domains by maintaining a higher creep rate.
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Figure 12. Viscoelastic solid. Histogram of inelastic strain (~,/~") at the end of creep (t = 4.97) and
at the end of recovery (t = 25): fraction of elements among those having inelastic strain (elements
having strictly no inelastic strain are excluded from the histogram; consequently inherently inactive

elements are excluded) vs. normalized inelastic strain.

Slow STZs have an insignificant contribution to recovery as illustrated on Fig.13.
They are active (Fig.15), but in an inefficient way to promote recovery or additional
inelastic strain. Consequently, | will focus on fast STZ.

Fig.17 shows that, at the onset of recovery, a large portion of fast STZs (35.4%) that
have accumulated significant inelastic strain -upper part- experience negative -left part
-stress (i.e., back stress), and vice versa. All STZs exhibiting significant inelastic strain
(greater than ~*) recover (shown in pink), but they constitute only a small fraction of the
fast STZs (9.7%). The relationship between the excess inelastic strain, the back stress
at the onset of recovery, and the tendency to recover is very weak. The large number of
STZs on the right side of Fig.17 (under positive stress) that eventually recover (shown in
pink) highlights this weak correlation between back stress at the onset of recovery and
amplitude of recovery. Furthermore, no continuous recovery of fast STZs is observed,
even when the recovery begins from a state with a large excess of inelastic strain
(Fig.18). In other words, the "memory” driving recovery is not local but collective: fast
STZ tend to recover together because, on average, they experience a negative stress,
which is drowned in the random stress fluctuation.

4. Discussion
4.1 Shear transformations in the framework on linear viscoelasticity

A ST corresponds to the problem of Eshelby’s spherical inclusion [83], for which an an-
alytical solution exists. In this case, the inclusion undergoes a pure shear deformation
(+F) as an eigenstrain. Let us assume that before the transformation the full system
(the spherical inclusion and the surroundings) undergoes an homogeneous pure shear
distortion o15/p > 0. If 47 >> 045/, after its transformation, a STZ will support a neg-
ative shear stress o4, called "back stress” [49]. If o2/ = 77 /100, o354 /11 ~ —0.08 (if
the Poisson’s ratio is 0.5) [83], [111]. Thus, if v» = 0.1 and o1,/ = 0.001, the amplitude
of o21% is 80 larger than o1,. 2% tends to 0 when o5/ = 0.897 and then becomes
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Figure 13. Viscoelastic fluid model. Normalized inelastic strain (7, (t)/(c12/1), where o1 is the

stress applied during creep) vs. time: average values in the fast and slow domains, and global value.
The dashed line corresponds to a fit using the creep compliance of Eq.7.

Figure 14. Viscoelastic fluid model. Inelastic strain map (v{,(x1, x2,t)) normalized by the inelastic
distortion of a ST (+*) during creep at various step time. The dotted domains correspond to the slow
domains. The black lines delineate the boundary between the gray domains where no ST has ever
occurred since the beginning of creep and those where STs have occurred. v, (x1, z2,t) is calculated
from the reference state (t = 0).

positive for larger stresses. Consequently, in the framework of linear viscoelasticity
(v? >> o12/p), once a ST has occurred, it suffers from a relatively large back stress.
The square shape used for STZs here, and the under plane-stress conditions, result in
a back stress of 0?4 ~ —400,, for a strictly concordant STZ (Fig.19: for 4» = 0.1 and
alg/u = 0001)

As discussed in the introduction, the implications of the existence of this back
stress have been widely discussed: if a STZ suffers from a back stress, it would tend to
go back to its initial configuration, producing only delayed elasticity but no viscous flow.
In order for viscous flow to occur, the back stress must be relieved within the STZ. The
most optimal scenario is for neighboring STZs to undergo their own transformations,
thereby disturbing and thus relaxing the back stress [50], [85]. Argon was surely the
most prolific author in developing a model that finely describes this scenario (see [49]
where this model is detailed). Argon postulated that if the long-range stress a STZ
induces after its transformation tends to induce transformations of neighboring STZs,
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Figure 15. Viscoelastic fluid model. Inelastic strain map change during recovery
(AT (21, @0, t) = Wo(m1, 22, t) — A9 (21, 22, ¢ = 60.7)) normalized by the inelastic distortion of a ST (?)
at various step time. Pink domains recovers a part of their inelastic strain, green domains create more
inelastic strain. The dotted domains correspond to the slow domains. The black lines delineate the
boundary between the gray domains where no ST has ever occurred since the beginning of the
recovery (t = 60.7) and those where STs have occurred.

this effect is so minimal that STZ occur randomly and STZ are “spatially isolated” (i.e.:
a STZ is not necessarily close to the previous one).

Starting from a state where o015/ is homogeneous (= 0.001, Fig.19), the first STZ,
in the Maxwell model, had 1/2500 = 0.04% chance to be selected. Subsequent to
its transformation, owing to the back stress, the probability of selection of the same
STZ at the next step is estimated to be approximately 14%, from Eq.4. Concurrently,
its eight neighboring STZ, subject to the Eshelby’s stress field, collectively possess
an estimated probability of approximately 1% for selection. At greater distances from
the initial STZ, the activation rate remains largely unaltered, leading to a probability of
approximately 85% for the selection of any other STZ than the first one or its neighbor-
hood. Statistically, the initial STZs are indeed spatially isolated.

Thus Argon stated: "At this stage, the inelastic deformation is entirely anelastic
[...]. Removal of the applied stress renders the back stresses dominant in each site
[...] and the sample returns completely to its initial shape”. As the number of randomly
located STZ increases, the probability of having one or more ST in close proximity to
the initial STZ rises. Argon’s calculations indicated that the formation of a cluster of
three close STZ results in the relaxation of their back stresses, so that "the memory of
the initial unstressed state becomes lost”. The deformation of this cluster would now
be irreversible. One consequence of this model is that viscous flow arises only after a
certain amount of delayed elastic deformation, which occurs after a certain period of
time. An implicit assumption of the model is that, at the onset of recovery, only STZs
under back stress will recover, while the others remain unaffected. The simulations
presented here show a somewhat different story.

4.2 Inherent stress heterogeneity

By its inherent disorder a glass is naturally stressed at the microscopic scale [57], at
least because its bonds are distorted, but also because once a single thermally ac-
tivated ST has occurred, it will induce other ST in its neighborhood, maintaining a
dynamic and large stress heterogeneity (see [65] for details). Statistically, it is not
possible for the system to return to a stress-free state or even a stress state it has
previously experienced. The external stress applied during a mechanical test, if it lies
in the linear viscoelastic domain, is much more lower than the standard deviation of
this inherent stress heterogeneity. As a result, STZs mainly undergo random STs due
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Figure 16. Viscoelastic fluid model. Difference between the average stresses experienced by the
slow (o3,) and fast domains (0{2 ) and the overall average stress (012): Ao1a = 0%, — 012 and
Aoig = 0{2 — 012 respectively, during creep (o12/p = 2.1073) and recovery (o12/p = 0).

to the dynamic fluctuation of this stress heterogeneity rather than to the macroscopical
stress: STs occurring during creep are much more probably totally randomly oriented.
The only consequence of the external stress is to induce a very slight bias toward
the probability of -partially- concordant STs. It does not mean that STZs are not spa-
tially isolated, but at least that an initial unstressed state does not exist, let alone its
memory. On the other hand, once the recovery starts, no STZ is in a state where it
doesn’t change its inelastic strain anymore. Some STZs can even create extra inelas-
tic strain during recovery, which is balanced by the inelastic strain recovery occurring
somewhere else.

4.3 How does glass flow?

When a given STZ transforms at an angle ¢ (Fig.1), its next transformation will be at
an angle 6 + Af. If Adis +90°, the STZ recovers exactly its initial configuration. In
the Maxwell model, at o5/ = 1073, 75% of new transformations occur with 75° <|
Af |< 105° (and roughly an half between 85 and 95°). Meaning to say, the majority
of the STZ just go back and forth, so still carry on a large part of their back stress
until their new transformation: the back stress is dominant in each site and is only
very partially relaxed by neighboring transformations. Additionally, if a STZ produces
a "very” concordant (arbitrary when | 6 |< 22.5°), the probability of his subsequent
transformation being also very concordant (i.e.: it is only possible if the back stress
has almost fully relaxed) is minimal, with a 2.5% chance of occurrence. The scenario
depicted by Argon where the memory of the initial unstressed state of a STZ becomes
lost before its next transformation is actually an extremely rare situation. In summary,
during the creep phase, the increase of inelastic strain is not due to the complete
memory loss, that would allow successive concordant STs, but rather to a very partial
loss. The increase originates from the fact that if a STZ transformation is often followed
by a "backward” one (= almost no memory loss), the latter seldom fully negate the
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Figure 17. Viscoelastic fluid model. Inelastic strain excess (relative to the overall average inelastic
strain v7,/v? ~ 0.25) vs. shear stress o1/ at the first step of recovery, in every fast STZ. The color
scale refers to Fig.15, and corresponds to A~7,(t = 182.07) /4P (step: 750 000). The histograms show
the number of STZs within each interval, and the black dotted curve represents a Gaussian fit. The
stress associated with an STZ is taken as the stress at its central node.

former, when the former is concordant. While concordant events occur obviously more
frequently (r.,; > 1) as a result of the stress-induced bias, successive concordant
events (complete memory loss) are exceptionally rare.

4.4 Delayed elasticity mechanism

Let’s first consider the behavior of a rheological model: a Generalized Maxwell Model
(GMM) [112] with only two parallel branches, which represents the simplest case where
two processes with different relaxation times compete. The creep response, under a
constant stress o of this GMM can be described as follows: the “fast” branch, char-
acterized by a short relaxation time (7;), creeps more rapidly than the “slow” branch
with a longer relaxation time (7,). Since both branches experience the same strain, the
stress progressively transfers from the fast branch to the slow one until their strain rates
become equal, leaving the fast branch with a larger amount of inelastic strain. If both
branches possess the same elastic modulus (i), the characteristic time associated
with this stress transfer is 2 (7‘f_1 + 7,171, and both branches converge, when the fast
branch support only a fraction 7;/(7; + 7,) of o, to the same strain rate: o/(u(7¢ + 75))-
Consequently, if 7, >> 7/, the stress-transfer kinetic is governed by the fast branch, the
creep rate is very close to that of the slow branch, and the fast branch tend to support
only a very low stress. During recovery, unloading places the fast branch under neg-
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Figure 18. Viscoelastic fluid model. Inelastic strain evolution during recovery from some selected
fast STZs: those having v7,/v* > 1 at the end of creep and recovering more than 1.5+".

ative stress and the slow branch under a smaller positive one. The fast branch thus
reduces its inelastic strain (“recovers”), while the slow branch keeps creeping -slowly-,
in order to relax their stress. Globally, since the fast branch acts faster, the system re-
covers, until both branches are stress-free, leaving basically only the inelastic strain the
branches have accumulated at equal rates during creep: so effective recovery comes
solely from the fast branch. The GMM and the Burger’s model share the same creep
compliance and relaxation modulus [110]. The viscoelastic fluid model displays macro-
scopic behavior (creep rates of fast/slow STZs, stress transfer, recovery) qualitatively
consistent with that of this rheological model: Its creep compliance corresponds to a
Burger model with a broader distribution of retardation times (Eq.7).

A creep and recovery test has two signatures of delayed elasticity: the creep rate
doesn’t immediately stabilize, and a portion of the strain is recovered once the stress is
removed. The creep rate decreases, even though stress and temperature remain con-
stant, because the fastest STZs tend to transfer their stress to the other STZs (Fig.16).
The creep rate stabilizes when this stress transfer is complete, since all STZs converge
to the same transformation rate. Because fast STZ are initially more active, they tend to
undergo more concordant STs, and in return support more back stress, reducing their
ability for further concordant STs. On the other hand, the rate of concordant STs of
slow STZs should increase, since they support more and more stress. From the GMM
equation, it can nevertheless be deduced that because slow STZs are much slower
than fast ones, their increase in transformation rate is expected to be barely noticeable.

However, as illustrated in Fig.16 the amplitude of stress transferred from fast to
slow STZs is much smaller than the amplitude of the inherent stress heterogeneity:
Only a few of the fast STZ are, by the end of stress transfer, under a long-lived back
stress, and only few of the slow STZ under a long-lived "forward” stress. All together
fast STZs support less and less stress (and vice-versa for slow STZs), but individually,
they undergo a randomly fluctuating stress, they do not accumulate back-stress that
could stand for their "memory”. This memory is collective, not local.
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Figure 19. Shear stress field o12(x1, z2) /1 (element field) after the first ST in the Maxwell model, at the

first step of creep (o12/ 1 = 10~3), without stabilization. The grid is the mesh. The thick black lines is the

iso-value line o12(x1,22)/1n = 1073, the thick white line is the iso-value line o12(x1,z2) = 0, highlighting
the small domain where the stress is now negative.

At the onset of recovery, fast STZs have transferred most of their stress to slow
STZs. As aresult, fast STZs collectively carry less stress than the applied creep stress
012, While slow STZs carry more. Initiating recovery corresponds to changing the ap-
plied stress by —o15, leaving the fast STZ under a negative stress. This negative stress
acts as the driving force for the partial recovery of their inelastic strain. This is the
memory, depicted by Mazurin [86], behind delayed elasticity. Nevertheless, the stress
carried by fast STZ is broadly distributed: first, not all fast STZs experience a negative
stress, and second, there is no strong correlation between the stress supported by a
given STZ at the onset of recovery and the amount of inelastic strain it eventually re-
covers. Once again, the memory is not stored locally at the level of an individual STZ,
but is instead collective. The memory being not local, it is transferred over time from
one STZ to another through the long-range stress field induced by individual shear
transformations. The memory is ultimately lost when the fast STZs have relaxed the
negative stress they were collectively carrying at the onset of recovery.

Only a few STZs carry memory on their own: those with a large excess of inelastic
strain (much larger than 4?). They bear a large back stress at the onset of recovery and
relax it by recovering their inelastic strain. Most STZs instead undergo back-and-forth
transformations that, taken together, give rise to the global recovery. This particular sit-
uation is highlighted in the Maxwell model, where STZs with a large excess of inelastic
strain localize into bands; in this case, fast STZs are self-created. When fast STZs
exist intrinsically, such localization does not occur, because they are homogeneously
distributed, and only a tiny fraction of STZs recover continuously once the creep stress
is removed.
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4.5 Effects of STZ shape and activation direction

It should be noted that STs do not necessarily occur in the direction of the maximal
shear stress supported by the corresponding STZ. They can occur in “random direc-
tions” because they are mainly thermally activated [65], [88], [89]. A STZ only occurs
statistically in a direction concordant with the stress it supports. As explained in the
previous paragraphs, a given ST is fairly inefficient to contribute to the macroscopical
flow, because STZs mainly transform back and forth with a very small accumulation
a inelastic distortion per "round trip”. It is more realistic to consider that the direction
of each transformation is also statistical, as proposed by Homer et al. [65], [88], but
it means considering/simulating more neutral transformations (¢ — +n/4, Figure 1),
which have obviously no effect on macroscopical flow: this makes the simulation even
slower to produce a significant macroscopic deformation ~7,. Additionally, owing to the
square geometry of the STZ considered here, the probability of STs occurring along
a direction defined by an angle 6 (p(#)) is not isotropic in the absence of macroscopic
stress. It can be expressed as:

PO =00 _ (/5 gy -tz ®)

This relation indicates that shear transformations oriented along |0| = 7/4 are /2
times more likely than those occurring at ¢ = 0, following a Gaussian distribution cen-
tered around this preferential direction (standard deviation: s = x/12). When a macro-
scopic shear stress is applied, this distribution becomes slightly linearly tilted: concor-
dant events (¢ = 0) become more probable, whereas discordant events (|0| = 7/2)
become less probable. In other words, the square geometry of the STZ promotes
neutral events. In this context, explicitly accounting for additional randomly oriented
transformations appears unnecessary, as the variability of the activation process, to-
gether with the geometrical bias of the STZ, already leads to sufficiently disordered
dynamics. This contribution has therefore been deliberately omitted from the present
analysis.

The viscosity in the linear viscoelastic (Newtonian) regime can be estimated from
the well-known expression reported by Homer et al. [65] (their EQ.17), which is rewritten
here using the dimensionless variables introduced in the present work:

1_ ol 1 ©

wo 2P sinh (am> 2aryP
o

For a = 150, this approximation yields n/u ~ 0.03 (in dimensionless time units). By
comparison, the Maxwell model developed here gives n/u = 1/3.6 ~ 0.28, i.e. a value
less than one order of magnitude larger. The model of Homer et al. [65], which relies
on similar activation mechanisms for STZs, predicts a viscosity about 3 times larger
than estimated from the above equation at equivalent a.Therefore, the present model
remains in quite good agreement with the one of Homer et al., despite the simplified
geometry adopted here (square-shaped STZs).

4.6 Delayed elasticity vanishing

In the glass transition domain, glasses relax their stress at constant strain following
a stretched exponential decay [81]. At higher temperatures, the stretched exponent
increases, tending to an exponential relaxation. This phenomenon indicates the van-
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ishing of delayed elasticity [78]. As the temperature increases, the activation rate of
STs rises concomitantly with a decrease in the elastic moduli [113], and thus the celer-
ity of mechanical waves. It leads to an increase in the time required for the stress field
to propagate over a large distance after a ST, while concurrently decreasing the delay
before new transformation in the vicinity. A ST can occur prior to being influenced by
previous STs. On this basis, | suggest that the delayed elasticity, which is the result of
the interaction between STZs via a long-range stress field, disappears because of this
loss of interactions.

5. Conclusion

Delayed elasticity is a universal feature of amorphous solids in their glass transition do-
main. This universality implies that the observed viscoelastic behavior does not arise
from atomic-scale details or from the material’s chemical composition. Accordingly, a
mesoscopic modeling approach is particularly appropriate for uncovering the mecha-
nisms underlying delayed elasticity. Such models, based on local shear transformations
(ST), were initiated by Bulatov and Argon [87], further developed by Homer et al. [65],
[88], and more recently by Van Loock et al. [89], with the aim of modeling the inelastic
behavior of metallic glasses. | have adopted here this modeling framework, and re-
moved all features specific to metallic glasses or thermal history, in order to investigate
the universal origin of delayed elasticity in a regime that has been largely unexplored
by these models: the linear viscoelastic domain.

Any “realistic” glass cannot be considered pristine with respect to prior STs, since
such events are thermally activated and inevitably occur before any mechanical testing.
In the simulations, the system is first equilibrated to suppress aging effects during me-
chanical testing, by allowing it to undergo a sufficient number of spontaneous STs until
their activation rate stabilizes. In this state, the system reaches a dynamic equilibrium
characterized by large, spatially heterogeneous stress fluctuations of stable amplitude.
The simulations show that the linear viscoelastic domain lies within a macroscopic
stress range smaller than this amplitude. In this domain, the stress favors transforma-
tions aligned with its direction (concordant) and disfavors those opposed (discordant),
without increasing the overall transformation frequency.

The classical heuristic interpretation of the origin of delayed elasticity is the follow-
ing [4], [40], [48], [50], [78], [85], [91]: when a ST occurs, if the corresponding shear
strain is much larger than the macroscopic strain applied, the transformed zone under-
goes a back stress, which tends to drive it back toward its initial configuration. If the
back stress is disrupted by subsequent ST in the surrounding domain, the memory of
the initial configuration is lost, leading to viscous deformation. Conversely, if the back
stress is preserved, the transformed region can recover its original state upon removal
of the macroscopic stress and this recovery is the manifestation of delayed elasticity.

Because the material remains in dynamic stress equilibrium, the mechanical mem-
ory cannot be stored locally. Instead, back stresses are continuously transferred be-
tween STZs through the long-range stress fields generated by individual STs. In the
presence of a distribution of activation energies, fast STZs (with low energy barriers)
collectively transfer the fraction of macroscopic stress they initially support to slower
STZs, and therefore sustain back stress in a collective rather than individual manner.
As a result, the “memory” associated with delayed elasticity is distributed among fast
STZs and fluctuates both spatially and temporally. Delayed elasticity should therefore
not be interpreted in terms of individual STZs accumulating back stress during creep
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and releasing it continuously during recovery. Rather, it emerges as a collective phe-
nomenon, which can exist only if long-range interactions between STZs are effective,
i.e., if the glass retains significant shear elasticity.
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